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Pretace 


String theory, because it is the leading candidate for a theory of all fundamental 
physical forces, has advanced at an astonishing rate in the last few years. Accord- 
ingly, the purpose of this book is to acquaint the reader with the most active topics 
of research in string theory. After reading this book, a student will hopefully 
understand the main areas of current progress in string theory, and may be able to 
engage directly in research. The primary focus, therefore, is to place the reader at 
the forefront of current string research. 

This book is complementary to my previous book, /ntroduction to Superstrings, 
which gives the reader a firm foundation in the fundamentals of string theory. It 
contains new material not covered in that book, such as the classification of 
conformal field theories, the nonpolynomial closed string field theory, the matrix 
models, and topological field theory. 

Although it would be helpful to read /ntroduction to Superstrings, it is not ab- 
solutely necessary. The overlap between this book with the previous one is minimal, 
but in some chapters, such as One and Ten, I have reviewed the necessary 
background material where needed so this book would be self-contained. However, 
readers are encouraged to consult the previous book for its glossary and appendix 
which contains a brief introduction to group theory, supergravity, supersymmetry, 
the theory of forms, and general relativity. 

Strings, Conformal Fields, and Topology will be a success if it conveys some 
of the vitality and vigor of current activity in string theory to the reader and prepares 
him or her for research. 


Michio Kaku 
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Conformal Field Theory and 
Perturbation Theory 


Chapter 1 


Introduction to Superstrings 


1.1. Introduction 


During this century, two great physical theories have emerged. Each theory 
remains unchallenged within its respective domain. 

The first, quantum theory, has given us a theory of the microcosm. At 
the subatomic level, quantum mechanics has unraveled the secrets of matter 
and energy. Quantum mechanics has given us the language by which we can 
unite three of the four fundamental forces, the strong and weak forces and 
electromagnetic interactions. 

The second, the general theory of relativity, has given us a theory of the 
macrocosm. At the cosmic level, relativity theory has given us an unrivaled 
description of creation and cosmology. Black holes, warped space-time, and 
the expanding universe are all consequences of this theory of gravitation. 

No experimental deviation from either theory has been seen in the 
laboratory. The entire body of physical knowledge amassed by physicists 
over the last two millennia is based on these two physical theories, without 
exception. 

The unification of these two theories, however, has eluded some of the 
greatest thinkers of our time. Wolfang Pauli, Werner Heisenberg, and Al- 
bert Einstein wrestled with the problem and ultimately failed. At the center 
of this puzzle is the realization that the theories are based on different as- 
sumptions, obey different physical principles, and use different mathemat- 
ics. Whenever attempts are made at merging these two theories, disastrous 
infinities emerge that render the hybrid theory meaningless. 

In particular, these two theories have fundamentally different view- 
points regarding the meaning of a force. Quantum theory reduces all forces 
to the exchange of tiny discrete packets of energy, called “quanta.” General 
relativity, however, considers forces to be an apparent effect, the conse- 
quence of the smooth distortion of space and time. 

At present, superstring theory [1-7] has emerged as the leading can- 
didate for the unification of these two theories and hence all known forces. 
No other theory can make the claim of unifying both general relativity and 
quantum mechanics into a simple, self-consistent formalism. Calculations 
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carried out to the 8th-loop order, and some calculations to all loop orders, 
show that the potential divergences inherent in other quantum field theories 
miraculously cancel in string theory due to the enormously powerful sym- 
metries built into the theory. From a technical point of view, superstrings 
theory seems to be totally free of quantum anomalies and divergences, which 
riddle all known point particle theories of gravity and matter. Its successes 
can be summarized as follows: 


1. The theory explains the origin of particles and resonances. The myriad 
particles found in nature can be viewed as the vibrations of a string, in 
much the same way that the notes found in music can be explained as 
the modes of a vibrating string. Pursuing this analogy, the basic par- 
ticles of our world correspond to the musical notes of the superstring, 
the laws of physics correspond to the harmonies that these notes obey, 
and the universe itself corresponds to a symphony of superstrings. 

2. The theory explains the unification of gravity with matter. The sim- 
plest vibration of a closed string in curved space, in fact, corresponds 
to a massless spin-two object. The gauge symmetries of string theory 
show that this spin-two particle has all the properties of the gravi- 
ton. Moreover, when the string executes its motions, it actually forces 
space-time to curl up around it, yielding the complete set of Einstein’s 
equations of motion. Thus, the string naturally merges the two diver- 
gent pictures of a force: the modes of vibration are quantized, but the 
string can only self-consistently vibrate in a curved space-time consis- 
tent with Einstein’s equations of motion. 

3. The theory explains how to remove the divergences found in quantum 
gravity. In quantum field theory, point particles interact via Feynman 
graphs, which badly diverge when the graph is “pinched,” that is, when 
one of the legs of the graph shrinks to zero. When the string moves, 
it repeatedly splits and reforms, thereby tracing the topology of two- 
dimensional sheets or Riemann surfaces, such as a doughnut. However, 
since it is difficult to pinch or stretch a doughnut, one can show that 
the string graphs are actually ultraviolet finite. Thus, the topology of 
the string removes the divergences of quantum gravity. 

4. The theory shows how to simply incorporate the symmetries of the 
standard model. In the heterotic string, for example, one set of vibra- 
tions exists in 26 dimensions. However, since the superstring exists in 
10 dimensions, we let 16 unwanted dimensions curl up like a ball. If 
we cornpactify on the root lattice of a rank 16 Lie algebra, such as 
Eg ® Eg, then we have a theory that is large enough to accomodate 
SU(3) ® SU(2) ® U(1). (By contrast, the string’s nearest rival, super- 
gravity, has a maximum Lie group of SO(8), which is too small to 
accomodate the standard model.) 


In spite of the simplicity of string theory and the success of string 
phenomenology, there are, of course, several formidable obstacles, both ex- 
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perimental and theoretical, that must be overcome before the theory can 
be accepted. 

Experimentally, unification in superstring theory takes place at the 
Planck length (10'9 GeV), and hence experimental verification of this the- 
ory remains problematic. Even the largest particle accelerators or observa- 
tions from cosmic ray detectors and satellites will, at best, be able to probe 
only indirect signals emerging from the Planck length. One hope is that the 
superconducting super collider (SSC) will observe supersymmetric partners 
of the lower lying particles and hence give us indirect clues to the super- 
string itself. However, to probe energies at the Planck length is impossible 
with conceivable technology. 

The origin of this problem is that superstring theory (or any theory 
that claims to unite all four forces) is inherently a theory of creation, where 
all four forces were united into a single superforce. Thus, to experimentally 
verify superstring theory means recreating creation in the laboratory. 

Although this seemingly insurmountable experimental barrier is usu- 
ally cited as the chief criticism of superstring theory, our philosophy is very 
different. We feel that the main problem facing superstring theory is theo- 
retical, not experimental. If we could fathom the principles underlying the 
theory, then we would be able to calculate the physics of our low-energy 
world, and settle, once and for all, whether superstring theory is correct 
or not. Since the basic equations of superstring theory (at least perturba- 
tively) are well known, it means that we are not clever enough, with our 
limited mathematical skills, to solve the theory. 

If superstring theory, as some have claimed, is 21st-century physics that 
fell accidentally into the 20th century, then the fundamental problem facing 
us is that 21st-century mathematics powerful enough to solve 21st-century 
physics has not been discovered. 

As Richard Feynman once said, one of the goals of a theoretical physi- 
cist is to “prove yourself wrong as soon as possible.” Thus, the real problem 
facing us, in our opinion, is to theoretically settle the following question as 
quickly as possible: what is the true vacuum (ground state) of superstring 
theory? Since the ground state should correspond to our physical universe, 
if the true vacuum could be discovered, we might be able to decisively settle 
whether superstring theory is a theory of the universe or just the latest in 
a series of failed efforts to discover the Holy Grail of physics, the unified 
field theory. 

Once the true ground state of the superstring theory is found, we should 
be able to calculate the quantum numbers and physical properties of the 
various particles found in nature and compare them with actual experimen- 
tal data. In theory, starting from the superstring action and extracting its 
ground state, we should be able to calculate all the basic parameters of the 
universe from first principles. 

The search for the true vacuum of string theory is therefore the central 
theme of this book. It is the theme that binds the various chapters together 
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and determines the structure of this book. It is also the theme that drives 
almost all current research in superstring theory. 
As a consequence, there are two parts to this book: 


1. perturbation theory and conformal field theory and 
2. nonperturbative methods. 


In the first part, we focus on the perturbative vacuum, which can be 
described using conformal field theory. The basic strategy for the first part 
of this book is therefore to classify all possible conformal field theories. 
Although a complete classification of conformal field theories that reveals 
the deeper relationship between perturbative vacuums still lies beyond our 
grasp, we will review the enormous progress made in this direction. 

One of the successes of the conformal field theory approach is that, with 
only a few miid constraints, one finds reasonably acceptable candidates for 
practical phenomenology. For example, the heterotic string is the leading 
superstring theory, containing the gauge group Eg ® Eg. By making a few 
reasonable assumptions about its broken phase, it is possible to break this 
group down to Eg @ Eg and finally to Eg, which contains the standard 
model’s gauge group, SU(3) @ SU(2) @ U(1). The basic fermion multiplet 
naturally occurs in the 27 multiplet of £g, which is consistent with known 
grand unified theory (GUT) phenomenology. 

Thus, it is surprising that, with very few minimal assumptions, we are 
naturally led to the following symmetry-breaking scheme: 


Es ® Ex — Ex ® Es — Es — SU(3) @ SU(2) @U(1) (1.1.1) 


Not only is the theory internally self-consistent after unifying quantum 
mechanics with general relativity, the theory also goes far beyond the usual 
GUT description of quarks and leptons. The gauge hierarchy problem, for 
example, which is impossible to solve within the framework of the standard 
GUT, is naturally explained by the supersymmetry (SUSY) of the super- 
string. Furthermore, the generation problem, which has plagued all GUTs, 
is naturally explained in string theory via topological arguments. For exam- 
ple, it is now relatively easy to construct pheonomenological models that 
contain only the three experimentally observed fermion generations. 

In spite of the early successes of the conformal field theory approach 
to the perturbative vacuum, there are several fundamental flaws with this 
approach that force us to study nonperturbative effects. 


1. Millions of conformal field theories have been discovered, each one rep- 
resenting a possible (perturbative) ground state of the theory. Which 
one is correct? No single scheme has been found that can classify them 
in a coherent fashion. In Chapter 7, we will study some of the more 
powerful classification schemes so far proposed, but all fall far short 
of an all-embracing classification scheme. This, in turn, has made it 
difficult, if not impossible, to decide which of the millions of conformal 
field theories describes our known universe. 
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2. String phenomenology, although surprisingly successful, suffers from 
a fatal defect. We can show to all orders in perturbation theory that 
supersymmetry is unbroken. However, our low-energy world does not 
manifest supersymmetry, which must therefore be dynamically broken. 
The low-energy spectrum of string theory thus cannot give us a cor- 
rect description of the physical spectrum of particles. For example, it 
includes massless particles, such as the dilaton, which have not been 
seen in nature. 

3. More important, 10-dimensional space-time also seems perfectly sta- 
ble in perturbation theory. At present, the breaking of 10-dimensional 
space down to 4 dimensions is purely an ad hoc assumption that is 
built into conformal field theory from the very beginning, not a con- 
sequence of string dynamics. Until this fundamental problem is solved 
nonperturbatively, all.the predictions of perturbative string theory are 
suspect. 

4. Conformal field theories may also be unstable at the Planck energy 
level. Studies of the higher loops of bosonic theory show that the theory 
is not Borel summable, and hence, the theory is not stable when power 
is expanded perturbatively around a conformal field theory. [We should 
note that quantum electrodynamics (QED), quantum chromodynamics 
(QCD), and gauge theories in general are also not Borel summable, but 
we implicitly assume that they can be embedded into a higher theory 
that is finite. However, superstring theory, making the claim of being 
the final theory, cannot therefore be embedded into a higher theory.] 
This instability seems to be independent of the existence of the tachyon 
and hence may persist even in the entire superstring theory. 


If perturbation theory is flawed because it fails to precisely describe our 
low-energy universe and is unstable, then we must resort to nonperturbative 
calculations, which takes us to the second part of this book. 

Although nonperturbative calculations are notoriously difficult to per- 
form, even in point particle theories, in the second part of this book we 
review what is known about nonperturbative approaches to string theory. 
Although most superstring research is presently confined to perturbation 
theory, the future of superstring research in the coming years may lie in the 
nonperturbative realm. 

We review all the major approaches to nonperturbative string theory. 
At present, string field theory is the leading formalism for this type of calcu- 
lation. String field theory successfully unifies all known information about 
string theory in a simple, second quantized action, rather than appealing 
to folklore and rules of thumb. 

String field theory, like other nonperturbative approaches, is still too 
difficult to solve. Systems with an infinite number of degrees of freedom 
have traditionally been difficult to solve, and string field theory is no ex- 
ception. Recent research on much simpler “toy” models, with finite degrees 
of freedom, has enjoyed some success. 
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Some of the most important systems with finite degrees of freedom 
are topological models. In fact, topology will prove to be one of the most 
powerful tools are our disposal to calculate the properties of the vacuum of 
string theory. Topology enters into string theory in at least three ways. 

First, topological arguments are crucial in determining the phenomeno- 
logical predictions of the theory once we have compactified the theory down 
to four dimensions. In particular, topological invariants defined on six di- 
mensional manifolds are the key ingredients necessary to solve for the prop- 
erties of nature. For example, the Euler number is related to the generation 
number found in GUT theories. 

Second, topology is useful in classifying the possible vacuums of the 
theory, that is, the various conformal field theories. In particular, knot the- 
ory, which until recently had no practical application in theoretical physics, 
is now known to be crucial in classifying the so-called rational conformal 
field theories. We will find that the “Clebsch-Gordan coefficients” for the 
conformal group can be determined by the braiding operations performed 
on knots, and that we can calculate the known knot invariants and even 
infinite classes of new ones directly from physics. 

Third, topology has played a key role in solving string theory in D < 1. 
Certain topological field theories, in fact, can be shown to be equivalent to 
the matrix model formulation of string theory in low dimensions, which 
give us a complete non-perturbative solution to the Green’s functions to all 
orders in the genus. In these D < 1 models, the theory has only a finite 
number of degrees of freedom, and hence topological arguments can be used 
to solve them exactly. : 

Our interest, however, in topology arises from the fact that studies of 
the high-energy, high-temperature phase of perturbative string theory show 
that new, unexpected symmetries emerge associated with systems of finite 
degrees of freedom in that exotic region. Since the “natural home” of string 
theory lies beyond the Planck scale, perhaps topology will give us a key 
tool by which to probe string theory in its natural state. Perhaps topology 
will give us a clue to solve the central problem of superstring theory, the 
search for its true vacuum state. 

We begin the first part of this book with a discussion of conformal field 
theory, which has emerged as a powerful tool by which to probe the pertur- 
bative phenomenology of the theory. It is conjectured that each conformal 
field theory corresponds to a possible string vacuum. Thus, by classifying all 
possible conformal field theories, we hope to exhaust all possible vacuums 
allowed by superstring theory. Perhaps one of them describes the physical 
universe. 

This chapter is self-contained and will hopefully serve as a brief in- 
troduction to superstring theory. Students with a familiarity of elementary 
string theory may skip this chapter. However, the reader is encouraged 
to consult Introduction to Superstrings for certain concepts that may be 
explained at greater length and depth. 
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To begin our discussion of string theory and conformal field theory, let us 
study the first quantized action of the relativistic string. If a point particle 
moves in space-time, it sweeps out a one-dimensional world line. Likewise, 
as a string moves in space-time, it sweeps out a two-dimensional world 
sheet. Let X,(o,7) represent a vector defined in D-dimensional space— 
time that begins at the origin of our coordinate system and ends at some 
point along the two-dimensional string world sheét, labeled by £% = {o,7}. 
Let muy = (—,+,+,+---) be the flat metric in D-dimensional space-time, 
where » = 0,1,2,...,D — 1. [We will use Roman letters (a, b,c,...) to rep- 
resent two-dimensional world sheet indices, and Greek letters (u,v, ...) to 
represent D-dimensional space-time indices. ] 

Let us take our action to be the area of the world sheet swept out 
by the string [8-9]. Because the area of the world sheet is independent of 
the two-dimensional coordinates used to measure the area, it must be a 
generally covariant scalar in two dimensions. 

There are several ways in which we can write the area of the string 
world sheet. The simplest is to introduce the tensor g®’, which represents 
a two-dimensional metric defined on the surface. 

Our action can be written as [10]: . 


1 
== d? BORN On Xe ipo 
where a’ = 1/2 for open strings and a’ = 1/4 for closed strings. The 


action is manifestly reparametrization invariant. If we reparametrize the 
two-dimensional world sheet according to: 


o> 6(0,T),. T—27(0,7T) (eo?) 


then the action is invariant under this two-dimensional general coordinate 


transformation if: 
dz*\ (dz’\ . 
r@) = (=) (Fate (1.23) 


where z* = {o,7}. Under this transformation, the action is manifestly 
coordinate invariant (because the transformation of ,/g cancels against the 
transformation of the two-dimensional measure). 

If we take an infinitesimal transformation, then the transformation of 


the fields becomes: 
Ghey 8 ab_ ac -b be a 
6g7 = € O.g g°° Oce? — 9? Oc€ (1.2.4) 
or 0,4, 


The action is also trivially invariant under local scale transformations: 
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(When we quantize the system, we will find that the classical scale 
invariance of the system actually breaks down, and the metric tensor obeys 
the equations of Liouville theory. This conformal anomaly disappears in 26 
dimensions for bosonic strings and 10 dimensions for the superstring. In 
later chapters, we will discuss how to quantize the two-dimensional grav- 
itational system in dimensions other than 10 and 26, where the Liouville 
mode plays a crucial role.) 

The two-dimensional metric in the action does not have any derivatives, 
and hence we may classically eliminate it via its equations of motion. Then, 
we find: 

Jab Og Mp (1.2.6) 


Reinserting this value of the metric tensor back into the action, we find 
the Nambu-—Goto action, a nonlinear action written totally in terms of the 
string variable [8, 9]: 


: 2 cu)2( Kuz _ (xX pl)2 
=e CSI OSS EG) Clan) 


where X“ equals 0,X" and X/# equals 0, X". Notice that the above ex- 
pression is proportional to the area of the world sheet, given by the integral 
of Vv det Jab- 

The action is now written as the determinant of the metric tensor of 
the world sheet, which shows that the action is proportional to the two- 
dimensional area swept out by the string. It is remarkable that string theory, 
which provides a comprehensive scheme in which to unite general relativity 
with quantum mechanics and all known physical forces, begins with this 
simple statement: the action is proportional to the area of the string world 
sheet. ; 

In order to extract the physical predictions of the theory, we must first 
quantize the theory and extract its physical states. The quantization of 
the string action is nontrivial, however, because the system has a powerful 
symmetry and is hence highly redundant in its degrees of freedom. 

Over the years, three equivalent quantization schemes have been de- 
veloped: (1) Gupta-Bleuler quantization, (2) light cone quantization, and 
(3) Becchi-Rouet-Stora-Tyupin (BRST) quantization. Each method has 
its own advantages and disadvantages. 


—— 


Gupta—Bleuler Quantization 


Because the action possesses local reparameterization invariance (with two 
parameters) and scale invariance (with one parameter), we are allowed to 
impose a total of three constraints on the metric tensor. This will break 
the reparameterization invariance and will allow ghosts to propagate in the 
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theory because of the wrong sign of the time component of the string field in 
the propagator. However, these ghost states will be eliminated by directly 
applying constraints on the states of the theory. 

Let us choose the conformal gauge, in which all components of the 
metric tensor are set to constants: 


conformal gauge: 9g? = 6% (17228)) 


Then, our Lagrangian linearizes to the following [11]: 
1 . 1 
b= 5 [+] =Laxax 28) 


where: 
Z=o+1T (1.2.10) 


where we have performed a Wick rotation so the system is conformally 
invariant and where the equations of motion become: 


0? 0? 
( ap x) X, =0 (id) 


The equations of motion can now be trivially solved in terms of func- 
tions of 
DGG ae tr ) (1-2.12) 


which in turn can be decomposed into cosine modes (for open strings) or 
into cosine and sine modes (for closed strings). 

Notice that the action, while no longer locally reparameterization in- 
variant, is still globally invariant under conformal transformations [11]: 


z— f(z) CaS) 
Under conformal transformations, the string transforms as: 
OMe? = 20, 1 e(Z)0,* Ce 2a) 


Written in the conformal gauge, the action can be trivially quantized 
because it has been reduced to a set of free harmonic oscillators. If we define 
the canonical momentum to the string variable as: 


Lean) = = (1.2.15) 
0b OX 
then we can decompose the string variable into harmonic oscillators [12]: 


(oe) 
1 
X#(o) =a" +15 > —= (af — att.) cosno 
=v" 
- (1.2.16) 
1 
(ya — ial |e Ha’ \cosno 
PH(o) = — |p + 5° Vn (ah + at,,) cosn 


n=l 
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where the commutation relations are satisfied if: 


ance — 6n,—m Tw e217) 


Then, the spectrum of string theory is given by the eigenvalues of the 
Hamiltonian: 


T oo 
= i do(P,X" — 1) = > na.-nyatt + ap? (1.2.18) 
0 n=1 


Since the Hamiltonian is just the sum over an infinite set of uncou- 
pled, free harmonic oscillators, the spectrum consists of the sum total of all 
possible products of harmonic oscillator states [12]: 


[][{e-n,n}10) (1.2.19) 


To analyze the symmetries of the system, let us calculate the energy- 
momentum tensor corresponding to the action. The energy-momentum ten- 


sor is defined as: 
Ble, 


Top = —420' — (1.2.20) 
Vo 6a" 
This, in turn, can be shown to equal: 
il 
PO GO? = 59009 ON Ox (12021) 


We notice several important features of the energy-momentum tensor, 
that is, it satisfies: 
Cer op We Tn =U (16299) 
The first statement simply states that the energy-momentum tensor 
is conserved. The second statement states that it is traceless, that is, it is 
scale invariant. i 
For us, perhaps the most important feature of the energy-momentum 
tensor is that it forms an algebra that closes. Let us first define the Virasoro 
generators L,, as the Fourier moments of the energy-momentum tensor [13}: 


a 
™” dra! 
ee / do[e'?(X + X')?| 


a f 
Sma J 2 


1 
~ 5 Sy Am —n&n 


n=—o0o 


/ do [em (Too + To1) + Sms ily ae To1)| 
0 : 


x 


(e223) 


These generators, L,, which will appear throughout this book, in turn 
form a closed algebra, the Virasoro algebra (which generates the conformal 
group): 
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|= (@— mie + nln 1m aoe, (1.2.24) 


where c is a constant. 

In the Gupta-Bleuler quantization scheme, we allow ghosts to prop- 
agate in the theory. However, unitarity is reestablished by applying the 
gauge constraints directly on the Fock space. Thus, we apply: 


bi) —= (ya 


(Lo — 1)|R) =0 (1.2.25) 


where the second condition is the mass-shell condition. The solution of 
these constrains is the set of real states |R) of the theory. (The actual 
proof, however, that these conditions are sufficient to eliminate all ghost 
states is quite involved [14, 15]. The proof shows that string theory is ghost 
free if the dimension of space-time is 26 and the intercept, or the highest 
spin of the massless sector the theory, is equal to 1 for open strings and 2 
for closed strings.) 

Spurious states are those that do not couple to the real states, that is, 


(S|R) =0 (1.2.26) 


This equation, in turn, implies that any spurious state contains Vira- 


soro generators: 
Se pe cach ay lk) (e227) 


The advantage of the Gupta—Bleuler method is that Lorentz covariance 
is maintained throughout. However, the proof that unphysical states are 
eliminated by the Virasoro generators is highly nontrivial. Hence, Lorentz 
covariance is manifest in the Gupta—Bleuler formalism but unitarity is not. 

We now turn to another quantization scheme where only the physical 
states are present and unitarity is manifest. 


Light Cone Quantization 


The advantage of the light cone quantization method, as in the case of or- 
dinary point particle gauge theories, is that the theory is manifestly ghost 
free, and hence, only physical states propagate. All gauge constraints have 
been eliminated explicitly, leaving only the physical Hilbert space of trans- 
verse modes. The essence of the light cone quantization method lies in 
eliminating the redundant longitudinal modes by gauge fixing two degrees 
of freedom and solving the constraints. 

We will define the light cone coordinates as: 

Xt = —(X°+ xX?) 
(1.2.28) 

( Seo ae) 
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and fix the gauge as [16]: 
Ge n= pir (1.2.29) 


The momentum canonical to X,, is P*, whose components are not all 
independent. If we take Eq. (1.2.7) as our action and then take deriva- 
tives with respect to X » to form P,,, we find that the resulting momenta, 
which are complicated nonlinear objects, are not independent but obey the 
following simple identities: 


PP + Ya 6 
BT Oral) # (1.2.30) 
Pex = 


The light cone quantization program begins by solving these con- 
straints to eliminate the redundant longitudinal modes: 


2 
S _ 7 2 Xj 
P =e (w+ AP) 


Xen (Gi -| do! PX; 
(c) Rae eens) 


(1.2.31) 


The Hamiltonian in the light cone gauge reduces to: 


7 a 2 X? 


so that the physical Hilbert space corresponds to the set of all transverse 
harmonic oscillator states. 

The disadvantage of the light cone formalism, of course, is that Lorentz 
covariance is broken and, in fact, must be reestablished at each step of the 
way. We check Lorentz invariance by constructing the Lorentz generators: 


IMAP / da(X"¥PY — X4p?) 
‘ (1.2.33) 


oo 1 

Benepe Vp : vy v v 

= axhp’ — 2’ pt — 3 ) = (05.2, — O20) 
n=1 


Checking Lorentz invariance now amounts to reinserting the con- 
strained values of X* and P* into the Lorentz generators. The only difficult 
commutator is given by the following [16]: 


=) and 1 i j ee F 
[M~*, M~4] = = WT (ee) —2 a A, (1.2.34) 
"| 
where: ia 
n 26 
J p28 D)+— ( 1D +2-24) (1.2.35) 
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where a is the intercept. In order to have Lorentz invariance, we must set 
A,, equal to zero, that is, 


D=2%; a=1 (1.2.36) 


In the Gupta—Bleuler quantization, conformal invariance alone fixes 
the dimension of space-time to 26. In the light cone case, because Lorentz 
invariance and conformal invariance are now mixed nontriviaily together, 
Lorentz invariance fixes D = 26. 


BRST Quantization 


The BRST quantization method [17, 18] combines the best aspects of each 
of the previous quantization methods. Like the Gupta—Bleuler quantization 
scheme, it is Lorentz invariant; and like the light cone quantization, we can 
easily extract the physical states (and the D = 26 constraint). 

The BRST method begins with the conformal gauge, but then uses 
the Faddeev-Popov method to introduce ghost states. These ghost states 
allow us to maintain covariance throughout the calculation; the final theory 
remains unitary because these ghosts will cancel against unphysical states. 

Let us rewrite the gauge transformation of the metric as: 


6gab = Jac Op6v~ + Oa6v° geo — 5V° OcGab = Va buy + Vi bv0 (e237) 


The Faddeev—-Popov determinant [19] arises because we cannot simply 
insert the conformal gauge [Kq. (1.2.8)] into the functional integral because 
it will contribute an incorrect measure. In fact, the correct insertion of the 
conformal gauge is given by the number one: 


1 = 5(ga» — Sav) Arp (1.2.38) 


This determinant App. can be shown to equal the determinant of the vari- 
ation of Eq. (1.2.37) with respect to 6vg. This, however, is just the deter- 
minant of the operator V,. 

The Faddeev—Popov determinant can thus be rewritten as: 


Arp = det(V,) = det V, det Vz (1.2.39) 


We now use the fact that any determinant can be rewritten as an expo- 
nential integral. Normally, the functional integral over a Gaussian yields a 
determinant in the denominator. Because the Faddeev—Popov determinant 
appears in the numerator, rather than the denominator, we must introduce 
functional integration over Grassmann variables, denoted by b,c, which are 
the Faddeev—Popov ghosts. 

We can rewrite the Faddeev—Popov determinant as [19]: 


Ape = i Dono (1.2.40) 
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where: i ; 
ee (0 zc + b,c) (1.2.41) 
a 


This action, in turn, has an additional symmetry associated with it, 
called the BRST symmetry. This symmetry is a global one, so no fields 
can be eliminated through this symmetry. The generator of this global 
symmetry is given by [20]: 


a i 
a, G + an _ on) 
n=—0o 
eo love) 
= co(Lo — a) + S> (c-nLn + L-nen) (1.2.42) 
n=1 
1 ee) 
2% Se 1 Cone -,0eem 2 (ie) 
where: 
Na, Pag) St, (1.2.43) 
and: 
fa | De 1 3 
Q? = 5 > qe —m)+ gm —13m*)+2am|cmc—m (1.2.44) 
m=—oo 


which vanishes only if D = 26 and a = 1, as before. (The double dots indi- 
cate normal ordering, that is, the creation oscillators with negative indices 
appear to the left, and the annihilation oscillators with positive indices 
appear to the right.) 

Although the derivation of the BRST operator Q came from the con- 
formal gauge, its actual origin is quite general, independent of any gauge. 
For example, given any Lie algebra [ta,7] = f5,7-, with: generators 7,, 
it is possible to construct a nilpotent operator Q such that Q? = 0 by 
introducing anticommuting variables b,c. Notice that [21]: 


oO 


Q a se Cn (7. = eens) 2s) 


n=—oo 


satisfies the identity Q? = 0 if the Jacobi identity is satisfied for the algebra. 

The addition of the ghost states has vastly increased the Fock space 
of the theory, which now consists of all possible products over the string 
creation oscillators and ghost oscillators: 


[] {et,}{b-m}{c_p}10) (1.2.46) 


The last step in the BRST quantization program is to eliminate the 
unphysical states by applying the operator Q onto states: 
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Q\y) =0 (1.2.47) 


We don’t count the states that vanish trivially, that is, those that can 
be written as |~) = Q|) for some |,). 
Thus, the criterion for physical states is: 


Q|physical) = 0 


1.2.48 
physical) # Q|a) ai 
Mathematically speaking, we say that the physical states lie within the 
cohomology of the BRST operator Q. They are given by the kernel of the 
operator Q, divided by the image of Q: 


_ {ker Q} 
[ft) = nO} (1.2.49) 


1.3. Scattering Amplitudes 


This completes the discussion of the, free string. In order to discuss how 
to construct scattering amplitudes for strings, let us quickly review the 
development of the interacting string. 

String theory developed quite by accident when Veneziano [22] and 
Suzuki [23] stumbled across the Euler beta function, which seemed to satisfy 
all the properties of an S matrix (scattering matrix) for hadronic scattering. 
The one property that the beta function failed to satisfy was unitarity. 

Then, Kikkawa, Sakita, and Virasoro (KSV) [24] postulated that the 
beta function should be treated as the lowest order Born term in a Feynman- 
like perturbation series involving multiloops. This conjecture was verified 
when Kaku, Yu, Lovelace, and Alessandrini [25-27] actually constructed 
the multiloop amplitudes by sewing together tree diagrams. The integrand 
of these higher order amplitudes was given by the solution to Laplace’s 
equation defined on a Riemann surface of genus g. 

This perturbation series in terms of Riemann surfaces was given an 
elegant interpretation in terms of path integrals. Hsue, Sakita, and Vira- 
soro [28] showed that the entire perturbation series could be written as a 
path integral summed over all conformally inequivalent Riemann surfaces 
of genus g (see Fig. 1.1.): 
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Av= [PX [ sex [a0)+ Dik, x") 


Topologies | 


N 
= ae ju (I ) 
Topologies t=1 
a) 
where dy is a conformal measure. Because of the simplicity of the action 
(which is that of a free theory), the N-point functions are all exactly cal- 
culable. 

There are two direct ways in which to actually. calculate the N-point 
function from the functional integral. The first is to calculate the func- 
tional integral over the comp plane, and the second is to use harmonic 
oscillators. 

The first method performs the functional integral by shifting the AG 
variable by a classical solution. For open strings, the region of the complex 
plane over which we wish to integrate is an infinite horizontal strip, sitting 
on the z axis, with a width of 7. The points z; where momenta Pi enter 
into the strip, are located on the real axis. By an exponential conformal 
transformation, we can map this horizontal strip to the upper half plane. 
(For closed strings, the strip will have width 2m and will be mapped to the 
entire complex plane. The points z; will be located throughout the complex 
plane.) 


Let us shift the integration variable by a solution to the classical equa- 
tion: 


eo) ae EN classical ate xy (1.3.2) 


where the classical solution is determined via the Green’s function for 
Laplace’s equation on the upper half plane: 
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Orelasseal = —1a! / Ga J) dz’ 


| 


(1.3.3) 
G(z,z) = In|z — z’| + In|z — z* 


The integral is easy to perform, since it is just a Gaussian in the string 
variable, so we find: 


N-1 
AN -| {] dz; Il zi = z, |" (is) 
C= 251< ISN 


where we have used projective invariance SL(2, R) to fix co = z1 > z= 
1 > 23°°+ZN-] > ZN = 0. 

The other equivalent way is to convert path integrals to harmonic 
oscillators by taking vertical “time slices” along the horizontal strip. The 
Hamiltonian on the conformal surface is related to Lo, so the propagator 
becomes: 


ee 1 
D =| e Tho-Ngp = ai (1.3.5) 


while the vertex function becomes: 


V(k) =: ett Xe := exp (i os <2) exp (- k- = se) (1.3.6) 


=1 


The N-point function becomes: 
An = (0, ky|V(k2) DV (ks) ---V(kn_1)|0, kn) Gis.) 


When this is explicitly evaluated (using, for example, coherent states), we 
find the previous expression in Eq. (1.3.4). For N = 4, this becomes the 
celebrated Veneziano formula: 


P{-a(s)|T'[-a(¢)] 


n=oeeer 


1 
Balset) = i dx a 8/?-2(1 — 2) ~#/?-? = 
0 


where a(s) = 1+ 4s, a(t) =1+ $t, s = —(ki +he)?, and t = —(ke +k)’. 

The accidental discovery of this formula in 1968 by Veneziano and 
Suzuki [22, 23], who were trying to describe the scattering matrix for 
hadronic interactions, marked the birth of what eventually became super- 
string theory. 

We should also emphasize that strings come in two types, open and 
closed. Closed strings are described in almost exactly the same terms as 
open strings, except the number of oscillators is doubled, and their am- 
plitudes are defined in the entire complex plane, not just the upper half 
plane. 

We can decompose the string variable in terms of two sets of commuting 
harmonic oscillators: 
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where X,,(0) = X,,(27). 
The Hamiltonian now also has doubled the number of oscillators: 


Qn ie ore) 
i= «| do (~ Pe aS = So (nahan + nal, @n) + ape, (1:3:10) 


Ana’ 
(peel 


The important feature of the closed string spectrum is that it possesses 
a massless spin-two particle, that is, the graviton. In fact, this is a general 
feature of string theory; the graviton and hence relativity are unavoidable 
parts of the spectrum. This, in fact, is perhaps the most attractive, and 
most mysterious, feature of string theory, that relativity is an essential part 
of the theory. While other point particle theories try to avoid including the 
graviton, string theory views gravity as an inseparable part of its formula- 
tion. 

The spectrum, at its lowest level, now consists of the tachyon, repre- 
sented by the vacuum |0) and the graviton a'@‘|0). We will, by convention, 
set the slope a’ to be 4 5 and the slope of the closed strings to be i. This 
means that the tachyon appears at s = —8. 

The propagator for closed strings is similar to the open string prop- 
agator, except for one difference: there is an extra rotation factor that 
guarantees that the final result is not dependent on the origin of the pa- 
rameterization. Thus, the propagator is: 


1 


SO (13.11) 

Lo ae Lo —2 

where: 
2 =| d e#(Lo—Lo) (1.3.12) 
aS 
The propagator can be written in an equivalent way: 
p= = | zlo-2zlo-2 g2, _ Swe ii) sb) oe Gea) 
20 \z|<1 n(Lo = Lo) Lo + Lo — 2 


Notice that the operator P: can also be interpreted as a projection 
operator, which forces Lo — Lo acting on the states to be zero. Thus, the 


spectrum of the closed string model is now determined by the fron ne 
constraints (for n > 0): 
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L,\?) = Ln|¢) = 
(Lo + Lo — 2)|¢) = 0 (1.3.14) 
(Lo — Lo)|¢) = 0 


where the last constraint is due to the fact that the states should be inde- 
pendent of where we chose the origin of our parameterization. 

The N-point function can now be calculated in two equivalent ways, by 
the oscillator method and the functional method. The oscillator expression 
for the N-point function is still of the form: 


An = 7 (k1,0|V (ko) DV (ks) --- DV (k—1)|kxv, 0) (1.3.15) 


perm 


where the new feature is that we have to sum over all permutations of the 
order of the external lines (since all of them are defined on the sphere). 

For the functional method, the integral for N-point functions is now 
defined over the entire complex plane, rather than just the upper half plane. 
Performing the functional integral, we obtain: 


Ay = fd jee eae (1.3.16) 


2W<i<j<N 


where the measure is given by: 
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: 

Setting N = 4, we find the amplitude A(s,t,u) for the Shapiro~ 
Virasoro model [29, 30]: 


Aa(s,t, u) 
an I'[—a(s)/2|P[ — a(t)/2| Pj — a(u)/2] 
P{ — [a(s) + a(u)]/2}6{ -— [a(t) + a(u)|/2}P{ — [a(s) + a(t)]/2} 

(1.3.18) 

In contrast to the open string case, where the amplitude A(s,t) only had 

poles in two channels at a time, the amplitude A(s,t,u) has poles in all 

three channels simultaneously, that is, whenever z; comes close to z;, the 

amplitude has a pole. 

Last, we mention that although KSV introduced the multiloop inter- 
pretation of string theory in order to obtain unitarity, the perturbation 
theory was not manifestly unitary. Furthermore, it was not clear how to 
determine the weights of each of these multiloop diagrams. The origin of 
this problem was that the multiloop series was not derived from a Hermitian 
Hamiltonian, but was simply postulated via Eq. (1.3.1). 

Mandelstam [31] gave the solution to this problem by making a con- 
formal transformation on the Riemann surfaces of genus g, demonstrating 
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that in the light cone gauge the world sheet was equivalent to a string pic- 
ture in which strings split into smaller strings or joined to form larger ones. 
Because this formalism eliminated all redundant modes from the very start 
and could be shown to be Lorentz invariant, the theory was unitary from 
the beginning. 

Then, Kaku and Kikkawa [32] showed that the theory could be ex- 
pressed as a genuine field theory of strings, where unitarity was trivially 
implemented by an explicit interacting Hamiltonian. Not only did the field 
theory of strings solve the problem of unitarity and fix the weights of the 
diagrams appearing in the perturbation series, it gave the possibility of 
writing a nonperturbative formalism in which certain symmetries (super- 
symmetry, 10-dimensional Lorentz invariance, etc.) could be broken down 
to obtain realistic phenomenology. We will elaborate more on the field the- 
ory of strings in the second part of this book. 
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The bosonic string, as we have seen, can be derived by postulating a simple 
set of assumptions: that the first quantized theory is given by the two- 
dimensional area swept out by the string and that we sum over all confor- 
mally inequivalent topologies [which generates a set of Feynman diagrams 
defined on Riemann manifolds]. 

However, the physical spectrum of the bosonic theory cannot accomo- 
date fermions. One crucial feature of the string model is that it can be 
generalized to include fermion fields defined along the string, which in turn 
allows us to define a new symmetry, supersymmetry, between the bosons 
and fermions. Indeed, the discovery of supersymmetry took place first in 
the string model. 

We must be careful, however, to stress that there are two types of su- 
persymmetry on the string. The first is world sheet supersymmetry, which is 
an unphysical supersymmetry between fermions and bosons defined in two- 
dimensional space. World sheet supersymmetry is manifest in the Neveu- 
Schwarz—Ramond model (33, 34]. 

The second is space-time sypersymmetry, which is defined in 10- 
dimensional space-time, which corresponds to the physical supersymmetry 
defined in space-time. This physical symmetry is manifest in the Green— 
Schwarz model [35]. 

We will begin with world sheet supersymmetry in the Neveu-Schwarz— 
Ramond model and discuss space-time supersymmetry later. 

Let us introduce a new fermion field ~,,, which is a vector in space-time 
but transforms as a two-dimensional spinor in the two-dimensional world 
sheet. Then, Gervais and Sakita showed that the Neveu-Schwarz—Ramond 
(NS-R) model could be derived from a new symmetry, called supersymme- 
try. They introduced the Lagrangian [36]: 
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with the metric {p*, p?} = —2n%°, where 7 is given by (-1, +1). 
Written explicitly, this equals: 


a 
On 


D [xx — X'X! + invo(O; + Ono + itn (O, — Ap)bs| (1.4.4) 


This Lagrangian is explicitly invariant under the following: 
Ox Seu", 6p" = —ip* OgX" € (1.4.5) 
The energy-momentum tensor can be written as: 
Tap = OaX p, OX" + 5B" ba Ont, + iP" os Oa, —(Trace) (1.4.6) 
Generally, in field theory, there is a conserved current associated for 


every symmetry given by: 


a OL oe 
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For our case, the current associated with the two-dimensional superconfor- 
mal symmetry of Eq. (1.4.5) is given by: 


1 
Jo = 5h Pa OX py (1.4.8) 


We can rewrite the superconformal current J, as: 


1 
ia 9 VE ox (1.4.9) 
and its Fourier moments as: 
CG, =2 ¢ G2 n+(1/2) T(z) (1.4.10) 
271 


To quantize the system, we find that the fermion is self-conjugate and 
that: 
tre (aan we (o',7)} = 76a36(0 — on” (heey) 


With these commutation relations, the superconformal algebra becomes: 
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[Lm Gr] = (= a Gree (1.4.12) 
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where ¢ = 2c/3 and where, if G, is integral moded, we have the Ramond (R) 
algebra, and if G, is half-integral moded, then we have the Neveu-Schwarz 
(NS) algebra. 

This is most easily implemented by forcing the fermion field to have 
periodic (R) or antiperiodic (NS) boundary conditions: 


Re: Yo(a,7) = v1(7,7T) 
NS: wo(x,7) = —di(a,7) 


With these boundary conditions, the harmonic oscillator decomposition is 
given by: 


(1.4.13) 
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(1.4.14) 


where we associate 0 (1) with the + (-1) sign, and where we have the 
anticommutation relation among oscillators: 


Ri {ainda} = 7" bn om 


1.4.15 
NS : {bh , by} = On. ( ) 


The states (including ghosts) of the theory, as usual, are given by the 
complete set of harmonic oscillator states: 


R: Cela 8 (clone C7 


NS: {a!,}{0",}10) - 


where u, is a 10-dimensional (32-component) Dirac spinor. 

With this decomposition in terms of oscillators, we can now give an 
explicit representation of the generators of the superconformal group. For 
the NS sector, the generators are given by: 


(ee | oe 1 
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(1.4.17) 


For the R sector, the generators are given by: 
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Finally, let us define the operator Q, which can be easily derived by 
using the previous expression for Q in Eq. (1.2.45) in terms of any Lie 
algebra. We find that the Faddeev—-Popov ghost factor can be written in 
terms of two commuting ghosts {3,7 as: 


= - (a Ozy + aa) (1.4.19) 


where c.c, = complex conjugate. The superconformal generators must there- 
fore be rewritten to include this new factor coming from the b,c and 2, 
ghosts: 
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(1.4.20) 
Finally, Q can be written as: 
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3 (1.4.21) 
As usual, we can check for the vanishing of Q?, and we find the constraints: 


(1.4.22) 
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In previous sections, we presented the gauge-fixed NS-R action, where the 
action was only invariant under global, not local, superconformal invariance. 
This was to show how the theory could be quantized and to show the nature 
of its spectrum. 


26 Chapter 1. Introduction to Superstrings 


We will now present the full NS—R action, with all its invariances intact. 
The key will be to introduce a zweibein e& and its supersymmetric partner 
Xa, Which is a two-dimensional world sheet spinor (whose indices we shall 
suppress). We shall use a,b,c to denote flat two-dimensional indices and 
a, 3, to denote curved two-dimensional indices. Then, the action is [37, 
38): 


ih 
L=- JG | 9°" 0gX" OgX pp — iba" Val" 
4na!’ 

7 Gls) 

+ Wap" pepe CpG. sub" Xap? 0" xe 

where p® is not a constant matrix, but is multiplied by the two-dimensional 
zweibein: 

p- =eFp” (les) 


The action is invariant under: 
6X, = Ey 
Spt = —ip%e(Og.X" — b4xq) 
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as well as under local Wey] rescaling: 
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bXq = 9 °Xa 
as well as: 
OX y = 2pats be4 = by, = 6X, =0 (55) 


We have enough gauge constraints to place the following conditions on 
the zweibein and the gravitino: 


ee = 53, Xe=0 | (1.5.6) 


With. these constraints, the action reduces to the linear NS-R action 
studied earlier. 

Although the NS-R formalism is both simple and elegant and can be 
effortlessly quantized both covariantly and canonically, there is one extreme 
drawback: it lacks genuine 10-dimensional space-time supersymmetry No- 
tice that the NS-R action only has supersymmetry of the world sheet, 
that is, it interchanges X,, with 7,, but it does not interchange space-time 
bosons with space-time fermions. 
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By hand, one can impose the Gliozzi-Scherk—Olive (GSO) projec- 
tion [39] on the states of the NS-R model, and the resulting fermionic 
and bosonic states become space-time supersymmetric. The superstring, 
therefore, possesses two-dimensional superconformal symmetry at the La- 
grangian level and space-time supersymmetry at the Fock space level. How- 
ever, the origin of this space-time supersymmetry is very obscure and still 
not well understood. 

Space-time supersymmetry is a physical symmetry that lies at the 
heart of many of the near-miraculous properties of the string model, in- 
cluding its finiteness and lack of anomalies, so we need another formalism 
in which space-time supersymmetry is manifest. This second formalism, 
equivalent to the NS—R formalism after the GSO projection, is called the 
Green-Schwarz (GS) formalism [35] and explicitly contains space-time su- 
persymmetry by introducing a 32-component, 10-dimensional space-time 
spinor. The advantage of the GS formalism is that space-time supersym- 
metry is built-in from the start and can be used to analyze the cancellation 
of divergences and anomalies in the theory. 

The GS action introduces two space-time spinors 64, A = 1,2 (we will 
suppress the spinorial index of the spinor). The action is: 


1 6 Al 1 
ae / do dr{./gg°? Ia + Hg + 2ie*? O..X" (8'T, Og0 aan 
— 6°, 0307) — 2°? 8'T,, 0.6°6° I" O38? } 
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TIE = O,.X" — iB4T# 80° : (1.5.8) 


where I), are 10-dimensional Dirac spinors, and a, @ are local, two-dimen- 
sional world sheet indices. The A index, however, labels two distinct world 
sheet scalars and not a two-component world sheet spinor. 

The action is explicitly invariant under: 


Siete, Ore sed (1.5.9) 


In the proof of the invariance of the action, we will use the following 
identity for a 10-dimensional spinor w: 


Cypppel ps3] = 0 (1.5.10) 
which is only true for the following: 


1. D=3 and y is a Majorana fermion, 

2. D=4and wy is a Majorana or Wey! fermion, 

3. D=6 and ¢ is a Weyl fermion, and 

4. D=10 and wy is both a Majorana and a Weyl fermion. 


We will, of course, take the case when D = 10, so that the spinors are 
both Majorana and Weyl. 


28 Chapter 1. Introduction to Superstrings 


In general, a 10-dimensional complex Dirac spinor has 32 complex com- 
ponents. Imposing that it be real (Majorana) and that it have a definite 
eigenvalue under the chiral operator: 


1 
gl + Tp+1); p41 = I[ol\I2:--Tp-i (el) 


reduces the number of components by half each time, so that a Majorana-— 
Weyl spinor in 10 dimensions has 16 real components. 

To show invariance under space-time supersymmetry, we need the fol- 
lowing definitions. Let us define a spinorial parameter «4%, where A = 1, 2, 
a is a local, two-dimensiorial world sheet index, and a is a spinorial index, 
which we will often suppress. Also, we now introduce the operator pee ; 
which projects onto self-dual and. anti-self-dual pieces of a two-dimensional 
vector: 


PEP = (1/2)(g%? + e**/,/9) (1.5.12) 
which has the following important properties: 
PE gg,PY' = PL 
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Then, the GS action is invariant under: 


660 = 2) aie 
OX = 707 607 (1.5.14) 
5(/99%") = —16,./g (PIR? 0,07 + PPK? 8,6?) 


Although the GS action is symmetric under a wide variety of invari- 
ances, including space-time supersymmetry, the problem is that covariant 
quantization of this action is exceedingly difficult. This is because the the- 
ory is highly nonlinear, and the momenta associated with coordinates do 
not have simple properties. For example, one might naively construct the 
momenta corresponding to the spinor: 


6L : PN 
a a PUN 0 (1.5.15) 
We find that the commutation relations are proportional to the inverse of 
the constraints. Thus, the commutators diverge, and the naive approach 
makes no sense. 

The problem is that the first and second constraints of the theory are 
mixed together in a way that cannot be separated. The reason for this is 
actually quite easy to see. 
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We saw that a Majorana—Weyl spinor has 16 real components. This is 
the smallest spinorial representation of the 10-dimensional Lorentz group 
SO(9,1). However, if we were to apply all the covariant constraints on 
the spinor, we would have to place one additional constraint, reducing the 
spinor to 8 components. But, there are no 8-dimensional spinorial repre- 
sentations of SO(9,1). Thus, naive quantization of the theory is impos- 
sible. Only recently, with advances in the covariant quantization method 
of Batalin—Vilkovisky (BV), has the covariant gauge-fixed GS action been 
quantized (see Appendixes 1 and 2 for a more complete discussion of this 
important point). 

However, although the covariant quantization of the theory is quite 
difficult, the light cone quantization of the theory is quite easy (although 
covariance is completely lost). Let us apply the light cone gauge conditions: 


ae 
ee y-1/2p0 +1) (1.5.16) 
so that the Dirac matrices satisfy: 
Co) dia)e a (1517) 


Then the nonlinear terms in the action in Eq. (1.5.7) disappear, leaving us 
with the simple action: 
1 : ; = 
S= / do dr(0,X* 0°X* — ip? dS) (1.5.18) 
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where a, are flat world sheet indices and i, 7 are 8-dimensional transverse 
indices and where we have substituted J pr with S. Notice that the two 
space-time spinors 9“, which were scalars on the world sheet (and not world 
sheet spinors), have strangely transformed into genuine world sheet spinors 
or 

The light cone action has a very simple global space-time supersym- 
metry associated with it. The supersymmetry transformation is given by: 


§9° = (2p*) 7/77" 

oe 10 

68% = —i/pt p? X'*(y)aae* 
6x = (p" a "(Gane S* 


(1.5.19) 


where (7')aa are the Dirac matrices that generate a representation of SO(8), 
and the parameters of the symmetry are given by n° and e°. 

To calculate the generators of this symmetry, let us first quantize the 
model. Since the action is now linear, this is trivial. We find: 


[S-"(c, Pe ea |= We 6G— a) (1.5.20) 
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and there is only one choice of boundary conditions for open strings: 
$14(0,7r) = $7*(0,7),  - S'*(x, r) = S?*(a,T) (earl) 


so that the strings have the same SO(8) chirality. 
The generator of these symmetries is given by: 


Q? = (2p aaytl2 Ge 
Q* = (pt) My —s 5? ,, 
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The generators, in turn, form the supersymmetric algebra: 
{Q*, Q?} = apts 
{Q°, 0°} = V2(7)aap” (1.5.23) 
fone) = 2H 54 
where: ile F 
H=— > (at_,ai, +nS%,,52) + abe (1.5.24) 
In contrast to the covariant quantization of the GS string, which is quite 


difficult and involved, the light cone quantization of the GS string yields a 
simple, free supersymmetric theory. 
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At this point, we may ask what are the various types of string theories 
one can write that are supersymmetric, ghost free, and anomaly free. The 
easiest way to catalog the various possibilities is through the light cone 
quantization of the GS string, since all ghosts have been removed and the 
theory is globally supersymmetric in space-time. : 

The list of totally self-consistent string theories consists of: 

type I, 

type ITA, 

type IIB, and 

heterotic. 


i ed Le 


It may seem surprising that theré are so few self-consistent string theo- 
ries, while-there are an infinite number of possible theories of point particles. 
The reason for this is that the Feynman diagrams of a point particle are 
based on one-dimensional graphs, upon which we can impose any number of 
Lorentz covariant vectors and spinors (e.g., Feynman’s rules). However, the 
Feynman diagrams of string theory are two-dimensional manifolds, obeying 
strict self-consistency constraints, so it is not surprising that we only find 
four self-consistent string geo 
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Type I 


The first string theory is called type I, in which, as we have seen, the spinors 
S' and S? have the same SO(8) chirality. The theory of open strings, by 
itself, however, is incomplete (because the nonplanar one-loop diagram has 
a pole, which corresponds to a closed string). Because the closed string 
emerges as a bound state of open string graphs, we must add the closed 
string sector to the open string in order to maintain unitarity. 

Gauge invariance can be added into the theory by multiplying the 
N-point function with appropriate traces over the generators of some Lie 
algebra (called Chan—Paton factors). The gauge group must be SO(32) in 
order to cancel all anomalies. 


Type ITA 


For closed strings, there is a choice as to how to choose the chiralities of 
S! and S?. If we choose them to be of opposite chirality, then we have the 
type IIA string. Type IIA closed string theory is appealing because it has 
no chiral anomalies from the very beginning (since the two chiral sectors 
cancel against each other). In the zero slope limit, when only the massless 
sector of the theory survives, the theory reduces to the point particle N = 1, 
D = 10 supergravity theory. 


Type ITB 


For closed strings, if we take the choice where S 1 and S? have the same 
chirality, then we have the type IIB superstring. However, in the zero slope 
limit, when we analyze the massless sector, we find that there does not 
exist any known covariant version of this theory. Its light cone reduction 
is well defined, but its covariant precursor apparently cannot be written. 
(This rnay be because of our limited understanding of how to construct 
point particle supersymmetric theories in 10 dimensions.) 

At present, it seems, however, that the type II string cannot describe 
the physical SU (3) @ SU(2) @ U(1) symmetry of our low-energy universe. 
By compactifying from 10 dimensions to 4 dimensions, the type II string 
can introduce a wide array of symmetries, but none of them seems to fit 
the description of our world. 


Heterotic String 


The string theory that holds the most promise of describing the physical 
world is that of the heterotic string [40]. While the type I string uses Chan— 
Paton factors to introduce isospin symmetry, the heterotic string uses the 
16 dimensions left from the compactification of 26 dimensions down to 10 
dimensions to introduce a rank 16 Lie group. Since Eg is a rank eight 
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Lie group, the heterotic string can be compactified so that its spectrum 
is Eg ® Eg for Spin(32)/Z2], which is certainly large enough to permit a 
serious phenomenological investigation. 

The heterotic string, however, achieves this compactification in an un- 
orthodox fashion. We recall that the closed string has right-moving and 
left-moving oscillator modes, which, for the most part, do not interact. The 
heterotic string splits these modes apart. The left-moving modes are purely 
bosonic and live in a 26-dimensional space which, has been compactified 
to 10-dimensions, leaving us with an Eg ® Eg isospin symmetry. However, 
the right-moving modes only live in a 10-dimensional space and contain the 
supersymmetric GS or NS-R theory. When the left-moving half (contain- 
ing the isospin) and the right-moving half (containing the supersymmetry) 
are put together, they produce a self-consistent, ghost-free, anomaly-free, 
one-loop finite theory, the heterotic string (meaning “hybrid vigor”). 

The action for the heterotic string is therefore: 


16 
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T=1 
(1.6.1) 
where J = 1,2,...,16 and is an isospin index and where we enforce the 
constraints: 
il 
(CRS) oa SS aS = (1.6.2) 
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where y+ = 2—1/2(¥9 + 9). (Some have criticized the heterotic string for 
being artificial and contrived because of the way it splits the left- and right- 
moving oscillators, indicating that perhaps the heterotic string, in turn, is 
a broken version of an even higher string. However, attempts to embed 
the heterotic string into a larger string theory have not been particularly 
successful.) As we shall see in later chapters, with a mild set of assumptions, 
we can obtain surprisingly realistic string theories that contain the SU(3)@ 
SU (2) ® U(1) low-energy theory of our world. 

To understand these compactifications, in the first part of this book, 
we will turn to a discussion of conformal field theory, which will hopefully 
give us a classification of all possible vacuums of the theory. Perhaps one of 
the millions of conformal field theories that have been discovered describes 
our universe. ; 

However, this perturbative approach alone can never yield totally re- 
alistic results. Supersymmetry and 10-dimensional space-time seem to be 
preserved to all orders in perturbation theory, so perturbation theory by 
itself can never break the symmetries of the superstring in order to yield re- 
alistic phenomenology. In the second part of this book, we will concentrate 
on nonperturbative approaches to superstring theory, especially string field 
theory and matrix models. 
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1.7. Summary 


Superstring theory has emerged as the leading candidate for all known 
forces. Not only has the theory enough symmetries to include the four 
fundamental forces as subsets of its symmetries, it is also the only theory 
that can claim to yield a finite quantum theory of gravity. 

The bosonic Lagrangian for the string is given by: 


1 


Lso 
Ara! 


ge OoX ys One he (a7) 


Notice that the action is manifestly reparameterization invariant. If we 
reparameterize the two-dimensional world sheet according to: 


go — 6(0,T), tT > T(0,T) (e7.2) 


then the action is invariant under this two-dimensional general coordinate 


transformation if: 
0z°\ (Ox 
sab/=\ _. cd 
we) = (F=) (Fa) (1.73) 


where x? = {o,7}. The theory is also scale invariant under: 


Gab —> €* Gab Gera) 


There are enough symmetries in the theory to select out the conformal 
gauge: | 7 
Jab — bab (1.7.5) 


so the action becomes manifestly conformally invariant: 
i ieee 
b= = 0,X),02X" 1.7.6 
Qa Le ( ) 


In the first quantized formalism, interactions are introduced by the 
functional integral: 


N 
An = ye ac exp : [Pent + Deere 


Topologies j=l 


= [av (Tl) 


Topologies tl 


(Gata) 
We must sum over all conformally distinct surfaces, including Riemann 
surfaces of arbitrary genus, which means that the first quantized formalism 
is necessarily perturbative. This is one of the fundamental deficiencies of 
the first quantized system. 
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In the genus zero limit, we can calculate the full spectrum of the theory. 
To do this, we first define the energy-momentum tensor: 


Le — 4 Es 5ga (1.7.8) 
This, in turn, can be shown to equal: 
il 
Ty 0, 5 gabge? OX" O4X y (1.7.9) 


We define the Virasoro generators Ly as the moments of the energy- 
momentum tensor: 
= ol 
™ Ara 
1 sa imory 
= ey / em? (X + X')? do (1.7.10) 
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jee 
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n=—oo 


LD 
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[ eee (inG ae To1) ap gee (Too — To1) dao 
0 : 


These generators, Zn, in turn form a closed algebra, the Virasoro al- 
gebra (which generates the conformal group): 


(Een = (=o) Lee a5nl(n 5 1) ore (le alels) 


where c is a constant. 

In the Gupta-Bleuler quantization scheme, we allow ghosts (due to 
the negative sign in the Lorentz metric) to propagate in the theory. We 
eliminate them by applying the Virasoro generators on the states: 


bik) =O, sas 


(Lo — 1)|R) =0 2) 


where the second condition is the mass-shell condition. 

In the alternative BRST formalism, we allow Faddeev—Popov b,c 
ghosts to circulate in the theory and then cancel them by requiring the 
physical states to satisfy: 

Q\~) =0 (13) 
where Q is nilpotent. 

Fermions are introduced into the theory by adding supersymmetry 
(which was first discovered in string theory). 

Let us introduce a new fermion field Wy, Which is a vector in space- 
time but transforms as a two-dimensional spinor on the two-dimensional 
world sheet. The Neveu-Schwarz-Ramond action is: 


1 % 
L= Sais (0, XO 8? a0! Oahy) (1.7.14) 
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where: 
p= & =a ; a = UC 5) (e715) 
and: 
vO 0 
— Ca a (1.7.16) 


with the metric {p%, o°} = —2n%°, where 7 is given by (—1, +1). 
The N = 1 superconformal algebra is constructed by taking the mo- 
ments of the energy-momentum tensor and the supercurrent: 


a 


iG 
ie E| = (m = My) Lien + gm =s mM) OnenG 


(Lm, Gr] = > = r) Gmtr Gein 


C il 
GaGa), = 2D p45 + 3 ( a i) 64,0 


where, if G, is integral moded, we have the Ramond algebra, and if G;, is 
half-integral moded, then we have the Neveu-Schwarz algebra. By a similar 
analysis, the NS-R. model is ghost free in 10 dimensions. 

The NS-R model’s main problem, however, is lack of space-time su- 
persymmetry, which can only be restored by truncating the Fock space. 
An equivalent formalism, which is manifestly space-time supersymmetric, 
is the Green—Schwarz string: 


1 
—s dod: aB : yfeIS) L(g 1 
ae / odr[/gg°? Ia - Hp + 2ie*? A,X" (0'T, Os0 (1.7.18) 
— 6°, 8907) — 2° 6'T, 0.0°6°T"* p60" 
where: 
0 OO he (1.7.19) 


where I, are 10-dimensional Dirac spinors, a, @ are local two-dimensional 
world sheet indices, and A = 1, 2. This A index, however, labels two distinct 
world sheet scalars, not a two-component world sheet spinor. 

Superstrings are enormously constrained because of the large symme- 
try group and because interactions are defined on manifolds. (By contrast, 
point particle theories are defined on graphs, and hence an infinite number 
of them can be written.) 

So far, only four superstrings have been discovered. 


1. For type I superstrings, we combine open and closed superstrings. The 
theory is anomaly free for the gauge group S O32), 

2. For type JIA superstrings, we have a closed string theory in which the 
spinors have opposite chirality. 

3. For type IJB superstrings, the spinors are of the same chirality. 
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4. For heterotic superstrings, we have a closed superstring theory in which 
the left-moving sector is bosonic and lives in 26-dimensional space and 
the right-moving sector is supersymmetric in 10 dimensions. By com- 
pactifying the 26-dimensional left-moving sector to 10 dimensions, we 
obtain the gauge group Lg ® Eg or Spin(32)/Zo. 

The action for the heterotic string is therefore: 


1 
= d 
S acai o 
(L720) 


where { labels the Eg ® Eg symmetry and where we enforce the constraints: 


16 
OaX* A X' + S° A,X! HX! + iSy— (A, + Ag)S 


I=1 


i 
(0,-0,)X'=0, ytS= 5 (1 + 711)S =0 (72m) 


where y+ = 2-1/2(79 + 49), 

The central theme of this book, and also the most pressing problem 
in superstring research, is the search for the true vacuum of the theory. 
Notice that our discussion has been mainly perturbative. However, because 
perturbation theory can never compactify space-time to four dimensions or 
break supersymmetry, we must turn to nonperturbative formalisms, which 
are discussed in the second half of this book. 

We have written the book in two parts. In the first part, we discuss 
conformal field theories, which give us the complete set of possible pertur- 
bative vacuums of string theory. However, the true vacuums of the theory 
must necessarily break supersymmetry and compactify space-time to four 
dimensions, so in the second part of this book, we discuss nonperturba- 
tive approaches to superstring theory, in particular string field theory and 
matrix models. ; 
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Chapter 2 


BPZ Bootstrap and Minimal Models 


2.1. Conformal Symmetry in D Dimensions 


In the original pioneering paper of Belavin, Polyakov, and Zamolodchikov 
(BPZ) [1], two questions were asked. Is conformal invariance by itself suffi- 
ciently restrictive to uniquely determine all Green’s functions of a conformal 
field theory? If not, then what additional conditions are necessary before 
we can solve for Green’s functions? 

These questions are not as outlandish as they may seem. For a typical 
quantum field theory in higher dimensions, the space-time symmetries of 
the system are not strong enough to uniquely determine all Green’s func- 
tions. However, we know that the case of two dimensions is special: the 
number of generators of the conformal group is infinite. As a result, the 
restriction of conformal invariance creates an infinite number of conserved 
currents, which are often sufficient to solve a two-dimensional quantum field 
theory [1, 2]. 

In general, because of the explosion of conformal field theory solu- 
tions found within the last few years [3-10], we know that the conformal 
bootstrap method requires new constraints that must be imposed, such as 
modular invariance (as we will see in Chapter 4), to determine the cor- 
relation functions. There is a class of conformal field theories, called the 
“minimal series,” for which Green’s functions can be computed using only 
the constraint of unitarity and a finite number of primary fields. 

Let us first begin with a general discussion of the conformal group in 
D dimensions, and then single out why the case D = 2 is so special. We 
define conformal transformations as those that leave the metric invariant 
up to a scale change: 


Guz) > Gy,(2") = 2(x) guv(2) Oey 
Notice that this transformation preserves angles, that is, the angle 
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between x, and y,, is preserved under a conformal transformation. Let us 
represent this with a small infinitesimal transformation, c4 — x + e#. 
Then, the infinitesimal distance ds? transforms as: 


ds* — ds” + (Oe, + Ove,,) da” dx” (Dede) 


Next, we place constraints on €,, So that we can make it compatible 
with a scale transformation on the metric. This means that the right-hand 
side of the previous equation must be proportional to n,,, so that 


2 
Oe ap Oye, = p? -€) Ny (2.1.4) 


Let us take the trace of both sides of the equation and then compare it 
with the 2 found in Eq. (2.1.1). We find: 


Q=14(2/D)(d-e) (2.1.5) 


so that: 
[uv On 0 + (D — 2) 0, 0,] 0-€ =0 (2.1.6) 


Notice that the constraint on ¢,, for D = 2 is different than for D > 2. 
For D greater than 2, let us now tabulate the components of e,, for the 
conformal group: 


ce = a! generates constant translations, 

ce = wha” generates Lorentz transformations for antisymmeétric wh, 
ce = Xx generates scale transformations, and 

cH = ba? — 2x¥b, x2” generates proper conformal transformations. 


The first two are the familiar transformations of the Poincaré group. 
The third is a scale transformation, and the fourth is a combination of an 
inversion and a translation. To see this, we can write the last transformation 
in a more transparent way: 


gt! gt 


qe — Ge sr bY OA) 
that is, proper conformal transformations correspond to an inversion fol- 
lowed by a translation. 

If D is the dimension of space-time and D > 2, then the total number 
of parameters in the conformal group is equal to 4(D+1)(D + 2). The 
conformal group is thus isomorphic to the orthogonal group on (D + 2) x 
(D + 2) matrices. 

For finite, rather than infinitesimal transformations, we have the fol- 
lowing transformations: 
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(2.1.8) 


ah —» 2H = Kol 
i _ ht beet 
~— 142b-2+4 b222 


(AY, parameterizes Lorentz transformations.) 

For the special case of 4 dimensions, the conformal group is easily 
constructed from the 6 generators of the Lorentz group, 4 generators for 
translations, 4 generators for proper conformal transformations, and one 
generator for scale transformations, for a total of 15 generators. The con- 
formal group in 4 dimensions is therefore: 


SO(2,4) ~ SU(2,2) (2.1.9) 


For the special case of D = 2, we find that the finite number of param- 
eters in the conformal group becomes infinite. In this case, the infinitesimal 
conformal transformation becomes: 


Ove} = O2€2, O1€2 = —O2€1 (2.1.10) 


that is, we have precisely the Cauchy—Riemann equations for a two- 
dimensional transformation. If we define e(z) = e1 + ie”, €(Z) = e — ie?, 
z(Z) =a! + (—1)iz?, then the conformal transformation becomes: 


z>z+eé(z), Z377+€(2Z). (2.1.11) 

If we make the following infinitesimal change given by: e(z) = —z"+1 

and é(Z) = —z”*1, then it is easy to compute the generators of this trans- 
formation: - 

In =—2"",, Ly = —2"11 0; 2112) 


which obey the algebraic relations: 
Ln lm| =(n—m)Lmen, ln, nl = @— mia, (Zell 18) 


This is called Witt algebra. When the central term is added, it becomes the 
familiar Virasoro algebra [11]. 

In two dimensions, there is a qualitative change in the conformal group 
because the number of generators has suddenly become infinite. This means 
that many two-dimensional models are actually exactly soluble, contrary 
to the situation in higher dimensions, because of the presence of an infinite 
number of conserved currents. Enormous simplifications of the correlation 
functions occur only in two dimensions, sufficient to make a wide variety of 
models exactly soluble. 
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2.2 Conformal Group in Two Dimensions 


Let us now discuss how two-dimensional conformal fields transform. We say 
that a conformal field has weight h; + ha and conformal spin h, — he if it 


; ( ) ) a b( ? ) 
dz! dz' ( ) 


under a conformal transformation. 

The full conformal transformation on ¢(z,Z) is actually the product 
of two copies of the conformal group, acting on each z and z individually. 
[Since a function $(z,Z) transforms under the product of two commuting 
conformal algebras, we will often delete the dependence on Z. It is an easy 
matter to reinsert the dependence on Z into all the equations.] 

If we power expand this infinitesimally, we find: 


60(z) = e(z) 0.0(z) + hdz€(z) A(z) CLAP) 


A field that transforms in such a manner is called a primary field with 
conformal weight or dimension h [1]. 

Notice that the conformal weight of the product of two fields ¢,, and 
ém (with conformal weights n and m) is equal to the sum of the conformal 
weights, given by n + m, that is, 


dnPm ae Caen (2.2.3) 


Also, notice that if a field has conformal weight 1, then its integral is actually 
an invariant: 


6 | ae CZ) = fe 0,[e(z)d(z)] = 0 (2.2.4) 


Example: Free Boson Field 


To illustrate these methods, let us study the simplest of all conformal 
systems, a single free boson field ¢. We begin with the Lagrangian: 


L= as 0¢ Od (225) 
20 


from which we can naively define the energy-momentum tensor for the free 
boson field as: 


T(z) = ~5 0.(2) 8.62) (2.2.6) 


When we proceed to the quantum theory, however, this previous ex- 
pression has no meaning. There are two fields defined at the same point in 
space-time, which is formally divergent. To make some sense out of this, we 
therefore must define a method ‘by which to subtract the divergent piece, 
while maintaining conformal invariance. 
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We can define the normal ordered product in several ways by subtract- 
ing its divergent piece: 


T(z) = 5 + 00(2) A4(2) 
ie 1 


= = lim [a¢(2) A6(w) + (06(z) a¢(w))] 


where: 
((w)4(2)) = — log(w — z) (2.2.8) 


Yet another way to define the normal ordered product is to simply 
reshuffle the operators contained within the product of two fields so that 
the creation (annihilation) operators appear on the left (right), so that the 
resulting expression has a zero vacuum expectation value. Because of the 
problem of potential divergences of two fields multiplied at the same point, 
we will adopt the following conventions in this book. If two fields are mul- 
tiplied at the same point, we will tacitly assume that the product is normal 
ordered. Also, when taking the correlation function of two fields, we will 
tacitly assume that they are “radially ordered,” which is the counterpart of 
time ordering found in ordinary point particle quantum theory. Radial or- 
dering means that the products of all fields are ordered according to their 
distance from the origin. of the complex plane. Let us now calculate the 
conformal weight of the derivative of a free boson field: 


T(w) 06(2) ~ ~5 : 84(w)A4(w) : 4(=) 


~ (2); 6(w)(6(w) 06(2)) 


1 (2.2.9) 
~ oot) ese 


~ [86(2) + (w — 2) 6?6(z)] —— 


(w — z)? 


Comparing with our previous expression for the transformation of a field 
of weight h, we find that 0¢ has weight 1 when ¢ has weight 0. Next, let us 
compute the value of the central term for the free boson field. The operator 
product expansion of two energy-momentum tensors, for the scalar field, is 
given by: 
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ie 2 
Twyt(2)~2(-5) ((@u6d.d)) 
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He i ~ oe — 8.4 (2.2.10) 
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(w — z 


To understand this expression, let us write the general expression for the 
operator product expansion of the energy-momentum tensor: 
1 Cc 2 1 
T(z)T(w) ~ 2 Ga a Cme le a 
where c is the central charge of the Virasoro algebra. 

Comparing the two expressions, we see that the second term in the 
expansion shows that T(z) has conformal weight 2 (although it is not a 
primary field because of the presence of the central charge), and that the 
free boson field has c = 1. 

This trivial example is important because the string can be viewed as 
26 free bosons added together: 


T(z) = -50%, axe - (2.2.19) 


so the central term is just equal to 26. 
Example: Free Fermion Field 


The next simplest example is a free fermion field, which has c = .. Let 
us begin with the free fermion action: 


1 
L = —y(z) 0y¥(z) (272-13) 
20 
which yields the following energy-momentum tensor: 
1 
= 5. W(z) Ow(z) : (22514) 


The vacuum expectation value of two fermion fields is therefore given by: 


((w)w(2)) = 7 (e215) 


w— 2) 


We can now repeat all the previous steps, replacing the free boson field 
by the fermion field. We find that: 


44 Chapter 2. BPZ Bootstrap and Minimal Models 


Tw) le) ~ aaa) + (2.2.16) 


so the fermion field has conformal weight equal to 1/2. Furthermore, the 
operator product expansion of two energy-momentum fields now yields: 


T(w)T(z) ~ dooe: Coa 


(w — z)* 
so the central term for the free fermion field is given by c = 1/2. 

In summary, we found two representations of the conformal group given 
by a free boson and a free fermion with: 


free boson : c= 1, "0 
(2.2.18) 
free fermion : C=, ale 

Last, let us analyze the transformation properties of the energy- 
momentum tensor. The generator of conformal transformations will be 
the Virasoro generators, which in turn are the moments of the energy- 
momentum tensor. It is straightforward to calculate the product of T with 
the conformal field ¢;,(z) with weight h: 


— ote —— bugn(w) (222.19) 


T(z)on(w) ~ 


The Virasoro generators [Eq. (1.2.23)] emerge when we take the mo- 
ments of the energy-momentum operator: : 


dz 
Le = ES als 
sae a) 
e (2.2.20) 
= SS 2. oe 


Let us rewrite these equations in perhaps a more familiar form, in terms 
of commutators. Let us define the generator of conformal transformations 
as T.: 


i $ e(z)T(z)dz (2221) 
Then, we can write the variation of the field $;,(z) as a commutator: 


bn(z) = [Te, balz)] 


Vs Daas 
[ons Gn(2)] = 2? Gon(2) + h(m + 1)2™6n(2) - 
while the variation of the energy-momentum tensor becomes: 
IL 
(Te, T(z)] = €(z)T(z)’ + 2e(z)/T(z) + —ce(z)” (22223) 
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The infinitesimal transformation of the energy-momentum tensor can 
be integrated, giving us the finite transformation under z — f (z) as follows: 


T(z) > (Of?T[F(z)] + aol f,z) (2.2.24) 


where the last term is called the Schwartzian derivative: 


Of Of — (3/2)(0°f)? 
(Of)? 


This expression will be useful when we discuss modular invariance in Chap- 
ter 4. 

Last, using these techniques, we mention that we can construct the full 
operator product expansion of the superconformal algebra [Eq. (1.4.12)] for 
the NS-R model [see Eq. 1.4.10)]: 


S(f,z) = (2.2.25) 


Wein ey ~ — + wears + + 8,Ta(z) 
Raine ee teu) ie — 8,T r(z) (2.2.26) 
Tr(w)Tpr(z) ~ Lo aay (z) 


2.3. Representations of the Conformal Group 


Now, let us try to classify the representations of the conformal group in 
much the same way that we classify the representations of an ordinary Lie 
group. For the familiar example of SU(2), we know that representations 
are constructed by taking ladder operators L; and acting on the eigenstate 
|1, 1), in which m (the eigenvalue of L,) has its lowest value. (This state 
is often called the “highest weight state.”) In general, the series generated 
by all products of these ladder operators creates the universal enveloping 
algebra of the system, which in turn contains the various representations 
of the group: 

(L4)"|l, —l) (273. 1) 


Representations of higher groups, such as SU(3), are created in the 
same way. Here, there are three sets of ladder operators U;, Vi, and T}, 
which then act on an eigenstate with the lowest values of the quantum 
numbers. Within this series we find the octets, decuplets, etc. Thus, al- 
though the number of ladder operators that hit the highest weight state is 
unlimited, the dimension of each representation of SU (3) is finite. 
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In much the same way, we construct representations of the conformal 
group, except for several crucial differences. We choose as our ladder oper- 
ators the set L_,, where n is positive. The highest weight state is specified 
by two quantum numbers, h and c, such that: 


Lo|h,c) = lh, c) 


233) 
Lylh,c) =0, n=1,2,... 


The eigenvalue of Lo is called the level number, and c is the central charge 
of the Virasoro algebra. Then, the universal enveloping algebra is created 
by all products of the ladder operators acting on the highest weight state 
[see Eqs. (1.2.25)-(1.2.27)}: 


|{n}) a (a hee ea i nye) (2733:3) 


It is easy to see that the enveloping algebra does, in fact, form a repre- 
sentation of the algebra. For example, if we hit an element of the enveloping 
algebra with L_,, then it obviously transforms this element into another 
element of the enveloping algebra. Also, if we hit this state with L,, for n 
positive, then we can use the commutation relations of the original Vira- 
soro algebra to shove this operator to the right, until it annihilates on the 
highest weight state, thereby giving us a new element of the representation. 

The dimension of this collection of products is now infinite, in con- 
trast to the Lie algebra case. This representation, constructed out of the 
enveloping algebra, is called a Verma module [13]. _ 

Let us now introduce an operator language for this representation. Let 
$n(z) represent a conformal field of weight h. Then, let us define the vacuum 
state: 


{Lo Linh 100 (2.3.4) 


The three generators of SL(2,R) given by {L1, Lo, L_1}-vanish on this 
vacuum. Then, we can show: 


|h, ¢) = $n (0)|0) (2.3.5) 


where c is the central term of the Virasoro generator. Let us now apply the 
Virasoro generators on this state. Let ¢,(z) be a primary field that satisfies 
Eq. (2.2.2). Then, its commutators‘with L, are given by Eq. (2.2.22). By 
fixing the value of z, it is easy to show that: 


Lnon(0)|0) = Lnlhyc) =0; n>O0 


Lo¢n(0)|0) = Lolh, c) = h|h, c) (2.3.6) 


In other words, given the fact that ¢, transforms as a primary field of 
weight h, the state |h,c) is a highest weight state of weight h. 

Conformal fields that do not transform as primary fields are called 
secondary fields. For example, the derivatives of primary fields, which may 
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have complicated transformation rules under the conformal group, are usu- 
ally secondary fields. To see how secondary fields are constructed from a 
primary field, let us define: 


L_z(z) = $ au) (2.3.7) 


(w— z)kt1 


Let us also define: 


me ee) = Hop, (2yeb 2. (z) Ae bees (z)bn(z) (2.3.8) 


which can be rewritten as: 
ea 00) = 15.10), (0) LO) |ajeynn(2 3.9) 


We see, therefore, that the fields oh} (2) are secondary fields that are 
descendants of the original, primary field ¢,(z). These secondary fields are 
constructed from derivatives of the original primary fields, which in turn 
can be composed from Virasoro generators acting on the primary field. 
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In general, there may be an infinite number of primary fields, with each pri- 
mary field in turn having an infinite series of descendant secondary fields 
associated with it. Let the symbol {¢,],represent the conformal family con- 
taining the primary field ¢, and all its secondary fields created by acting 
on it with L_,, as in Eq. (2.3.3). Our task is to determine, for a fixed value 
of c, all possible conformal families {¢,] and their correlation functions. 

At first, it seems that the categorization of all representations of a 
conformal field theory seems hopeless. However, these conformal operators 
fortunately must satisfy a large set of identities that often make it possible 
to completely solve the theory. 

To see this, let us recall that in ordinary quantum field theory two fields 
dé; and ¢2 have the following Wilson operator product expansion when the 
fields are close to each other: 


b1(x) daly) ~ s Cia) OG) (2.4.1) 


where the O,’s are a complete set of operators and the C;’s are singular 
numerical coefficients. 

Similarly, the same can be said for conformal fields, except that we can 
place more constraints on the right-hand side. For example, by equating the 
scaling dimension on both sides of the operator product expansion, we can 
calculate the singularity structure of the C;’s as follows: 
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1 
Cyr oe (2.4.2) 


where the h’s are the scaling dimensions of the various fields. 

Now, let us take the operator product expansion of the two conformal 
fields dn and dm, with conformal weights given by 6, and 6,,. We claim 
that the operator product of the two primary fields is given by: 


n(z)bm(w) ~ 2, Cnms( (z — w)5* on 4m Oy (w) (2.4.3) 


for some constants Crmk- (The power of z — w is easily determined by 

examining the dimensions of the left- and right-hand sides of the equation.) 
Actually, conformal invariance places even more constraints on the 

operator product expansion. We note that the right-hand side can, in turn, 

be represented by a complete set of primary and secondary fields, denoted 

i where {k} indexes the various elements of the Verma module. 
Now, let us write the full operator product relation, including all de- 
pendence on the complex variables z, Z: 


Gale) era (0). SU Cte 
P {k},{k} 
4 z!Pr—bn—Sn +) EH gly — bn — brn t DOH th} ER (0) 
(2.4.4) 

The matrix CP, expresses the “Clebsch-Gordan” coefficient found in the 
tensor product decomposition of two primary fields, with weights n and 
m, into another set of fields labeled by p. (Strictly speaking, this is not a 
Clebsch—Gordan coefficient in the usual sense because the value of c for all 
primary fields is the same. For a normal Clebsch-Gordan coefficient, the 
values of the c’s are additive as we multiply different representations.) 

Conformal invariance is so powerful that we can often determine the 
precise numerical values of all the coefficients appearing on the right-hand 
side of the equation. The numerical calculation is straightforward, but 
rather lengthy. We simply multiply both sides of the equation by |0) and act 
on both sides of the equation with L,;. When L; acts on a primary field, it 
transforms, as in Eq. (2.2.19). However, when L; acts on a secondary field, 
it creates many other secondary fields as L; commutes past L_,, until it 
annihilates on the vacuum. By equating the terms on the left with the terms 
on the right, we can find an iterative procedure to calculate all values of 
CP, and Brim’. Thus, conformal invariance alone is sometimes sufficient 
to determine the value of all C?_, [1]. 

We wish to express this rather lengthy equation in shorthand. We 
simply write [1]: 


lo] * [bm] = 2 Crm (2.4.5) 
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where we suppress the presence of all secondary fields by putting everything 
in brackets. We implicitly assume that the infinite series of coefficients that 
we have suppressed in the above equation can be numerically calculated 
by hitting both sides with a conformal transformation and then equating 
terms, order by order. 

In principle, if we knew the values of the “structure constants” C*,,,, 
then we would actually know everything about the representation of the 
conformal field theory. Most of the work in solving conformal field theory 
reduces to determining, for a fixed value of c, the number of conformal 
families [¢,] and the structure constants C?,, created by taking products 
between them. (Once the C®,,, are known, then conformal invariance alone 
will determine the BPA 

In general, conformal invariance alone is not powerful enough to deter- 
mine the fusion rules among the primary fields. Outside input is required. 
To see this, let us first construct the correlation functions between primary 
fields. For the two-point function, conformal invariance alone is sufficient 
to determine the correlation function up to a constant: 


k 
(dn; (21) bn (Z2)) = (eq = zg yer es Omir (2.4.6) 


This is proven by taking the conformal transformation of both sides 
of the equation. The transformation under ¢(z) = const forces the right- 
hand side to be a function of z12 = z| — zg, and the transformation under 
€(z) = z? fixes the conformal weights 6;. 

Similarly, using only the transformation rules of the conformal group, 
we can determine the correlation function of three primary fields, up to a 
constant, in terms of 2; = 2; — 2;: 


3 ; 
(Lenten) =Howmstr abe mefro® — Gan 
2—=K 


Conformal invariance does not fix the value of the structure constant itself, 


however. 
For products of four or higher fields, the situation gets worse. For 


example, for the four-point function, we have: 
4 
=, 646 
(I dni 2) = f(z) II gy (2.4.8) 
i=l i<j 
where 6 = soe 6;/3 and: 
45 == 212234/ 213224 (2.4.9) 


Conformal invariaice can reduce the correlation function to functions of 


zi3, but it is not sufficient to determine the function f(z). 
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However, we can exploit one more condition, that the product of four 
primary fields is associative, that is, we can take the pairwise contraction 
of primary fields in two different ways and get the same answer. Thus, 
by pairing the four primary fields in two different fashions, we have yet 
another constraint on the correlation function. In Fig. 2.1, we see how the 
fusion rules may be used in two different ways, by pairing different sets of 
primary fields within the same correlation function. Since the final answer 
is independent of the way in which the pairing takes place, we have a new 
restriction on the functions appearing in the correlation function. 


Fig. 2.1. 


For simplicity, let us first fix the values of the z’s to be z] = o, z2 = 
1,23 = x,z4 = 0. Then, the full four-point function, as a function of both 
x and Z, becomes: 


GE (z,z) = ( be(z1, 21)dr(22, Z2)bn(z85 23)bm(24, Z4)) 
= (kl¢i(1, 1) n(x, 2)|n2) 


Let us now perform the contractions by pairing the primary fields and 
then using the fusion rules. For example, by pairing the nth and mth fields, 
we find: 


(2.4.10) 


Grin) =D Ch Chir in Plt) Fa) (2.4.11) 


ry 


where: . 
Fibs (pla) = fe —Sn—8m pelt gD 
{k} 
. Chon ll )\ ben, be Ip) 
(kl ¢i(1, 1)|p) 


The function Fy", (p|x) is called a conformal block [1], because higher 
order correlation functions can always be written in terms of such blocks. 


(2.4.12) 
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They are the building blocks by which we can write arbitrary correlation 
functions. 

Now, the key step is to pair the primary fields in different fashions using 
the fusion rules and then compare the results of different sets of pairings. 
Since the final result must be the same, we have a new set of identities. 
Taking the pairwise contraction in two different ways, we find: 


Ye CR Ctkp Frm (Plt) Fin (PZ) = >) Cpr Cmka Fat (all — 2) Far’ (alt — 2) 
Pp q 


(2.4.13) 
which expresses the fact that the operator product expansion is associative. 
This still leaves the problem of how to actually solve for the conformal 
blocks F’* (p\z), using our knowledge of conformal invariance. One way 
of tackling this problem is to insert a T(z) operator into the correlation 
function. Because the commutation relation between a T(z) operator and 
a primary field gives us back a primary field (without the T insertion), we 
can write Ward-like identities for the correlation functions. These identities 
relate the correlation function where T is inserted and a differential equation 
on a correlation function where T has disappeared. 
Let us now insert T; into the following correlation function: 


(J & e(z)T(z)b1(w1) + ba(un) 


= 3 (u(un)- if  er(e)os(ws)| --dalwn)) (2.4.14) 


gah 


(1 (wr) -+-8ej(tWy) + baton) 


I! 
Me 


By inserting the value of the variation of a primary field, we find our final 
result: : 


(T(z) $1(w1)b2(wa) aes dén(Wn)) 


_ A; 1 @ (2.4.15) 
7 2 eo i zZ— wi =| ($2(wi) + bn(wn)) 
where we have repeated Eq. (2.2.19): 
T(z)di(wi) ~ ai di(wi) + 3 2 a Ow, (wi) (2.4.16) 


In general, the differential equations for the conformal blocks are too diffi- 
cult to solve, especially if there are an infinite number of primary fields. 
Unfortunately, this is the case for string theory, which has an infinite 
number of primary fields given by the real states |), which satisfy Eq. 
(1.2.25) or Eq. (2.3.6). Reinterpreted from the point of view of conformal 
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field theory, we see that the spurious states |S) in (1.2.27) form the sec- 
ondary states of the Verma module labeled by |R). Thus, the Fock space 
of string theory can be decomposed in terms of an infinite family of Verma 
modules. Each module consists of a real state |) (which is a primary field) 
and the infinite number of spurious states |S) associated with each primary 
state, which are the singular secondary states. 

Although the correlation functions for the full string model are too 
difficult to solve exactly for all Verma modules, we will be interested in a 
subclass of conformal field theories that have only a finite number of pri- 
mary fields, which we will show is exactly solvable. Although the conformal 
field theories with a finite number of primary fields are not very physical, 
they will give us a theoretical laboratory in which to test many of our ideas 
concerning conformal field theory. 

It can be shown that if there are a finite number of primary fields, 
then the values of h and c take on rational values. These are called rational 
conformal field theories and will be studied in this and the next chapter 
in connection with Kac-Moody algebras. The simplest of these rational 
conformal field theories are called minimal models, which we will now study. 


2.5. Minimal Models 


One important question to ask of any representation is whether it is re- 
ducible or not. For ordinary Lie groups, we can construct the scalar prod- 
uct between the various elements |a;) of a representation and treat it as a 
matrix (a;|a;). Then, the representation is reducible if the determinant of 
this matrix is zero. 

Similarly, we can determine whether a Verma module is reducible or 
not by taking its elements |{n}) in Eq. (2.3.3) and forming the scalar prod- 
uct between them. Then, the representation is reducible if the determinant 
of this matrix is zero, that is, if 


det({m}|{n}) =0 (2.5.1) 


This is not a trivial task, because ‘the elements within a Verma module 
grows rapidly, as the partition of the level. For example, at the first level, 
we only have one element, given by L_,|h), so the matrix has only one 
element: 


(h,¢| Ly bi |h,c) = 2(hyelig live son (252) 
However, at the second level, we have two members of the Verma mod- 


ule: L2.,|h,c) and L_2|h,c). To determine whether they are truly linearly 
independent, we must form the 4 x 4 matrix given by: 
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det Ms = 
: ae (h|L7L? ,|h) 


_ (4h+e/2 6h 
~\ 6h ~— 4h(1 + 2h) 


(h|L2L_2|h) oan) 
(2.5.3) 


The determinant of this matrix, in turn, can be written in terms of h, 
which factorizes nicely: 


det My = 2(16h° — 10h? + 2h?c + hc) 


= 32[h — hii(c)] [A — Ai,2(c)] [h — ho,1(c)] (2.5.4) 


where: 


hii(e) => 0 
Oe a0 -o)¥ avi =e SO 


We see that the determinant conveniently factorizes into a product 
of factors, which vanishes if h equals one of the h,,. Although it seems 
like a hopeless task to generalize this equation to all levels, we now use a 
remarkable formula due to Kac [12-15], which states that the determinant 
at the nth level is given by: 


(2.5.5) 


det M,, = Il aby (h, c)??—*) (2.5.6) 
k=1 
where: 
Pi (h,c) = I] [h — hp,q(e)] 
pq=k 
ee ce Deel a 
a 4m(m + 1) 


where p(n) is the partition of the integer n (that is, the number of ways 
in which n can be written as the sum of smaller integers) and where the 
parameter c is related to m via: 


6 
C= = = 
ny 
eas) (2.5.8) 
_ 1 1 /25-—e 
ao = ON Te 


where p and q are positive integers. This formula is one of the most impor- 
tant tools that we have at our disposal for understanding the representations 
of the conformal group. We will refer to this formula throughout the first 
part of this book. 

Ordinarily, if h # hp,q, then the Kac determinant does not vanish, and 
the representation is irreducible. In general, however, this case is exceed- 
ingly difficult to analyze. However, some of the more interesting cases occur 
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when the Fock space is reducible, that is, when it contains linear relations 
between the various secondary states. We will study these models because 
many of them can be solved exactly. 

If h = Ap, then the Verma module is reducible, but one can (by suit- 
able truncation of the secondary states) extract a smaller subspace of the 
reducible Verma module that is irreducible. The advantage of this trunca- 
tion is that, although the number of primary states ¢,, may in general be 
infinite, for these reducible models, the number of primary fields actually 
becomes finite. 

For this reason, these models with a finite number of primary fields are 
solvable and hence provide us insight into the more difficult (and physically 
relevant) case of an infinite number of primary fields. 

If h = hp for some p and q, then the Kac determinant is zero, the 
representation is reducible, and there exists a state lx) at the Nth level 
whose matrix elements with other states in the module at level N vanish. 
However, the matrix elements between states with levels N and M (N # M) 
vanish (since we must have an equal number of creation and annihilation 
operators sandwiched between (0| and |0)). Thus, |x) is a null state that 
has vanishing matrix elements with all members (¢| of the Verma module, 
that is, 

(olx) =9, = (xlx) =0 (2.5.9) 

The level of |x) is equal to hy, + pg. The important point, however, 
is that |v) can be a primary field. To see this, notice that each secondary 
field (¢| appearing in the above equation consists of products of L;. We see 
that L, therefore annihilates |y), that is, 


Ln|x) =0, = Lolx) = (hp,q + pa) |x) (2.5.10) 


The fact that reducible Verma modules contain secondary null states 
|x) that are by themselves primary states means that there is a “smaller” 
Verma module contained within the larger one with |x) as its highest weight 
state. This new Verma module, contained within the larger reducible Verma 
module, is called [dp,4]. 

(This smaller Verma module, however, may also be reducible. There 
may be, in turn, null states within this module. However, as we shall see 
in Chapter 4, we can systematically extract these null states within [dp,¢] 
until the final result is irreducible.) 


Y 


Example: Null States 


It is instructive to construct some of these null states explicitly. For 
example, the secondary state at level 1, 


lx) = L_ih, ¢) (2.5.11) 


is a null state if h = 0, for any value of c, because its norm is equal to 2h, 
as in Eq. (2.5.2). By applying L,, on this null state, we see that it is also a 
primary state. 
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[There is another, more transparent way of seeing this. We know that 
L_, can be represented in z space as the operator 0, so the state in question 
is Od. This state, for arbitrary h, is not a primary state [because the 
derivative acts on the Jacobian appearing in Eq. (2.2.1). However, if h = 
0, then there is no Jacobian factor in Eq. (2.2.1), and O¢, is a primary 
field. Thus, for a reducible module, a secondary field has become a null 
primary field.’ This is analogous to the general theory of relativity, where 
the derivative of a vector 0,¢, is not a covariant tensor, but the derivative 
of a scalar 0,¢ is a genuine vector.| 

At the second level, let us try: 


ly) = (L-2 + aL?,)|h,c) (2.5.12) 


Demanding that this state be annihilated by LZ, and Lz fixes the following: 
a = (3/2)(2h + 1) and c = 2A(5 — 8h)/(2h +1). 

Now, let us analyze the unitarity properties of minimal models. If we 
are looking for conformal models with a finite number of fields, then BPZ 
[1] found that the minimal models are labeled by two numbers, m and m’, 
which are relatively prime positive integers, such that 


c = 1-—6(m—m’')?/mm’ 
hp,q = (4mm’)—? [(pm! — gm)? — (m— m')?] 
(2.5.13) 

The areas of most interest for us, however, are those states that are 
unitary, that is, those representations where the Kac determinant has only 
positive eigenvalues. Let us now analyze the unitary representations of the 
Virasoro algebra (that is, representations that have a positive norm). Ana- 
lyzing the Kac formula, we find that there are three regions of interest. In 
the region c > 1, h > 0, the Kac determinant has no zeros at all and hence 
the representations are irreducible. For the region 1 < c < 25, however, m 
is not real, and the hy,,’s have an imaginary part or, for p = q, are nega- 
tive. For c > 25, we can choose the branch —1 < m < 0, and all hp 4’s are 
negative. 

We can also show that the representations are unitary in this region. 
For very large h, the diagonal elements along the Kac matrix dominate the 
matrix, and they are all positive. Thus, the matrix has positive eigenvalues 
for large h. But, since the determinant never vanishes for c > 1, h > 
0, all of the eigenvalues must stay positive in this region, and hence the 
representation is unitary. For c = 1, the determinant vanishes at h = n? /4 
and never becomes negative. So, there is no obstacle to being unitary. 

For 0 <c<1,h > 0, the situation is rather delicate. Naively, we 
can show that this region is nonunitary. Let us draw the curves formed by 
h = hy,q(c) in the h,c plane. For each set of integers p, q, we have a curve in 
the h,c plane. Then, one can show, by graphical methods, that any point 
in the region 0 < c < 1, h > 0, can be connected to the c > 1 region 
by a path that crosses a single curve of the Kac determinant. This shows 


minimal series : { 
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that the determinant reverses sign passing through the curve, which proves 
the existence of negative norm states and hence unitary representations are 
excluded from this region. 

There is, however, a loophole in this demonstration. It may turn out 
that the determinant vanishes along the curves. We know, however, where 
the determinant vanishes, and that is given by Eqs. (2.5.6)—(2.5.8). We find 
that the representations are unitary for the following discrete set of values 
[16]: 

it ies : =i ag = 3,4 2.5.14) 
unitary series: c= ee: ies Be Os oo (2.5. 

(If we set m’ = m+1 in the minimal series in Eq. (2.5.13), we obtain 
the unitary series.) Notice that hp,¢ has certain symmetries that enable us 
to establish some of the structure of the representation space. In particular, 
notice that it is symmetric under: 


pomp, qom+l1-p (2.5.15) 


Thus, if we allow g to range from 1 < q < m, then there are a total of 
m(m — 1) values of hpg, each appearing twice. It is sometimes convenient 
to display the allowed values of hy in a grid. We choose p to label the 
horizontal axis (increasing from left to right) and q to label the vertical 
axis (increasing from bottom to top). Then, the allowed values of hy,q for 
m = 3,4,5 are: 


3/2 7/16 0 

1/2 0 3/5 3/80 1/10 
m=3—[1/16 1/16], m=4—] 1/10 3/80 3/5 
0 1/2 1/10 3/80 3/5 

0 16 3 


Ds 
13/18 21/40 1/40 1/8 
mae || MS ME i oye (2.5.16) 
1/8 1/40 21/40 13/8 
0 2/5 7/5 38 


Example: The Ising Model 


The case m = 3 is most interesting because it will correspond to the 
critical point of the two-dimensional Ising model, which has been exten- 
sively studied in the field of statistical mechanics. At the critical point of 
the Ising model, the correlation lengths become infinite, and the theory 
loses all reference to any scale, that is, it becomes scale invariant. Thus, we 
expect to find the Ising model at the critical point among the list of various 
conformal models. 


2.5. Minimal Models 57 


We recall that we can write down null states at the second level for 
various values of h and c. In particular, iO: me Ising model, we have three 
primary fields, with conformal weights 0, 3, i: 

If we have left-right symmetric fields, then the field (+, 5) is called 
the “order parameter” a, and the field (3, 1) j is called the “energy operator” 

é. (This will be charred further in Chapter 6.) 

In conformal field theory language, the energy operator can be written 
as two free fermion fields yw. The order parameter, however, cannot be 
written in terms of the fermion field 7, since we cannot construct a field 
with weight 73 starting with a field with weight 3. (In the next chapter, 
we will show that the o field can be written as a spin field S using the 
mechanism of bosonization.) In addition to a, there is also the “disorder” 
parameter yz in the Ising model at criticality. The disorder parameter has 
the same conformal weight as o (but has different product ordering with 


p). 
These fields, in turn, allow us to construct null states for the m = 3 
minimal series. From Eqs. (2.5.12) and (2.5.13), we have: 


(2. 2-5? 1)lA=5) 


1 


\ (2.5.17) 
(2-2 a 5ets) |r a 


16 


If we insert these null states into any matrix element, then it is sure 
to vanish because these states have zero matrix elements with all elements 
of the Verma module. Thus, given the fact that Virasoro operators can be 
converted into partial derivatives, we can derive differential equations that 
are satisfied by the correlation functions. These differential equations, in 
turn, allow us to completely calculate many of the lower order correlation 


functions. 
Let us define G?”:2™) to be: 


(o(z1, Z1) +++ o(zam, 22m) u(z2m41,2m+1) *** H(ZoM+2N; cane 
2.5.18) 


Because of the differential equation satisfied by correlation functions 
with null states, we find the following differential equation for G hee): 


9 22M+2N 
a aye | foe an =| G@M2N) 9 (2.5.19) 


>. ee ose O ; 
¢ Pe Zz z Zz 
a pHi a4 ) t J J 


Let us now consider the case when M = 2 and N = 0. Then, the 
differential equation simplifies to the following equation: 


3? eo eal Pe 
Ee — 2) 32 + (5 - r) an SS al Geo) 0 (25,20) 
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—1/8 


G4 (2,) = [(z, — z3)(z2 — za)(Z1 — Z5)(Z2 — Za)| 8 (a, @) (2.5.21) 


ces 25.29) 
and Y = [rz(1 —z)(1 — z)|-1/8 f(a, 2). 


There are two independent solutions to this equation given by: 


fe(z)=(1tV1-2)? (2.5.23) 


xz 


The complete solution for Y thus contains four possibilities f(a) f+(z). 
Therefore, the method of null states. is quite powerful, often giving us an 
explicit solution to the correlation functions. 

Notice that most of our discussion in this chapter has been quite general 
and often did not depend in any way on the particular model being studied. 
Thus, any two-dimensional theory, which becomes conformally invariant, 
must have representations given by the above analysis for various values of 
h and c. In particular, the minimal conformal field theories can be shown to 
describe certain integrable (solvable) models found in statistical mechanics, 
such as the Ising model. Because a second-order phase transition in an 
integral model corresponds to an infinite correlation length, the theory loses 
all references to any scale, that is, we have a scale invariant theory at the 
critical point. By comparing the critical exponents of various statistical 
models, we find the following one-to-one correspondence between minimal 
models and various integrable statistical mechanical models at criticality 
(17, 18}: 


m = 3 — Ising model 
m = 4 — Tricritical Ising model 
m = 5 — 3- state Potts model (2.5.24) 


m = 6 — Tricritical 3 — state Potts model 
m arbitrary + RSOS models 


This relationship between statistical mechanical models at criticality and 
conformal field theory will be explored more fully in Chapter 6. 


2.6. Fusion Rules for Minimal Models 


We now wish to use the various identities that we have established to calcu- 
late the fusion rules for the minimal models, which determine the operator 
product expansion of all the primary fields. 
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Our first goal is to find the fusion rules for the product of a minimal 
field ¢1,2 and some arbitrary primary field ¢, with weight A: 


$1,2(2)¢a(w) = const(z — w)* [bar +(z—- wb ++] (2.6.1) 


Our task is to first determine the possible values for A’ on the right- 
hand side of the equation and then to generalize both ¢) 2 and ¢, to become 
arbitrary minimal primary fields. 

In general, it is impossible to determine the values for A’ on the right- 
hand side of the equation for an arbitrary conformal field theory without 
more information. We need extra input, which will be that the fields are 
primary fields for the minimal model. 

Our strategy is to take the matrix element between a null field x and 
a product of ordinary fields ¢;. Because the resulting correlation function 
is equal to zero and because the null field + can be decomposed in terms of 
Virasoro operators, we then arrive at a differential equation involving the 
correlation function. 

The key assumption that we will use is that the primary field ¢1 2 is a 
null field and can be written explicitly, as in Eq. (2.5.12), where the values 
of the coefficient a and c are given in Eq. (2.5.13). Because the L, operators 
can all be written in terms of differential operators, we find that this null 
field, via (2.5.12), can be written as: 


3 OF 


= A2) aie 
X42 = $5 + 2(26 tom) GEE 


06 (226-2) 
X6+2 has conformal weight 6 +2, where 6 can be solved by inserting Eq. 
(2.5.8) into Eq. (2.5.13): 


§= a [5 -—c+ V(c— 1)(c— 25) | (2.6.3) 


The term ge?) contains the operator L_»2, which in turn can be written 
as a differential operator. Anytime a secondary or descendant field enters 
a correlation function, we can extract the energy-momentum tensor and 
hence write the correlation function as a differential equation: 


(Giese (z)dr (21) Meee én(zn)) 


xf a (2.6.4) 
eb hy Ae Paya (ee zi) (bn(z)b1 (Zi) on(zn)) 


where: 


: i ee Ay 1 a 
Daa lees) = do i — (@— x) an (2.6.5) 


If we take the matrix element of this null state ¢2, and a product 
of several fields ¢;(z:), then the result must be zero. However, by writing 
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the null vector in terms of Virasoro operators and then converting Vira- 
soro operators into differential operators, we find the following differential 
equations: 


3 oe AN, 1 8 
126-5) 32 ey emer (2.6.6) 
x (1,2(z)¢1(21)--- dn (zw)) = 0 


Take the most singular term as z — z1. Using Eq. (2.6.1) and (2.6.6), 


we have : 
3«(K — 1) 


2(26 + 1) 


Solving, we find two solutions: 


—~A+«%=0; K=A'-A-6 (2.6.7) 


1 x 
A’ (1) = Ao + ql + a4)? = 6(a+ a+) 
1 (2.6.8) 
A’ (2) = Ao + qi _ a+)? = 6(a — ay) 
where: 
(1) 


SoS oy 


_ eres (2.6.9) 
a+ = =~ J yoat ae 


and 6 (a) = Aot+ 4a”, This is the equation that we want. We now have the 
possible values of A’ that appear on the right-hand side of Eq. (2.6.1). 
Thus, the fusion rules give us: 


$1,2%a = Pasaxl oF mete. : (2.6.10) 


where the conformal fields in the Verma modules on the right-hand side 
have conformal weight (a + a4). 

Now, let us gradually generalize the left-hand side of Eq. (2.6.1). If we 
replace $1,2 with $n,m, then the fusion rules can also be calculated using 
the same techniques, that is, replace ¢n,m with a null field, take its matrix 
element with a product of fields, and then rewrite the Virasoro generators 
as differential operators. Then, the fusion rules give: 


1l+m l+n 
[bn ,m] x [ba] > Se SD [Oaerteyaea| (2.6.11) 
l=1—m k=1-n 


where the height weight fields on the right-hand side have conformal weight 
b(atla_ +ka,). 

It is now a straightforward process to generalize ¢, as a minimal field, 
which would then give us the fusion rules for all minimal fields. After a bit 
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of work, we find that all the fusion rules for the minimal fields are given by 


[1]: 


min[p,;+p 2-1, min[q;+492—1, 
2m—1—(p1 +P2)] 2m+1—(41+42)] 
[Pp1.a1) X [Pp2,¢2] = S 3 (@ps.as] (2.6.12) 


p3=|pi1—p2|+1 q3=|q1—q2\+1 


2.7. Superconformal] Minimal Series 


Now that we have examined the conformal properties of the minimal mod- 
els, let us make a few remarks about the superconformal generalization of 
the minimal models. 

The calculation of the superconformal minimal series proceeds in much 
the same way as in the conformal minimal series, so let us quickly review 
how we obtained them. First, we construct the Verma modules, created by 
the action of the generators of the algebra on some vacuum state. Then, 
we contract these Verma modules, creating the Kac determinant in Eas. 
(2.5.6)-(2.5.8). For certain values of h and c, the Kac determinant does 
not vanish, and then we have an irreducible representation of the algebra. 
However, there are usually an infinite number of primary fields associated 
with this representation, so we are more interested in the values of the Kac 
determinant that do vanish. 

When the determinant vanishes, there is a zero norm state, which in 
turn can be used as the primary field of its own module. However, this 
module, in turn, contains zero norm states as well. After all extraneous null 
states and their secondaries are extracted, we find an irreducible module 
[p,q]. The fusion rules close on a finite number of such primary fields. This 
allows us to extract a finite number of primary fields, giving us the minimal 
series. 

To analyze the supercenformal series, we will find it convenient to 
introduce the Grassmann variable 6 so we can combine the bosonic energy- 
momentum tensor with the fermionic superconformal current into one su- 
perfield: 


T(z,0) = Tr(z) + 6Ta(z) = >> pu ez a tet, (2.7.1) 


n 


where 7'g is the usual bosonic current, with conformal weight 2, and T’r is 
the superconformal current, with conformal weight 3. 

Then, the superconformal algebra (Eq. (2.2.26)] can be deduced from 
just one operator expansion: 
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1 3 = lee ibe 
T(21,61)T (z2, 02) ~ ote =e (Serves? ae azi2 Do + O422]5 a2) T (22, 92) 
(2.7.2) 


where: 
AND = Bi = Bay = 0189, O12 = 6; = 2, D = O6 =P 00, Owes) 


The central charge of the Virasoro algebra is now normalized to c = 
3¢/2. A free scalar superfield now consists of a scalar field with c = 1 and 
a Majorana fermion with c = 1/2, combined together in a superfield with 
ol, 

A conformal superfield ¢(z, 6) transforms as: 


i 7 
T (21, 01) 0(z2, 02) ~ hOi2219°b + 5712 Dod + 01229 Ord (274) 


which generalizes Eq. (2.2.19). 
This can be used to generate the commutation relation: 


[Ty, (2, 9)] = vdbt 5(Dv)D¢ +h(dv)¢ (2.7.5) 


The key to the construction of the minimal series is the Kac determi- 
nant formula. Let us construct Verma modules for the NS sector, whose 
elements are given by ladder operators G_,, acting on the highest weight 
vacuum state: 


GIG: 5,1 are ine am (2.7.6) 


Notice that we do not have to have to add the usual Virasoro gener- 
ators, since the superconformal generator G_,, is the “square root” of the 
Virasoro generator, as can be seen from the anticommutation relations. 

To construct the vacuum for the NS-R theory, let us define the state 
|0), which is annihilated by all five generators: L_1, Lo, Li, Gy /2, and 
G_1/2, that is, it is invariant under the action of the group Osp(2|1). Then, 
a highest weight state with conformal weight h can be constructed from a 
field ¢n(z,6@) as follows: 


|h) = 1,(0, 0)|0) Cyan 


Notice that the highest weight vacuum |h) is annihilated by all gener- 
ators with positive indices. , 

Let us first analyze the Neveu-Schwarz sector. The determinant of this 
matrix, at level n, is given by [13,19-21): 


det(M,) = II [h —_ ea) pns(n—pq/2) (2.7.8) 
Pq 


where the product is over positive p, q subject to the constraint that pg/2< 
n and p — q is even; pyg is given indirectly by taking the coefficients of the 
following power expansion:. 
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— (+eh-¥2) 
d Pns(k “Tl al dat) (2.7.9) 


To define hp,g, let us first introduce m, defined by: 


8 
cli = 1 ae Elite 
ce fat + 2) ow) 
Then, we define hp,q as follows: 
2 
[(m+2)p—mq] -4 1 
h = be ee, he, = p—-q 

n? 8rn(tn + 2) “ eal) <2] ae 


Let us analyze this formula in the same way we analyzed the conformal 
determinant. For ¢c > 1 and‘h > 0, all representations are unitary. For ¢ < 1, 
however, we have the possibility that there is a discrete series of unitary 
representations. 

The minimal unitary representations of the conformal algebras with 
é < 1 are given by: 


Deel 
h=hpglth), 1l<Sp<mh, 1<q<mt2 ‘aie 


The determinant formula for the Ramond sector is a bit more delicate. 
The vacuum |0), we saw, belonged to the NS sector of the theory. To create 


a fermionic vacuum, we need to multiply the bosonic vacuum m_|0) by a spin 
field S*(z), that is, f 


Ja*) = S*(0)|0), — |h7~) = Golh*) (2.7.13) 


We will give an explicit representation of the spin field $(z) in the next 
chapter. However, for our purposes, we only need to know its transformation 
properties, not how to construct it. 

The vacuum state |h*) is actually a fermion. Thus, there is a chirality 
operator [" = aye , where F is the fermion number, which splits the 


vacuum into two pieces: 
Ppt) = +\h=) (714) 


where: 


{T,Gn} = [fF Ln] =0 QA) 


For the lowest state, we find that the determinants are different for 
opposite chirality (due to the central term in the 0-0 anticommutator in 
the algebra, that is, G2 = Lo — é/16): 


det(Mj)=1,  det(Mg ) = (h — ¢/16) (2.7.16) 


For higher levels, they are the same: 
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det(M7) = det(M,) = [h- s eee Il [h Lah © ee me 
ee ne 16 A Pd 


(2) 
where the product over p,q is over all positive integers p,q subject to the 
constraint that pq/2 < n and p—q is odd. In turn, pr(k) is given by taking 
the coefficients of the power expansion: 


ye pr(k) = (2.7.18) 


The superconformal minimal Ramond series is then the same as the one 
found for the Neveu-Schwarz space. 

One interesting fact is that the first member of the superconformal 
minimal series is given by: 


m=3, @=7/15, c=7/10 (2.7.19) 


which is precisely the same value found for the second member of the con- 
formal minimal series in Eq. (2.5.14). In fact, this is the only value for which 
the conformal and superconformal minimal series coincide. 

The tricritical Ising model, therefore, actually has a superconformal 
representation as well as a conformal one. (This means that, experimentally 
speaking, it is possible to find a superconformal representation in nature. 
The adsorbing of helium-4 on krypton-plated graphite provides the first 
known example of a realization of a superconformal theory.) 

The tricritical model has a Za symmetry, which flips the order oper- 
ators, the Ising spins, and the disorder operators. The even sector of the 
tricritical model then corresponds to the NS sector of the N = 1 supercon- 
formal theory. The odd sector, then, corresponds to the Ramond sector. 

The allowed values of h for the two sectors are given by: 


NS: hi = 0, hae = 5 
3 (2.7.20) 
ee hy 2=> — ho i = & 
80’ 16 


Since the states of the tricritical Ising model can be represented either 
in terms of the standard Virasoro theory or with the superconformal theory 
(with different values of c), we can then see the correspondence between 
states defined in one representation expressed as sums of states in the other. 
For example, the following NS states can be expressed as sums over bosonic 
Virasoro states: 


3 
Jb =O)ng = |b = 0) vin ® |h = 5) VIR 
Ly , ry 


|h = The a ip)vir ® | = Tovir 


== 
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We can use the same techniques used to calculate the correlation func- 
tions of the minimal series to calculate the correlation functions for the 
superconformal one. Specifically, we note that a null state is given by: 


IG = (3) pee A ie =) (2.7.22) 


As expected, coupling this null state to a product of superfields gives zero, 
which in turn gives us differential equations for the correlation functions. 
For example, the correlation function of four superfields can be calculated. 
Let ® be a superfield: 


B(z,2,0,0) =e + Ow + Op + O6t OO?) 


with conformal weight given by (h,h) = (= ia) while the conformal 


weights of the various fields are given by Te i) for the ¢ field, (3, 4) 
for the ¢ field, and ($ for the w field. Then, its correlation function is 
given by [21]: 


10? i) 


( (21, 01)®(z2, 92)®(za, 03) (24, 04)) = [zr22002aaze1|" (If? + Alg)?) 


(2.7.24) 
where: 
r= [b+ (erd)] {ie (5-$.30)} 
+ Seba-nin (SEE) 
ae f +(e ait Prac) oz (Z.5.3.0)} (2.7.25) 
ee eo 3) 
= (4/9) (4/5) P'(2/5)° 
T(1/5)P'(3/5)3 
where: 
1 = 212234/213204, €=1— — 214203/213224 (2.7.26) 


Lastly, we note some more equivalences between the superconformal 
minimal series and known statistical models. We noted before that the 
mm = 3 superconformal theory is identical to the minimal bosonic m = 4 
theory. We also note that the *n = 4 theory is equivalent to a special case 
of the Ashkin-Teller model, which we shall study in Chapter 6. Also, the 
mn = 6 superconformal theory is equivalent to a critical point of the Ze, Ising 
model. 

In summary, the power of our formalism is that we can solve for all 
Green’s functions of the minimal models using the differential equations 
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that they satisfy. Although the minimal models are unrealistic, with only 
a finite number of primary fields, they give us an invaluable laboratory in 
which to test many of our ideas concerning the full string theory, such as 
supersymmetry and modular invariance. 


2.8. Summary 


All perturbative vacuums of string theory possess conformal symmetry. 
Thus, it is important to search for a classification scheme for conformal field 
theories to determine the ‘physics behind string theory. A two-dimensional 
conformal field theory, however, is special in that it has an infinite number 
of conserved currents. Thus, it is often possible to solve them exactly. 

We say that a conformal field has weight h; + he and conformal spin 
hy, — hg if it transforms as: 


$(z,2) = (#)" (2)"s b(2', 2’) (2.8.1) 


under a conformal transformation. (We will often drop the z dependence 
in this book because we have two exact copies of the same algebra. It can 
always be restored later.) 

If we power expand this infinitesimally, we find: 


5¢(z) = €(z) O.6(z) + h Oz€(z)d(z) (2.8.2) 


A field that transforms in such a manner is called a primary field. 
One example of a weight zero field is a free boson, with: 


= 
L=—0¢0¢ 
2m 
1 
T(z) =~; 8:9(2) 0.0(2) 
It obeys the operator product expansion: 


T(z)T(w) ~ Goa Sy ap = 


(2.8.3) 


(w) + T(w) +++ (2.8.4) 


1 
——— 0 
Gu) 
where c is the central charge of the Virasoro algebra; c = 1 for the free 
boson and } 5 for a free fermion. 

Fepresentat Gis of the conformal group are constructed out of a highest 
weight state, labeled by two numbers h, c: 


Lo|h, c) = Ah, c) 
Lah, c)— Oy ee 


Then, the universal enveloping algebra is created by all products of the 
ladder operators acting on the highest weight state: 


(2.8.5) 
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Re eel ony ss le, |g) (2.8.6) 


The elements of this set are called Verma modules. 
One of the most important tools in conformal field theory is the Kac 
determinant equation. When it is not zero, the Verma module is irreducible. 
The determinant is: 


det Mn = || ve(h, )?&—” (2.8.7) 
k=1 
where: 
c)= I [A — hp,q(c)] (2.8.8) 
pq=k 
and : : 
(m+ 1)p — mq]* -1 
h a Ee ee 
p,q(C) GE 1) (2.8.9) 
where the parameter c is related to m via: 
6 
anid m(m + 1) 
(2.8.10) 


ate [2S 
U5) =i D\ 
where p and q are positive integers. 

Usually, the representations in which we are interested have an infinite 
number of primary fields. However, when the Kac determinant is zero, the 
representation is reducible, and one can truncate the Verma modules until 
one obtains a finite number of primary fields. 

Unitary representations with a finite number of primary fields occur 
for c < 1. For minimal! models, the operator product expansions, correlation 
functions, partition functions, etc., can be solved exactly. 

The operator product expansion of two arbitrary primary fields with 
weights n and m yields the following series: 


n(z,Z)m(0)~ D> D> CP OPH art) 
P {k},{k} 


oe oe z z 2.8.11 
bp—bn— bm +), Kxbp—Fn—Sm +), Rg th} {3 (0) ( ) 


US 
[onl x [¢m] = Caml op] 


This is called the fusion rule. By acting on both sides of the equation 
with a conformal transformation, one obtains an infinite series of equations. 
Solving them gives an explicit solution for the coefficients appearing in the 
equation. 

Correlation functions can be solved exactly. Correlation functions obey 
the following Ward-like identity: 
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(T(2)¢s (wi)$2(wa) -- -én(wn) ) 


n (2.8.12) 
6; 1 O 

= erat tae | (len) nln) 
= (z — wi) z—-—w; Ou; 
which is derived by inserting T into the correlation function and then com- 
muting T past the ¢’s. This leads to a differential equation that can be 
solved for minimal models. 

For example, the correlation function: 


Cle) = OG a Gre sac) (2.8.13) 
Pp 


where: 


Far (P| e) co tee SB ete 
{k} 
P Cen yb, Lape ele 
(k|di(1, 1)|p) 
k 


contains the function F’* (p|x), which is called a conformal block, because 
higher order correlation functions can always be written in terms of such 
blocks. They are the building blocks by which we can write arbitrary cor- 
relation functions. They can be solved explicitly in the minimal models. 

Last, we note that superconformal theories also have unitary minimal 
models. Their central charge is given by: 


(2.8.14) 


8 


(2.8.15) 
Thus, minimal models, because they only have a finite number of primary 
fields, have correlation functions that can be solved exactly, and therefore, 
they give us valuable insights into the structure of string theory, which 
necessarily has an infinite number of primary fields. 
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Chapter 3 


WZW Model, Cosets, and Rational 
Conformal Field Theory 


3.1. Compactification and the WZW Model 


In the previous chapter, we emphasized the importance of conformal in- 
variance as a stringent requirement that allowed us to calculate many of 
the simpler Green’s functions from first principles. Because the conformal 
group has an infinite number of generators, a surprisingly large number 
of mathematical results flow from the requirement of conformal invariance 
alone. 

Unfortunately, conformal invariance alone cannot determine the corre- 
lation functions that we desire, nor can’t lead to a realistic string theory. In 
reality, conformal invariance alone cannot explain the rich diversity of par- 
ticles found in nature, which includes particles transforming under a gauge 
group and perhaps supersymmetry. 

In the next two chapters, therefore, we explore additional constraints 
that will define the model and give us a more realistic phenomenology. 
In this chapter, we introduce the concept of compactification, that is, the 
curling up of some of the unwanted dimensions into a compact manifold, 
leaving us with a physical, four-dimensional theory. J 

Because there may be symmetries associated with the compactified 
space, we will introduce new symmetries in the theory, which are described 
by Kac—Moody algebras [1]. In this regard, string theory has revived an old 
trick due to Kaluza, introduced in 1919 [2]. 

Kaluza’s idea was to embed both Maxwell’s equations and Einstein’s 
theory of gravity into a single field, the metric tensor g4p in five dimensions. 
Let us decompose the 5D metric tensor as follows: 


Qpv Ops = Quv + KA,AL ea: 
& ue \ KA, @ ee) 


Let us assume that the unseen fifth dimension has compactified into a 
circle, that is, 
so the fifth dimension is periodic. If we take R small enough, derivatives 
with respect to the fifth dimension will be small and can be neglected. 
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With this reduction, the variation of g,,5 field yields: 
bAy ~ Onbs (3.1.3) 


and the final action is the sum of the Einstein action and the Maxwell 
action: 


i L ae 
De ea g OTD 1B ae or (3.1.4) 


To explain why the fifth dimension was never seen, Kaluza speculated 
that the fifth dimension had curled up into a small circle, too small to be 
experimentally observed.. Thus, although Kaluza’s idea gave great elegance 
and beauty to a unification of gravity with light, he had no idea why the 
fifth dimension had curled up or what size it was. 

This process can be duplicated for higher dimensions. If we take Ein- 
stein’s theory in higher dimensions beyond the fifth, we can compactify the 
unwanted dimensions on a manifold that, like Kaluza’s circle, has certain 
symmetries or isometries associated with it. This symmetry can be repre- 
sented by a Lie group. Not surprising, Einstein’s theory in N dimensions 
then reduces to Yang—Mills theory coupled to four-dimensional gravity. 

String theory must necessarily incorporate Kaluza’s compactification 
scheme if it is to become a realistic theory. This is both its strength and 
weakness. With relatively few assumptions, one can show that a compactifi- 
cation of string theory yields remarkably realistic phenomenological models. 
This is the advantage of compactification. 

The weakness of this compactification, of course, is that we still cannot 
answer the questions raised by Kaluza 70 years ago, for example, why did 
the universe compactify in this manner? 

Now we wish to generalize this discussion to a bosonic string propa- 
gating in curved or compactified space-time. Specifically, we wish the first 
quantized action to contain the term: 


L= +G,(X) OnX# AX’ Gg? +-.- (3.1.5) 
au 


where we have now explicitly added the curvature of space-time through 
the metric tensor G,,. In general, this action is much too difficult to solve 
exactly, so we will make simplifications. Depending on which assumption 
we make about the background metric, we will arrive at different conformal 
field theories. 

Assume, for the moment, that the string is propagating on a manifold 
specified by a Lie group, that is, a group manifold. Let G be a semisimple Lie 
group and let g be an element of this group. We will exploit the similarity 
between string theory and the sigma model, so our first guess for a string 
propagating on this group manifold may be: 


ha ee aa (3.1.6) 


T 
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where g is a function of the string field X,,. In this form, we can cal- 
culate G,,, in terms of the g field. By differentiating, we find that Oag = 
0aXnf%(X) for some function f*”. Then, the metric G,,, can be expressed 
in terms of f%. 

It turns out, however, that the naive choice of our action is incorrect. 
Treating the model as a o model, it can be shown that it is not conformally 
invariant. In order to have a fully conformally invariant model, let us modify 
our naive choice and add a new term to the previous action: 


1 
S=a5 / tr(Gag7! 0%9) aE + EF(g) (3.1.7) 
where the new term is called a Wess—-Zumino term: 
1 e 
(0) = sex [ Xe" te [lo Daa)(o* Dpg)(o7* y@)} (3-8) 


The Wess—Zumino term is integrated over a three-dimensional disk whose 
boundary is two-dimensional space-time. 

For k = 0, this theory reduces to the familiar o east which is 
known to be asymptotically free and massive. Thus, conformal symme- 
try is violated, and the model is not suitable for our purposes. However, 
for k = 1,2,..., the theory becomes effectively massless and possesses an 
infrared-stable fixed point at: 


dN” = 4a/k (3.1.9) 


Therefore, at these special values of k, we have a conformally invariant 
o model where the theory is defined on a group manifold. We will call 
the action at this value the Wess-Zumine—Witten WZW model [3, 4]. In 
addition to conformal invariance, the remarkable feature of this model is 
that it is also invariant under the following transformation: 


g{€) > Q(z)g(E)2-*(z) 
z= O41 (3.1.10) 


One can show that the action is invariant under this symmetry using the 
identity: 


het 
Te ~ f (g~* Ozgh~* Oh) dE (3.1.11) 


To analyze this new symmetry further, let us now extract the gener- 
ators of this symmetry, which will turn out to represent an infinite set of 
currents [3, 5]: 


S(gh~*) = S(g) + S(h) + 


‘ 
= —5ka.99 * = he 
7 1 : (a2) 
= hn Og as fal Fa 
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where: 
dz: =0; 0,3 =0 (Sang) 


where t® are the generators of a Lie algebra. 
Let us decompose the generator J in terms of its moments: 


es (3.1.14) 


- N=—oco 


The J’s generate an algebra given by: 
1 
[Peed ale fo" des 5 hn Stan, (8.015) 


This is a special case of what is called a Kac-Moody algebra [1, 6, 7], 
and it effectively smears the generators of an ordinary Lie algebra around 
a circle or string. Notice that for n = m = 0, we retrieve a classical Lie 
algebra. 

Since the conformal anomaly vanishes at the fixed point of the WZW 
theory, the theory is conformally invariant, and it should be possible to 
give the explicit form of the energy-momentum tensor T(z) in terms of 
these currents. In fact, we find the Sugawara form of the energy-momentum 
tensor: 


T(z) = sid ®(z)J9(z) = pe a J%s2? (3.1.16) 


where: i c 
C= — 9 lev +k), foe pe Sao Gi) 


where c, is called the second 7 of the adjoint representation of the 


Lie algebra. 
Written in component form, we have the Virasoro generators written 


as: 


1 
= Ie 3.1.18 
u Cy +k is ( ) 


m=— co 
If we commute two generators of the Virasoro algebra written in Sug- 
awara form, we find [see (1.2.24)]: 


c=kD/(cy +k) (3.1.19) 


where D is the dimension of the group. 
Last, we find that the two algebras can be spliced together by taking 
the semidirect sum of their generators: 


[Ln I2] = —MI 20m (3.1.20) 


Written in terms of conformal operators, we have: 
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T(z) d Xe Vee aoe a <5 OJ? (z') 
(1/2)ké® fee 


(z—2/)2  z-2! 


(1.21) 


J*(z)J°(2') ~ AJ°(z’) 


Example: O(D) and SU(N) 


Now consider, for the moment, the following tensor field composed out 
of fermion fields: 
Jaz) =e (Je22)) 
where we use: 
dyulz)ev(w) ~ buy /(z 05) (3.1.23) 
Notice that J,, satisfies the commutation relations of the Kac—Moody 
algebra O(D). Thus, fermion fields give us a simple realization of both a 
conformal field theory as well as a Kac-Moody algebra. 
We could also have taken: 


J*(z) = W(z)t2W(z) (3.1.24) 


where w(z) transforms in the vector representation of SO(D). Then, we 
find that the Kac-Moody algebra of SO(D) with k = 1 is satisfied, with: 


(1/2)D(D-1) D 
=| = = Sale 5 
CSO(N),k=1 1+(D—2) 5} ( ) 
The central term is thus consistent with D free fermion fields. 


Let us say that we now have complex fermions, transforming under 
SU(N), such that: 


Jz) = @eve) (3.1.26) 
Then, it is easy to check that the affine SU(N) @ U(1) is realized, so that 
the central term is 
(eS) 
Ise! 


which is consistent with N free complex fermion fields. 


cCu(i) + Csu(n) = 1+ Ni (3.1827) 


Example: Bosonization 


Let us now introduce two new techniques, bosonization and external 
charges, which will prove invaluable in constructing explicit representations 
of Kac—Moody algebras and conformal field theories. We will use these two 
techniques repeatedly throughout this book. 

In two dimensions, because Lorentz transformations have only one gen- 
erator, the distinction between a boson and a fermion is not that great. In 
fact, the main distinction lies in their statistics. Thus, it is possible to expo- 
nentiate a boson and (after normal ordering) obtain a fermion field, similar 
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to the way that we exponentiate the string variable in order to obtain a 
vertex function for the Veneziano model. 

Let us now calculate the conformal weight of this vertex operator. A 
straightforward calculation yields: 


TG) etl?) t~ -5 [(avd(erad(z))] : (2) 


1 
~ 52 Awd(w)(Owd(w)ag(z)) : 9? : (3.1.28) 
~ Param - e(2) . 49 1008 e19(2) « 
(a 


so that the vertex operator has conformal weight equal to —q? q’ /2. (We will 
often use the fact that a vertex e’%? has conformal weight i) 2.) 
We also find that: 


(far d(e1) pfaaes) te [Jt - 2s) (3.1.29) 


<j 


where the a; sum to zero. (It is easy to check that this formula has the 
correct conformal weight. The left-hand side has conformal weight )~, a?/2, 
while the right-hand side has weight —)°, <j %iaj- These two expressions, 
however, are equal, which can easily be seen by squaring the sum of the a;, 
which is zero.) 

One of the most important uses of this formalism is to create fermion 
operators out of boson operators (which is only possible in two dimensions). 
Notice that the vertex operator has anticommutation relations with itself, 
so that we can consider it to be a fermion. For example, for a = 1, we have 
a fermion with a conformal weight equal to +t as expected. 


Example: External Charges 


Let us examine the case of the free boson with the energy-momentum 
tensor given by: 


T(z) = £[0.6(2))° — © a2 6(2) (3.1.30) 


Notice that we have made several changes in the usual form for the energy- 
momentum tensor. First, we have put in a factor of « = +1 in T. In order 
to satisfy the usual operator product expansion of T in the presence of e«, 
we must alter Eq. (2.2.8) to read: 


(w)d(z) ~ € In(w — z) (oak sll) 


Note the presence of ¢€ in front of the logarithm. 

Second, we have added a term proportional to 07¢. Because of the 
presence of this last term, we have altered the conformal properties of the 
free boson. Let us now calculate the contribution of this last term to the 
central term. We find: 
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T(w)T(z) ~ 2 Gy (Owo 026)? + (=) (Bi, O29) +... 


A ; (81032) 
_ es oS Q?——{ +: 
2 (w — z)4 2 (w — z) 
so that the central term is equal to: 
c= 1—3«Q? (3/1033) 


For Q = 0, we arrive back at the free boson. We will, however, use the 
case Q # 0 extensively. For example, the conformal weight of e?? can also 
be calculated, and it is now given by: 


549 + Q) (ale34) 


We will use this expression for the conformal weight of the vertex operator 
throughout this book. 


3.2. Frenkel—-Kac Construction 


Let us now use the methods developed in the last section, such as bosoniza- 

tion, to write explicit representations of Kac-Moody algebras. This is the 

Frenkel—Kac construction [8-10], which in turn is based on the Cartan—Wey] 

representation of an ordinary Lie algebra. The Frenkel—Kac construction of 

the Kac-Moody algebra is perhaps the most commonly used representation. 
A Lie algebra is usually written as: 


hen oy = ote (3.2.1) 


Although concise and elegant, this representation tells us very little 
about the structure of the Lie algebra, which is hidden within the structure 
constants. Thus, we will sometimes find more convenient the Cartan—Weyl] 
representation, which displays the structure of the algebra in a more trans- 
parent way. The Cartan—Weyl] construction is based on the fact that, within 
an ordinary Lie algebra, we have two types of generators: the generators 
H;, which mutually commute among themselves (forming the Cartan sub- 
algebra), and the set F, of all other generators. 

In general, the number of generators within the Cartan subalgebra is 
called the rank r of the algebra. Thus, SU(2) has rank 1 because L, is 
usually singled out as the generator of the Cartan subalgebra. For SU (3), 
the rank is 2, because 73 and Y are usually singled out as the mutually 
commuting operators. 

The other elements of the algebra E, are labeled by the vectors a, 
called the root vectors, which live in an r-dimensional space. The number 
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of elements within the Cartan subalgebra and the number of vectors a ob- 

viously equals the number of parameters of the group, called the dimension. 
The complete commutation relations of the Lie algebra can now be 

rewritten in terms of the Cartan subalgebra and the root vectors as: 


ee | — 0 
[H;, Ee] = a;H; 
[Za Ee] = Na,eEa+e 
(Eee |= a, Hl, 
where the Nag are the structure constants of the algebra. 
We would now like to find a representation of the Cartan—Wey] basis, 
generalized to the case of the Kac~Moody algebra, based on free boson 
fields. Let us begin by writing the generators of O(2N). We begin with N 


free boson fields ¢; with weight zero. The simplest representation of the 
Cartan subalgebra, with conformal weight one, is, therefore: 


H;(z) = O¢%(z) (3.2.3) 


Because the ¢, are free, the generators obviously commute with each other. 
We now need a representation of the other elements E,,. Our first guess 
might be something like : exp(@;+;) :, which has conformal spin one. This 
naive choice almost works, but it has the wrong commutation relations. 
To remedy this, let us define e; to be a unit vector in the ith direction. 
(We suppress the index labeling the isospin space.) Then, ¢ is also a vector 
in this space. Now, define: 


fae; (z) = exp(te;: })cte, 
Ee ee ee, et 
The numbers cie, are constants, called the cocycles, which must be 


added to the definition in order to get the correct statistics for the genera- 
tors of the algebra. A convenient choice of these cocycles is: 


(ap, a) PE ee (25) 


(3.2.2) 


(3.2.4) 


where JN; is the fermion number for the ith fermion. (Actually, there exists 
a wide variety of choices for the cocycle.) 
With this definition, it is now straightforward to check [8, 11]: 


6 


Hi;(z)H(w) ~ ae 
H;(z)Eo ~ oie 
i [H;(w) + Hi(w)] (3.2.6) 


Ej+k(z)E_j¢n(w) ~ — (z—w)? Lap 
Eee). 
Fait; (z) Exjtr(w) ~ aoe oe xk 


ION ge (z) Fans (w) ~ finite 
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Thus, we have now successfully represented the generators of the Lie 
algebra for affine O(2N) in terms of N free boson fields, 4;. 

As we mentioned earlier, we can also represent the O(2N) Kac-Moody 
algebra in terms of fermion fields wa. 

Let: 


Fae; = “5 (oj—1 F taj) (S227) 


Then, the generators of O(2/V) can be written in terms of these fermion 
fields as: 


Jun = it0m(z)vn(z) (3.2.8) 
Then, the following algebra is satisfied: 


RGi aeRO Oe 
Iun(z)Jpq(w) ~ ( MPYUNQ MQ NP) 


Za 
a (6ueJnq — 6mQJNnp — 6nPIMaQ + nQJupP)(w) 
i 2 Ty . 
(3.2.9) 
We also have the relation: 
Iun(z)bp(w) ~ BRENNA ee (3.2.10) 


z2— Ww 


In calculating this operator product expansion, we have used the con- 
venient formula (which is easily derived from the Baker-Hausdorff formula 


eAeB = eAtB+(1/24.B}+.-) [11]: 
O*(z)O* (w) ~ (z — w)™ expfin(A- MX’)] 
x exp[A - d(z) +’ - d(w)lerza: 
~ (z —w)™ explim(A- Md)]O*+*’ : 


; : (3.2.11) 
x {1+ @—w)d-2b4 3(- ¥) 
x [6+ 0-067] + --- bw) 
where: . 
Oe) Sas (32:12) 


The advantage of this bosonized formalism is that we can now write 
an explicit representation of the space-time spinors S, in Eq. (2.7.13) oc- 
curring in the Ramond sector of the superstring in terms of free bosons. In 
this way, we can now represent both the NS and R fields in terms of a more 
basic set of conformal fields. 

In 2N dimensions, we want to construct a 2% component spinor. To 
do this, let us first write the following row matrix (with N entries): 
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Ae Aleomeny. .. yet) /2 (322,113) 

which can take on 2% possible values. Our first guess for a spinor might be: 
ee (3.2.14) 


but this has the wrong conformal weight. 

We recall from Eqs. (3.1.30)-(3.1.33) that : e*? : has conformal weight 
3a” for € = +1 and Q = 0, so that a spinor composed in this fashion would 
have weight N/8. In 10 dimensions, this spinor would have weight 3, SO we 
need a new field with weight 3 to give us the desired weight of 1. 

We thus introduce a new field, dg (with e = —1 andQ = 2) so that: 


1 1 
Tite Cretan 53 “A-1- PLC tee) te ees 2a) 


that is, the dg field contributes — (4) ¢(q+2) to the conformal weight (that 
is, it is defined with a background charge). If we choose = —4, then the 
spinor has unit conformal weight: 


es 
~+-=1 S216 
ie (3.2.16) 


as desired. 
The operator product expansions of the spin field $4 with the Lorentz 
generators and the anticommuting vector yyy are: 


i 


1 STG 
Ene 5 


1 (fu)*557(w) 
V2 yew 


The constant factors appearing in the operator product expansion, called I" 
matrices, can be shown to satisfy the properties of the usual Dirac matrices: 


(G2) 
bu S4(w) ~ 


Mayan) = 26ynN (3.2.18) 


so we will simply define them to be the Dirac matrices for O(2N). 

The operator product expansion therefore gives us an explicit represen- 
tation of these Dirac matrices. They can be given as follows. Let us define 
the usual Pauli spin matrices: 


heh a 2 _ {0 -2 zs 7 68 
eee) oe =(5 4 (3.2.19) 


and o° is the unit matrix. Then, the Dirac matrices can be given as: 
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po (—1)9-D/2(g3.Q)F-19! (@oa®)N-J, j odd 

[3-1 — —(—1)9/2(93@)J-197(@o°)* 4, 7 even 
173 = (-1)G-D/2(g3@)I-192(@oa°)\N4, — jodd 
13 = (~1)5/?(93@)F-10!(@o°)N~, 7 even 


(3.2.20) 


Notice that we can define the vector {A,q} to span a six-dimensional 
space. Thus, in this completely bosonized formalism, each element of the 
algebra can be uniquely specified by fixing the value of {A, g}. This gives us a 
lattice representation of all fields occurring in the affine O(2N) construction. 

In the lattice construction, all conformal operators appearing in the 
theory can be expressed as a point in this lattice space via bosonization. 


3.3. GKO Coset Construction 


In our search for representations of the conformal group, we were aided by 
the fact that the Kac-Moody algebra gave us, via the Sugawara construc- 
tion [Eq. (3.1.16)], an explicit representation of the Virasoro algebra for 
certain values of c. The value of c obtained by the Sugawara construction 
is always greater or equal to 1. 

For SU (2),, for example, from Eq. (3.1.19), we find: 


3k 
esu(2) = 75 7, (3.3.1) 
For an arbitrary Lie group G, we find: 
rankG <cg < dimG (3.3.2) 


However, we can use a trick, called the Goddard, Kent and Olive (GKO) 
“coset construction,” which allows us an explicit representation of all min- 
imal models (as well as possibly all rational conformal field theories, which 
have rational values of h, c) [12]. 

Let us say that the group G contains a subgroup H. Now, let us con- 
struct the generators of conformal transformations in terms of the current 
J@ transforming under G as well as the current J¢ transforming under H. 
Our goal is to construct the conformal generator associated with G /H. 

Using the Sugawara construction for Tg in terms of Jé in Eq. (3.1.16), 
we can calculate [see Eq. (3.1.21)]: 


Ta(z) Jf (w) ~ eon =F ate) (3.3.3) 
But, we also know: 
TH(z)Jp(w) ~ SOR a A) (3.3.4) 


(z —w)? z-w 
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Notice that the right-hand side of both equations is the same. Thus, if we 
subtract the two equations, the right-hand side will equal zero. 
If we write: 


le (ee Ty) +Ty = ToyH ap le (3.3.5) 
then we also have: 
[Toy x: Ty) =0 (3.3.6) 


This last equation means that Tg can be split into two mutually commut- 
ing pieces, Tg ju and Ty, both of which generate representations of the 
conformal algebra (but with different values of c). If we now calculate the 
operator product expansion for Tg, we find: 


1 cqjH + cH 
T. 2 =e a 
o(z)Te(w) ~ 5 Cac (3.3.7) 
In other words, we now have the final expression [see Eq. (3.1.19)}: 
k ky|H 
CG/H = Cg — cH = ate Cls 2anae (3.3.8) 


kathe kathy 


where fh is the second Casimir of the adjoint representation of the group, 
and the vertical bars represent the dimension of the group. 

This is the desired result. Because Tg has been decomposed into two 
mutually commuting pieces, the central term of the coset algebra generated 
by Tey is given by the difference of the central terms for Tg and Ty. 
Obviously, cgz can be less than one. 

A simple example is given by the followin 


G/H = SU(2), ® SU(2),/SU(2) p41 (3.3.9) 
The value of the central term is therefore given by: 
3(k +1) 6 
oo ee (k+1)+2 (k + 2)(k +3) a) 


which is precisely the discrete sequence of the minimal unitary models for 
m=k+2=3,4,5,... as in Eq. (2.5.8). Thus, we have the correspondence: 


unitary series — SU(2), ® SU(2)1/SU(2)p44 (3.3.11) 
Yet another sequence is given by 
G/H = SU(2)x ® SU(2)2/SU(2)k42 (3.3.12) 


for which we have: 


_ 3k 3 _3(kK+2) 
Ee OC 5) aia) ras 


8 


ERY (3.3.13) 


ae 
2 
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We immediately recognize this as generating the superconformal N = 1 
discrete series for m = k + 2 in Eq. (2.7.10). Thus, we have the correspon- 
dence: 


N =1 unitary series > SU(2), ® SU(2)2/SU (2)k42 (3.3.14) 


The GKO coset construction, of course, gives us the power to generate 
much larger representations of the conformal group. It is believed that all 
rational conformal field theories, not just the minimal ones, can be con- 
structed in this fashion. In fact, the GKO construction gives us one of the 
most powerful methods of unifying conformal field theories. 

Although the coset construction has great power in unifying conformal 
field theories, it has a fundamental weakness. To understand how to con- 
struct the specific tensor representations involved in G/H, we must know 
the corresponding representations in G and H, which are in general not 
known. Thus, although the coset construction is one of the most general 
procedures yet found to unify conformal field theories, in actual practice, 
it is sometimes not very useful for specific calculations. 


3.4. Conformal and Current Blocks 


As in the case of the minimal models, where we could solve for the cor- 
relation functions by solving certain differential equations involving the 
conformal blocks, we find a similar situation with regard to the WZW 
model. Again, we will find that the lower order correlation functions can be 
determined in terms of hypergeometric functions by exploiting their trans- 
formation properties alone. 

Consider the following operator product expansions between a field ¢, 
which is primary under both the generators of the Kac-Moody and Virasoro 
algebras [see Eq. (2.2.19)]: 


T(w)¢1(z,2) ~ Ene z)+ —— OzG1(2,2Z) +++: 


S 5 bu(z, 2) +> 


w-— 


(3.4.1) 


I*(w) bi(z, 2) ~ 


where the first relation states that the field has conformal weight A;, and 
the second states that the current J* acts as a generator of isospin trans- 
formations on the field, which transforms under some representation of the 
affine group. (We omit the parallel transformation properties involving 2) 

As before, we can use these relations to construct differential equations 
for correlation functions. Let us insert T and J* in an N-point correlation 
function. Then, we arrive at: 
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a i 
(T@)éi(21,%)---) = S- aa ch Sea ($1(z1, 21) «- > 


zZ—2; = 
j=l 


ty 


(J*(2)ex(21,%1)---) = a ae: wl ) 


ga 


(3.4.2) 
Let us now observe that the generators T and J? are regular at infinity, 
which means that as z — oo these operators behave as: 


iN 2 ee ee (3.4.3) 


If we now impose these asymptotic limits on the previous correlation 
function relations, then: 


N P 
Pars + (n+ I)A;z 3] (dale, 2) + (ear 2n)) =0 (3.4.4) 


j=l 


for n = —1, 0, +1 and: 
N 
> (bi (21, 41) ++ dv (zn, Zw)) = 0 (3.4.5) 
i—ll 


Now, we would like to generalize this discussion and calculate the 
Green’s functions for the WZW model. We now replace the ¢ appearing 
in the Green’s function ot g(z,Z), and use the operator product expan- 
sion: 


Cg Ss n-—-li,a ya > 
+ y w— t? J 3.4.6 
5 9(2, 2) (w z) ag 22) ( ) 


n=1 


J*(w)t*g(z,z) = 


where t°t® = cg]. The term proportional to w—z raised to the zeroth power 
coincides with the operator 0, multiplied by some constant, which we call 
ee 

Repeating many of the steps we used for the Green’s function of a 
conformal field in Eq. (3.4.2), we find the differential equation satisfied for 
the Green’s function of the WZW model: 


t2( J*(z)9(21,21)--9(21, Z)) 


5 N £242 (3.4.7) 
= 4 SS 2 | (g(z1, 21) --- g(z1,2n)) 
2m ea jx Z— 25 


Now, insert Eq. (3.4.6) into Eq. (3.4.7) and take the limit as z — 2. 
We arrive at the desired relationship: 
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Oe tte : ' 
pp ee || a ee 2) = 2 (3.4.8) 
"af 


This is the Knizhnik-Zamolodchikov (KZ) relation [13], which is useful 
in actually calculating explicit expressions for the correlation functions. 
(Another way of deriving this important relation is to insert a certain null 
state into the matrix element. We notice from Eq. (3.1.18) that L_, — 
(5) : J2J%,_,, : must be zero. When this expression acts on a primary 
state, the only terms that survive are L_; — (x) : J¢J@: . Inserting null 
states constructed out of this operator into a correlation function, we find 
immediately the KZ relationship.) 


Example: Four-Point Correlation Function 


As an example to illustrate these techniques, consider, for example, 
calculating the four-point correlation function: 


G(2i, 2%) = (9(z1,21)97 "(225 22)97*(25, 23) 9(za, z1)) (3.4.9) 


By the usual conformal arguments, we know that this expression can be 
reduced to a function of the anharmonic ratios: 
A eee A 22° 2. 
a a) (3.4.10) 
(z1 — za)(z3 — 22) 


Thus, we find that we can reexpress this correlation function of the g's, 
with weight A, in terms of a function of z and z: © 


Ce) = [(z1 — 24)(z2 — z3)(Z1 — Z4)(Zo — z3)| 4G (a, 2) (3.4.11) 


This is all that conformal invariance can tell us, because we have not yet 
specified the representation to which the fields belong. To be. specific, let the 
group G = SU(N) and let g transform in the fundamental representation 
of SU(N) ® SU(N). Then, we can insert the explicit form of the indices for 
the group elements into g: 


9( 2, 2) > gf (zi, 2) (3.4.12) 
Then, the G(x, Z) matrix can be written as: . 
G(z,z)= > (La)(ip)Gaa (2,2) (3.4.13) 
A,B=1,2 


where: 


Ty = 632658, th = 65654, Ip = 624682, Tp = 845% (3.4.14) 


a4 ~ a3? 


Using the KZ relation, let us now contract over the indices and reduce 
the equations to a set of two 2 x 2 matrix equations: 
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0G 
OE 


= —P 
Ox ke a 


0G fil 1 ieo2 1 
-| a] G -a|*p +0" (3.4.15) 


where T represents taking the transpose of the matrices, which are defined 
by [13]: 
alto - il i 


: 7 0 
12 08 2m ON ee 22) 


where k = —3(N +k). 

Fortunately, this system of equations is completely solvable. We can 
find a solution in terms of hypergeometric functions. Let us decompose 
G(a,Z) as follows: 


Gan(e,2)= SY) UF 2 (a) FY) (3.4.17) 
p,q=0,1 
for some constant matrix U. Then, the complete solution is given by [13]: 


le N 


(OS See ak 
il (x) zt ( x) ( sf a) 
FO (x) = —(26 + N)~221-24(1 — 2) 41-24 
il 1 N 
F(l1-—,1 
x F( on Tree 24 oo38 Z) 


N-1 N+1, N 


hee) = 741-241 _ 4) 41-24 pr _ = Be aN, 
1 (x) z ( x) F( oye ’ OK ’ 523) 
N-1 N+1 N 
RO =— —~N741-24(1 _ 7) 41-24 (Oe : 
2 (a) = —Na?4(1 — 2) Ce eee 
(3.4.18) 
where: ee nN 
= QN(N +f)’ = ie (3.4.19) 


In summary, we find that large classes of correlation functions for the 
WZW model could be completely solved using the KZ relation. 


3.5. Racah Coefficients for Rational Conformal Field 
Theory 


In Chapter 2, we saw that, in general, there were an infinite number of 
primary fields for certain values of h and c. However, we also saw that the 
representations of the conformal group simplified enormously if we had a 
finite number of primary fields. In this case, the minimal models were 
unique, and we could also calculate exactly their correlation functions. 
When we enlarge our discussion to include fields primary under the 
Kac—Moody algebra, the minimal models are no longer the only models 
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possessing a finite number of primaries. In general, for an affine Lie algebra 
to have a finite number of primaries, the values of c and h must be rational 
numbers. Hence, the goal of this chapter is to study what are called rational 
conformal field theories [14]. 

Just a few of the examples of rational conformal field theories include 
the following 


1. The WZW models have central charges given by Eq. (3.1.19): 


k dimG 
22 eae 3.0.1 
cn rae (3.5.1) 
where cy is the dual Coxeter number, or the Casimir of the adjoint 
representation. 
2. The unitary discrete series has a central charge given by Eq. (2.5.8): 
oe sede (3.5.2) 
m(m +1)’ 
3. The parafermion models (to be discussed in Chapter 5), have central 
charge: 
2(N —1) 
= ———— 3.5.3 
5 oo) 


4. The rational toroidal compactification, has central charge: 
Ct (3.5.4) 


where d is the dimension of the torus. 

5. The various coset constructions (some of the most phenomenologically 
interesting ones are constructions based on “free fermions” and “free 
bosons”) [15-18] can be represented by lattices when we bosonize all 
the fields. 

6. The allowed orbifolds of the above exist when there is a discrete sym- 
metry [19]. (Orbifolds are not manifolds; they have singularities, which 
arise when we divide a manifold by the action of some discrete sym- 
metry.) 

7. The tensor products of the above are another example when the central 
charge is the sum of the individual central charges: 


Ctotal = oS Ci (3.5.5) 


a 


The advantage of studying the rational conformal field theories, like the 
simpler minimal models, is that their modular invariant partition functions 
can usually be computed exactly. Thus, they serve as a laboratory to study 
the more complicated compactifications found in string theory. (The proof 
that rational conformal field theories have a finite number of primary fields 
is given in Chapter 4.) 
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Because of the close resemblance between a conformal field theory and 
an ordinary Lie algebra, it is possible to take tensor products of represen- 
tations, which in turn yield other representations. In this fashion, we can 
construct the analog of Clebsch—Gordan coefficients and Racah 67 symbols 
by taking repeated tensor products. 

However, there is a slight, but important, complication. In general, 
we wish to take the tensor product of two Verma modules [¢'] and [¢'] 
that have the same central charge c. If we carelessly define the product 
of these two representations, we will find that the resulting representation 
has a central charge 2c, which is the sum of the two individual central 
charges. However, we wish to find product representations in which the 
central charge is still c. . 

As in ordinary Lie algebra theory, the goal is to construct a series of 
self-consistency conditions by taking tensor products of representations in 
different orders, decomposing them, and setting them equal at the end. In 
this way, we will find a series of polynomial consistency equations in terms 
of the conformal biocks. 

There are two operations that we wish to perform on these conformal 
blocks, called B (corresponding to braiding or interchanging two points) 
and F (corresponding to pinching the graph, that is, making an s-channel 
graph into a t-channel graph). 

On the space of conformal blocks, we may now write a representation of 
the B-twist operation on a four-point function, representing the interaction 
of conformal fields labeled by 7,7, k, 1. 

Let us begin with the standard four-point function: 


(0|d* (00) 65 (z1)4*(z2)4(0)|0) = (ild (z1)6*(z0)|l) (3.5.6) 


where we are taking the correlation function of four primary fields. 

In Eq. (2.4.13), we.obtained identities by contracting the fields in differ- 
ent orders and then setting them equal. For example, we may first contract 
the 1,7 fields and the k,! fields. The second way is to contract the 7,k and 
the 7,1 fields. Since the final answer must be the same, we have established 
a relationship between the conformal blocks. 

If we select the pth element in the sum, we find that the two ways 
of contracting the matrix element via the braiding operator B yields the 
following relationship: 


1, (z1) Phy (z2) a Bpq [ | Pf, (22) ®71(21) (3.5.7) 


Viewing Fig. 3.1(a), it is easy to see that the effect of the B operation 
is to interchange z; and zg. Notice that the sum over q corresponds to 
summing over all intermediate states. 

If we write the B matrix as a mapping from the space of one set of three- 
point couplings to another, it can be symbolically represented as: 
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i | i | 
j k 
j k 
“~< 
wre 
i | 
i | 
Fig. 3.1. 


= 
Bog 3 : Vi, @VE > Vi, OVA (3.5.8) 

Similarly, we can introduce the operation F in Fig. 3.1(b), which 
pinches a four-point graph [see Eq. (2.4.13)]. On the space of conformal 
blocks, it has the specific representation: 


i (21), (za) = SP; 7] an(e)ei(a-2) (85.9) 


(where, for convenience, we have suppressed the summation over descendant 
fields). Symbolically, this can be represented as: 


a 
Ee E | : VA @VE > Vi OVE (3.5.10) 


These identities are quite interesting because, by iterating a series of 
manipulations with the B and F' operators, we can deduce a large number of 
nontrivial relations. These identities, in turn, are analogous to the identities 
found among 37 Clebsch-Gordan and 67 Racah coefficients in the usual 
SU (2) theory of addition of angular momentum. 

We'can also introduce a new operator 2, which simply twists two 
external legs around an internal leg. Actually, 2 is not a new operator, but 
can be represented by setting one of the legs of the B matrix to the identity, 
that is, 


B [ 4 (3.5.11) 
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defines the map: 
ye Ve (3.5.12) 
that is, 2 twists the 7,k lines. 


An explicit representation for 2 can be found because it satisfies a 
number of constraints. We find: 


* = (een ee (254)? = e2FtlAjt+4xn-Ai) (35,13) 


where € = +1 depending on which conformal field theory we are analyzing. 


jk ee 


: | 


| 
j k k j 
| 


; ce : 
i | — | 
Fig. 3.2. 


We can now deduce nontrivial identities among the F’, B, {2 matrices. 
In Fig. 3.2, we see how a four-point block can be deformed in two ways, by 
the operation of BF or FQ, leading to the same result. Equating the two 
operations, we obtain a representation of this figure by: 


) ok = eae Wk'| sre 2 
oy Bop 2 i | (€)Forg ¢ i| = Foq 2 j @ ea) (3.5.14) 
p! 


where € represents the sense of the braiding. 

In order to obtain more identities, we also note that the B and F 
operations can be pictorially represented as in Fig. 3.3. Since both B and 
F transform four-point functions into other four-point functions, in Fig. 3.3 
we have simply sandwiched these two four-point functions back to back. For 
each B or F, there is a unique representation in terms of the diagrams in 
Fig. 3.3. 

With this new identification for B and F, we can write an identity 
corresponding to Fig. 3.4: 
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Faia E a Boog E a (e) 


ji P2 is 
= 3° Ja ja Ja on 3 
= ms Boas Le sal (€)By,¢2 2 - | (€) Fsq, ie Al 


(We can read this identity by tracing the indices in Fig. 3.4. In the first 
diagram in Fig. 3.4, the F operation appears in the lower left, and the B 
operation appears in the upper right. In the second diagram in Fig. 3.4, the 
F operation appears on the upper right, and the two B operations appear 
on the left and lower right.) 


(3.5.15) 


Fig. 3.3. 


Now set j5 = 0. Because the B matrix reduces to a twist 2, we can 
compare the previous two equations and find an identity between the B 
and F matrices: 


Be : "| = er eae oe) ae i @] (e) (3.5.16) 

Now let us analyze Fig. 3.5, where we have two sequences of opera- 
tions. Notice that the beginning and final result is the same. By explicitly 
representing each of the five manipulations show in the picture, we will be 
able to represent the “pentagon relations” [14]. 

By carefully labeling all the legs and decomposing each of the manip- 
ulations in terms of the F’ and B matrices, it is each to show an identity 
between BBF and FB, given explicitly by: 


3.5. Racah Coefficients for Rational Conformal Field Theory 91 


is 


: (3.5.17) 


Bo r_ k 
=. | jee 


Similarly, we can also construct the “hexagon relations” by tracing the 
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manipulations shown in Fig. 3.6. We equate the action of FOF and NFM. 
Explicitly, the hexagon identity becomes: 


2BOFmn [Ff] 20 = TL For | j] MOF |F 7] C58 


At the genus 0 level, one can show that one pentagon identity and 
two hexagon identities are enough to completely specify all possible higher 
order identities. This means that octagon (and higher) identities for tree 
graphs can be reduced to combinations of pentagon and hexagon identities. 
(For the higher loop graphs, one must introduce two more operators, which 
we define in the next chapter, to completely specify all possible polynomial 
equations. ) 

One interesting observation is that we have now reduced rational con- 
formal field theory to a set of finite polynomial equations. This, in itself, is 
remarkable because conformal field theory is usually defined over an infinite 
dimensional space. By reducing everything to the finite dimensional space 
of primary fields, we have a remarkable way in which to specify any rational 
conformal field theory strictly through their pentagon and hexagon graphs. 

In some sense, this may even serve as an alternative, finite dimensional 
definition of rational conformal field theory. 


Example: Ising Model 


One of the simplest examples of this construction is the Ising model, 
which is equal to the first minimal model at criticality. We recall that for 
c = 3, the allowed values of h for the primary fields were 3 and x. 

Let us represent the Verma modules associated with each primary field 
as [y] and [o]. Then, the fusion rules can be represented as: 


[4] x [4] = [1] 
[4] x [eo] = [¢] ; (3.5.19) 
[o] x [o] = [1] + [] 

Let us now represent the B and F matrices in terms of these primary 


fields. There is a certain freedom in choosing the values of these matrices, 
so we can always choose a gauge by setting: 


Fi? 4 =F{¥ Z =F|% | -F|é ;| =1 (3.5.20) 


By solving the polynomial equations, we arrive at [14]: 


fly sles FL e]=aaG 4) 
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3.6. Summary 


Systems with a finite number of primary fields give us a theoretical labora- 
tory for testing our ideas about string vacuums. In particular, the minimal 
models exhaust all possible unitary representations of the conformal group 
with a finite number of primary fields, and they have correlation functions 
and fusion rules that can be calculated exactly. 

To go beyond minimal models, we study Kac—Moody algebras. It is 
possible to find new representations with a finite number of fields that are 
primary with respect to both the Virasoro and Kac-Moody algebras. 

One way to find representations of these algebras is to take the string 
and let it move on some curved manifold: 


1 
L = —Gyp(X) Oa X" HXY Gg? +++: (3.6.1) 
a 
Specifically, we will take the following o model action: 
1 
S=a5 / tr (dag72 0g) dé + kI'(g) (3.6.2) 


where the last term is a Wess—Zumino term: 
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ii 


TG) = ape 


J &xecPrtr[(o-* dag)(9-* Gag)(o7*3ya)] (8.6.8) 
where the last term is integrated over a three-dimensional disk whose 
boundary is two dimensional space-time. 

For k = 1,2,..., the theory becomes effectively massless and possesses 
an infrared-stable fixed point at: 


d? = 4a /k (3.6.4) 
The currents for the WZW model are: 
Cc =5h 0.99°' = Sats i= — sho" Ozg = Jt? (3.6.5) 
The J’s generate an algebra given by: 
[Fe eee fo ees skn8bn.sm,0 (3.6.6) 


One of the most important representations of the Virasoro generators 
is obtained by 


1 a a 1 a a —n— 
T(z) = a7 T° (2)I8(2) = Be ier ane ce ae (3.6.7) 


where: 


1 
K = 5 (cv a k), fee = eae (3.6.8) 


where cy, is called the second Casimir of the adjoint representation of the 
Lie algebra. 
Written in component form, we have the Virasoro generators written 
as: : e 
Shee eter er ; (3.6.9) 


m=—oo 


If we commute two generators of the Virasoro algebra written in Sug- 
awara form, we find: 
kD 
Cytk 

where D is the dimension of the group. 
One-of the most powerful methods of generating new conformal field 
theories is the GKO coset method, which uses the representations of a group 
G and a subgroup H. 
Using the Sugawara construction for Tg in terms of JG, we can calcu- 
late: 


(3.6.10) 


To) Je Gaye ara a afew) (3.6.11) 


But, we also know: 
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_ Ta(w) , dg (w) 


(z —w)? z—-w 


Ty (z) JA (w) 


(3.6.12) 


Notice that the right-hand side of both equations is the same. Thus, if we 
subtract the two equations, the right-hand side will equal zero. 
If we write: 


ie = (Te = Te) +Ty = To/H ae Me (3.6.13) 


then we also have: 
[Te/H,TH] = 0 (3.6.14) 


This last equation means that Tg can be split into two mutually commut- 
ing pieces, Tg/y and Ty, both of which generate representations of the 
conformal algebra (but with different values of c). If we now calculate the 
operator product expansion for Tg, we find: 


1 CG/H ae CH 


Tae(z)T, ~ 6. 
c(z)Te(w) ~ 5 ey (3.6.15) 
In other words, we now have the final expression: 
kg|G ky|H 
C@/H = CG — CH = pelG|. = shall (3.6.16) 


kgthe kuythy 


A simple example of how the coset method can generate conformal 
field theories is given by the following: 


G/H = S5U(2),@ SU(2)1/SU(2)han : (36.17) 
The value of the central term is therefore given by: 
3k Oh eel) 6 
= 5 eS ee 3.6.18 
GUS ag” (ey EO (k + 2)(k +3) ( ) 


which is precisely the discrete sequence of the minimal unitary models for 
=k 2 == 3,479.5. 
Thus, we have the correspondence: 


unitary series > SU (2), ® SU(2)1/SU (2) x41 (3.6.19) 
Yet another sequence is given by 
G/H = SU (2) ® SU(2)2/SU(2)k+2 (3.6.20) 


for which we have: 
3h 3 sik 2) 8 8 
eo dS, eS SS SS 3.6.21 
Co/H = 75912 (R42) +2 s( (k + 2)(k+4) ( ) 


We immediately recognize this as generating the superconformal N = 1 
discrete series for m = k + 2. Thus, we have the correspondence: 
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N = 1 unitary series ~ SU(2); @ SU(2)o/SU (2)i+42 (3.6.22) 


For rational conformal field theories, like the minimal models, one can 
construct Wardlike identities on the correlation functions which allow us 
to solve them exactly. If we insert J into a correlation function and then 
commute it past the fields, we find: 


pace -S~ fed (9(z1, 21) +--+ 9(zn,2N)) = (3.6.23) 


Oz; 2, 
Spe 


This is the Knizhnik-Zamolodchikov relation, which is useful in actu- 
ally calculating explicit expressions for the correlation functions. 

Finally, it can be shown that if a conformal field theory has a finite 
number of primary fields then h,c are rational. These are called rational 
field theories and include the WZW and minimal models as subsets. It is 
believed all known rational conformal field theories can be generated by the 
coset method. 

Rational conformal field theories can be treated much like ordinary 
Lie algebras, where we calculate Clebsch-Gordan coefficients and Racah 
coefficients. On the space of conformal blocks arising from four-point cor- 
relators, we can define two operators, B and F’, which have well-defined 
geometric interpretations. Starting with an initial conformal block, there 
is more than one way in which to use the B and F operators to deform 
the original block into a new one. By equating the various ways in which 
this is done, we therefore obtain a series of identities, such as the hexagon 
identity, which have a direct counterpart in classical Lie algebras. 

The advantage of this technique for rational conformal field theories 
is that we can find a unique prescription for calculating all such blocks 
and hence calculate all correlation functions. Like the minimal models for 
conformal theory, the rational conformal field theories for the Kac-Moody 
theory can be completely solved by these techniques. : 
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Chapter 4 


Modular Invariance and the 
A-D-E Classification 


4.1. Dehn Twists 


Up to now, we have seen that conformal invariance by itself is not suffi- 
ciently restrictive to give us the fusion rules and conformal blocks of any 
conformal field theory. Thus, we need to add an extra constraint to fix the 
theory. The next constraint that we will impose is modular invariance [1], a 
powerful tool which will allow us to fix many of the features of a conformal 
field theory and which yields many new surprises. 

To understand why we want strings to be modular invariant, recall that 
the string amplitude is given as a path integral sum [Eq. (1.3.1)] over all 
possible conformally distinct Riemann surfaces (2, 3], so that we do not in- 
troduce overcounting into the path integral. However, we should distinguish 
between two types of transformations. 

The familiar class of conformal transformations are those that can 
smoothly be deformed back to the identity. By smoothly changing the pa- 
rameters that typify a conformal transformation, we can slowly change it 
back to the identity. 

However, there are also other kinds of conformal transformations that 
we must subtract, which are those that cannot be smoothly deformed back 
to the identity, the global transformations. To visualize these global trans- 
formations, notice that there are only two ways to draw circles on a torus, 
called the a cycle and b cycle, such that the circles are not contractible to 
a point. If we slice the torus around the a cycle and 6 cycle and unravel the 
torus, we find that we have a parallelogram, such. that points on opposite 
sides are identified with each other. Thus, a torus is topologically equivalent 
to a parallelogram with properly identified sides. 

The simplest global transformation for a torus is given by a Dehn twist, 
which involves slicing a torus along an a cycle, rotating one of the open ends 
by 360°, and then resealing the cut. Equivalently, we could have sliced the 
torus along a 6 cycle, rotated one end of the slice by 360°, and then resealed 
the cut. 

Notice that if we trace the motion of the various points on the torus we 
can see that these two transformations cannot be smoothly mapped back 
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to the identity. Moreover, these two transformations can be viewed from 
the perspective of the parallelogram. 

Let us place the parallelogram onto the complex z plane as in Fig. 4.1. 
Notice that we have arbitrarily fixed the bottom leg to have a length equal 
to one. The parallelogram can then be uniquely fixed by placing the upper 
left corner at point +, a complex number. Given a fixed value of 7, we have 
uniquely specified a torus. 


Fig. 4.1. 


However, under the action of Dehn twists, the torus is mapped back 
into itself, so we must demand that all our amplitudes be modular invariant, 
that is, invariant under the action of Dehn twists. Specifically, if we make 
the transformation called T, 


Tt 7 o>7 1 (4.1.1) 


we see that upper left-hand corner moves to the right by one unit, but this 
just corresponds to a Dehn twist. 

A bit more delicate is the other Dehn twist, because we have arbi- 
trarily fixed the length of the bottom leg to be one. The other Dehn twist 
corresponds to interchanging the a cycle and 6 cycle, or flipping the paral- 
lelogram onto its side. However, if we place the parallelogram on its side, 
then we have to rescale the entire parallelogram so that its bottom side has 
length one. Then, if we now calculate the position of its upper left corner, 
we find that it has made the following transformation: 
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S: tr34-—l/r (4.1.2) 


Thus, we demand that all loop amplitudes of the string be invariant under 
the T and S transformations (or else we will be counting the same torus an 
infinite number of times). 

The group generated by repeatedly taking S and T transformations is 
called the modular group SL(2, Z) [4-6], which is specified by the following: 


ar+b 
cr+d’ 


To (a,b,c,d € Z, ad — bc = 1) (47,3) 
(The transformation remains the same if we simultaneously reverse the sign 
of a,b,c,d. We can thus take the smaller group PSL(2,Z) = SL(2,Z)/Z2 
as the modular group.) 

The parameters of the group are integers, not real numbers, which 
accounts for the difficulty in writing the representations of this group. 

In ordinary Lie group theory, we wish to write the character, a function 
that immediately tells us how large a representation of an algebra is. For 
a Verma module {7, 8], we wish to write a function of x such that its nth 
Taylor coefficient tells us how many elements the representation has at the 
nth level. 

Recall that the Verma module, for example, at the third level, is given 
by: 

E3,|0),  L1L-2|0),  L_3|0) (4.1.4) 


that is, the number of elements of an irreducible Verma module at the nth 
level (with no null states) is given by the number of ways in which n can 
be broken down into integers. This number is called p(n), or the partition 
of the integer n. 

Thus, we can define a function of x such that the coefficient of x” tells 
us the number of elements in the Verma module V,, at the nth level: 


Tra’ = SS 2 dint, — os x” p(n) (4.1.5) 


n=0 n=0 


However, let us use the formula: 


aK (l1—2")" =D 2"H p(n (4.1.6) 


Let us also define the Dedekind 7 function (as a function of g=e"* oro 
T) as: 


n(q) = q/4 T] (4 — 9") = gi/4 (Trq@) | (4.1.7) 


which transforms as follows under the modular group: 
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n(—1/r) = (—ir)!?n(r) 


m(r + 1) =e? n(r) ee 


where we have rewritten the Dedekind function as a function of r. 

We now write the character of an irreducible Verma module (over com- 
plex q) as 
2(q,4) = Gg 14 Trg? q" (4.1.9) 


(The origin of the c/24 term is a bit tricky. In the trace, notice that we 
have implicitly made a conformal transformation from the complex plane 
to a cylinder, given by w — z = e”. However, as we saw in Chapter 
2, the energy-momentum tensor does not transform homogeneously under 
a conformal transformation, but picks up a quantity proportional to the 
Schwartzian (Eq. (2.2.24)], that is, 


az\? c 
a (=) T(z) + 79° (4¥) (4.1.10) 
where the Schwartzian can be computed to equal S(e¥,w) = —3. This 


means that the Lo defined on the cylinder is not the Lo that we defined on 
the complex plane: 
(Lo)cylin = Lo — (c/24) (4.1.11) 


Normally, this term can be thrown away, since we are only interested in 
counting the states at each level. However, when we compute the effect of 
modular transformations, this factor becomes crucial in proving modular 
invariance. Traditionally, this factor comes from zeta-function regulariza- 
tion, but this obscures the conformal nature of its origin.) 

The next step is to calculate the transformation properties of these 
characters under modular transformations in order to calculate functions 
that are invariant under the modular group [9- 11]. This will, in turn, place 
nontrivial restrictions on the conformal field theories that we have been 
studying, including the N = 1 superconformal theories [12, 13]. The input 
of modular invariance, therefore, will prove to be a powerful tool by which 
to put restrictions on the vast number of conformal field theories and their 
representations that we have found. 


4.2. Free Fermion and Boson Characters 


Let us now try to calculate the modular functions corresponding to a more 


complicated models, a free fermion with c = $ and a free boson on a torus 


with cle 
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Ezample: Free Fermion 


There is a trick we will use when calculating fermionic partition func- 
tions. If ~_, is a Fourier mode of w(z), corresponding to a creation operator, 
then we know that the Fock space spanned by this oscillator is trivial, that 
is, only one %_, can act on the vacuum at any given time, since it is a 
Grassmann odd variable, that is, 4?,,|0) = 0. 

The trace over the nth fermionic oscillator mode is therefore easy to 
perform, since the trace consists of only two elements, the vacuum and 
b-n|0). 


If F equals the fermion number, then we have: 


Tr g?¥-n bn = 1 + q” 


(4.2.1) 
Tre1jfg =l1-— Gq 


[The insertion of the factor (~1)* into the trace converts the 1+” into a 
1 — qg” term.] 

The entire Fock space, however, consists of monomials one can create 
out of various products of 7_, for different values of n, so we can convert 
the trace, which is a sum over states, into a product over different Fock 
spaces: 


Tr(g)" = Tr(q)2en"¥-n¥ = TTT (q)"—-% = TJ ata") (4.2.2) 


Tr 


where the sum n is over positive integers for the NS fermions and positive 
half-integers for the R fermions. ; 

However, there is a complication in the sum due to the boundary con- 
ditions on the fermions, that is, we can take different periodic and antiperi- 
odic boundary conditions on the torus. If we take the trace over q’°, we 
must first specify whether we are tracing (in the r direction) over Ramond 
fermions (which are periodic) or Neveu-Schwarz fermions (which are an- 
tiperiodic). We will denote this by Trp and Tr4. But, we must also specify 
the boundary conditions in the o direction as well as in the 7 direction. 
Since the boundary conditions can be either periodic or antiperiodic in the 
T or o directions, we have a total of four possible boundary conditions and 
hence four possible traces. 

The four different boundary conditions on the torus or parallelogram 
define what is called the spin structure on that surface. 

We will use the symbol y(A, P), for example, to denote the trace over 
antiperiodic (periodic) boundary conditions in the o (r) direction. In the 
case of x(A, P), we will simply trace over Ramond fermions: g~1/48 Ty p ao 
Notice that the trace over Ramond fermions automatically specifies an- 
tiperiodic boundary conditions in the o direction. 

If we wish, however, to calculate y(P, P), which has periodic conditions 
in the o direction, then we must insert the operator (~1)", where F is the 
fermion number, in order to reverse the periodicity. 
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Given these rules, it is now a simple matter to write out in detail the 
four possible traces corresponding to the four possible spin structures for 
the torus. Because all trace operations can now be converted into products 
over different Fock spaces labeled by n, we now have: 


oo 
x(A, A) = Cie Traq’ = qe [[a eg 2) a 03 


n=0 ul 


x(P, A) = g7-7/8 Tra (—1)Pq? = qT] (1 — gt +7?) = jaa 
7 
n=0 


(4.2.3) 
1 1/48 Lo 1 as2a 7 n Bo 
n=0 
ee iB ot, 1/24 - n 
KEP) Wrp(—1)"¢ °=—=q = (l= q*) =0 
v2 v2 n=0 


where the ¥; = ¥;(0,q) are the usual Jacobi theta functions (taken with 
one variable set to zero). These functions can be defined through the above 
equations as infinite products, or as infinite sums via: 


0i(v,q) =i Se (—1)%qi/2In-0/2))? gin (2n—1y 


n=—oco 


Ss i 


Ba(v,q) = 
ar (4.2.4) 
3(V, q)= s q” o/2e 2rinv 
n=—0o 
B4(v, q) = Ne (00 ee 
n=—0o 


We should also mention that the J functions can also be written as 
infinite products: 


[oe 
81(v,q) = 2qoq'/8 sin av Il (1 — 29” cos my + q?”) 
i=l 


oo 
8o(v,q) = 2qoq'/* cos mv Il (1 + 29” cos 2av + q’”) 
me (4.2.5) 


03(v,q) = 40 II [1+ 2g" /2) cos Qav + g?"—"] 


(v,q) = = 40 Ile Np cosmy + || 
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where go = []>—_, (1 — 9”). (Our value of q is the square root of the value 
quoted in Ref. 14.) 
1 


We now would like to reanalyze the partition functions for the c = 5 
fermion, rearranging the characters according to the irreducible represen- 
tations of the conformal group, that is, according to h,c. Comparing the 
characters found above with the characters found in the usual Ising model, 
where we also have c = 3, we find from Eq. (2.5.16) that there are three 
primary fields with weights given by 


1 1 
= —— 4.2.6 
{hy,1, h,1, he,2} (0, 5 a} ( ) 


Our task is now to rearrange the partition functions found earlier so 
that we have only the characters of irreducible representations. To do this, 
we note that the Verma modules are built up by multiplying the vacuum by 
Ln, which does not change the overall fermion number of the state. Thus, 
the Verma module with h = 0 is built of states with even fermion numbers 
and integer eigenvalues of Lo, while the module with h = 5 is built of states 
with odd fermion numbers and half-integral eigenvalues of Lo. 

Thus, instead of arranging the character depending on whether the 
boundary conditions are periodic or antiperiodic, we will now rearrange 
the module according to whether the module has an even or odd fermion 
number. ‘The way to do this is to insert $[1 + (—1)] into the trace, which 
selects the states with definite fermion numbers. 


Given this decomposition according to the fermion number, the char- 
acters in this representation can be defined via: 


a = 1 
Xo =4 1/48 ‘Tr, 9° =4¢q WT ail ze (~1)"]q% 


= = 1 
ee Wii ae ae, 5 [1 — (-1)*]q™ (4.2.7) 


E i de 
Xa =O 8! Troi peg’? =g7 Trp al + (-1)"]q% 


a 
16 


(In the last expression for h = co we used the fact that the trace over 
(—1)"q%° equals zero due to a cancellation between equal numbers of states 
with different fermion numbers.) However, since we know how to evaluate 
all the traces in the above expression in terms of the four periodic and 
antiperiodic characters we wrote before, we now can write the complete 
expression for each of the three Verma modules (4): 
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x0 = 5 Ix(A, A) + x(P,A)] = 5( 2+ |) 
en se Faye as 


uals ! 
= se lx(A, P) + x(P, P)) = Ya 


The point of this discussion, of course, is to calculate modular invariant 
combinations of the 7. Let us now calculate, therefore, how each of these y 
functions change under a modular transformation. 

Under the operation T, we see that the top of the parallelogram is 
shifted one unit to the right, as in Fig. 4.1. We can now simply determine 
how the spin structures change under this operation. For example, we can 
start with a torus with the (A, A) spin structure and apply the operation 
T. When we move from the origin to the point 7, we pick up a factor of 
(—1). When we now move from the origin to the point + + 1, we pick up a 
factor of (—1)(—1) = +1, which is periodic. By moving in the o direction 
on the new torus, we now pick up a factor of +1, so it is now periodic in this 
direction. So the spin structure, under the T operation, has now changed 

ONC A): 

Likewise, we can, by simply moving from the origin to the point 7 +1, 
determine how all four spin structures change. By explicit calculation with 
the known values of xy, we find: 


x(A, A) — e71*/24y(P, A) 
TP. RP Aen **y( AA) (4.2.9) 
MRP) = (AP) 


We can also calculate how the spin structures change under the operation 
S (which reverses the 7 and o directions). Using the simple-minded rule 
given above, we find the following transformations of the traces under S: 


eC A ss) 
S: ¥(A, P) > x(P, A) (4.2.10) 
ea i (Ay) 


Notice that none of the x are modular invariant by themselves. To obtain 
modular invariant functions, we must also include complex conjugates of 
the x. We can satisfy T and S invariance by multiplying the various char- 
acters with their complex conjugates (which eliminates the phase factor 
introduced via T transformations) and then choosing the correct combina- 
tion of absolute values of characters to get complete modular invariance. 
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The goal of this discussion is to formulate a modular invariant partition 
function for the c = 4 fermions, which we see are now given by: 


1 § 
Zising = 5 (I8s/nl + [9a/nl + |92/n| + [P1/nl) 


= MONO tT XUN ae eX 


(4.2.11) 


In general, when we discuss increasingly more complicated characters for 
the Virasoro and Kac—Moody representations, we will take the ansatz that 
the final modular invariant partition function will be a bilinear sum over 
both holomorphic and antiholomorphic representations, each corresponding 
to the various primary fields, that is, 


24,9) = >> Nnaxn(axn(® (4.2.12) 
Be 


We will make modular transformations on this bilinear combination in order 
to obtain constraint equations on the coefficients N,;, thus yielding the 
invariant solution. 

These methods developed for the characters of free fermions can be 
carried directly over to the partition function over the free boson defined 
on the torus, such that X = X + 2zrr. 


Example: Free Boson on a Torus 


The trace we are interested in is: 
=(eq)o 7 gga? (4.2.13) 


Special care, however, has to be given to the zero mode sector in the trace. 
Because of periodic boundary conditions, momentum is quantized on the 
torus, and because the string can wind around the torus, we have to in- 
troduce the winding number. Thus, two integers are required to describe 
compactification of a closed string. We thus have: 


m 
Co = pL = i= + nr, ao =PpR= = -—n7r (4.2.14) 
for integer n and m. This means that we have to.sum over states m,n), 


indexed by two integers, and then multiply by arbitrary numbers of creation 
operators. 


The eigenvalues of Lp and Lo on these states are easily calculated. Let: 
l{ni}, {mjz},m,n) = (IIe ) 114 il ,)lm,n) n) (4.2.15) 


for some collection of integers n; and my 
Then, we have: 
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Lol{ni}, Ue n,m) -|Dn4 3(= +nr) i {ni}, {mj}, n,m) 


(4.2.16) 
(The equation for lb is the same, except that the term +nr is changed to 
—nr on the right-hand side, and we replace n; with m5.) 

The partition function therefore splits into two pieces. The first piece 
simply records the number of ways in which we can create states multiplied 
by monomials in the creation oscillators al. This part is easy to compute 
and gives us |],,(1 — q”)~'. This contributes a factor of 1/77. 

The second part is the summation over the zero modes, which in turn 
are indexed by two numbers. Putting everything together, we now have: 


oO 


1 
= & ve qi! /2r-+nr)? G1 /2(m/2r—nr)? (e217) 


™ n,m=—oo 
This expression is modular invariant by itself. (If we make the transfor- 
mation 7 — 7 +1, the 77 is invariant because they only change by a phase. 
The zero mode part picks up a phase exp mi(p? — p2), which equals unity 
when we plug in the values for the momenta. If we make the transformation 
T — —1/r, the calculation is a bit more difficult, but can also be performed 
by reversing the boundary conditions on the torus.) 
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Let us now apply some of these techniques to the D = 10 superstring, in- 
vestigating the surprising link between supersymmetry and modular invari- 
ance. We recall that the NS-R model by itself is not space-time supersym- 
metric. However, we can recover space-time supersymmetry by imposing 
the GSO projection [15]. 

Let us define the G-parity operator by: 
blebs 


G = (-1)tm/2 (4.3.1) 
We will now take the even G-parity sector of the theory. This truncation 
of the NS—R sector has several important implications. 

First, it eliminates the troublesome tachyon that appears in the bosonic 
theory. Second, it restores space-time supersymmetry. To see this, it is most 
convenient to work with the light cone quantized NS-R string, where we can 
prove that the number of states of the fermionic sector equals the number 
of states in the bosonic sector. 

In the NS sector, the even G-parity sector is equal to the trace over 
the following: 
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1 
Exe =m an [5a + an" 


oO oo 
R= SD nalan + S- rblb, 
n=1 


2 


(4.3.2) 


Using the previous techniques, we can show that this partition function 
equals: 


1 r n\— 7 n—- 5 = 
Pys = 59°" JT -4") *|Ha+e M2\8 _ T] (1-4 ap 
n=1 jo eal 
e (4.3.3) 
Next, we can set up the Ramond sector partition function as: 
Pe Si lr(g") 
(4.3.4) 


LS a n(alan + didn) 
n=1 


(where the 8 comes from the fact that, in the light cone gauge, only these 
components of the spinor survives). This can be shown to equal: 


Pp=8 ite Sof pr (iltea (4.3.5) 


It was recognized in 1829 by Jacobi that these two expressions are 
equal: 

Pxs = Pr : (4.3.6) 
This formula has great implications for the superstring. Not only does it 
show that the NS-R model is space-time sypersymmetric after the GSO 
projection, but it also shows the power of modular invariance. Notice that 
we inserted the projection operator $[1 + (—1)*] into the trace, which is 
precisely the summing over the (A, P) and (P, A) sectors. Modular invari- 
ance Means invariance under the interchange and transformation of the 
homology cycles, which is precisely what the insertion of the GSO operator 
performs. 

For the superstring theory, it means that, in some sense, modular in- 
variance, the GSO projection, and space-time supersymmetry are all in- 
terdependent. Since modular invariance is necessary for a unitary theory, 
this implies that space-time supersymmetry is necessary for the internal 
consistency of the theory. 

Space-time supersymmetry, far from being a luxury for the theory, now 
appears absolutely essential for the self-consistency of the entire theory. 
The importance of this fact will become even more important in the next 
chapter, where we will discuss different supersymmetric compactification 
schemes. 
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4.4. Minimal Model Characters 


Let us proceed to the more complicated case of the minimal models. Let us 
calculate the character in two different ways. First, we will take the above 
expressions for the character of an irreducible representation and generalize 
it to the case where null states are present. We will derive the character 
formula by carefully subtracting out all the null states, leaving us with the 
character of the minimal model. Second, we will use the coset construction 
of the previous chapter and calculate the character of the minimal models 
by reexpressing it in terms of the affine SU(2), via Eq. (3.3.10). Finally, 
let us recall that the Ising model at criticality is equivalent to the minimal 
model, with m = 3 in Eq. (2.5.24). So, our new results on the character of 
the minimal models should give us an independent check on the previous 
formula. 

We begin by noting that, if there are no null states at all, then the 
character is given by: 


Don) ae ee ng gate)! 2g) ta” (4.4.1) 


since the number of states at level n for this irreducible case equals the 
partition of that integer p(n). (We have inserted a normalization factor q”, 
which will simplify our discussion.) Let us now generalize this formula for 
the minimal model. Recall that the weights of the fields in the minimal 
models are labeled by two integers and are given by Eq. (2.5.7): 

[r(m+1)—sm]?-1 | 


= 4m(m + 1) 


(ss 7 sn — 1) (4.4.2) 


3 


If we analyze the Verma module ¢,,, we notice that it contains a null 
state x at level rs, which therefore has weight given by h,, +rs. We must, 
therefore, explicit!y remove from the character the states given by the mod- 
ule generated by x. 

Let us now analyze the character y,, of the mth minimal model. If we 
subtract the contribution from the null states, we find: 


Xre(q) = q 4g) qh (1 — gq”? +--+) (4.4.3) 


However, we cannot stop here. It turns out that the module [x] itself con- 
tains a null state, at level’'(m+1r)(m +1 — s) because: 


lies a FSS haves (4.4.4) 


so it would be overcounting to simply remove the module x. Instead, we 
must carefully subtract this new null module from the first one. 
Subtracting this new null module, we find: 


110 Chapter 4. Modular Invariance and the A-D-E Classification 


Nes = ee Gi ae am gen (1 = i) + a4 }} 


| (4.4.5) 
— Ge ng . qu ab qhamtns = vee) 


Not surprisingly, this process continues forever, with null states within the 
module generated by the previous null state. Therefore, an infinite succes- 
sion of subtraction of these factors is necessary. The final result can be 
found by summing the various subtractions: 


[oe 
een ule)” (Cars ee) (4.4.6) 


k=—0o 


This is the desired character for the mth minimal model. 
Now let us calculate the transformation properties of this character 
under S and T. It is straightforward to show that: 


Tag) = er) (4.4.7) 
A bit more difficult is the calculation of the character under an S transfor- 

mation: 
S: xre(q) > > SPixpa (9) (4.4.8) 

pq 
where: 
Se = —- a GijeT eran Ly aN (4.4.9) 
ia m(m +1) m m+1 a 


This is a rather remarkable formula, because encoded within the S matrix 
is a finite dimensional representation of the modular group. However, notice 
also that y,s by itself is not modular invariant. It transforms “covariantly” 
under the modular group, and hence, it is not an invariant. To form a 
genuine invariant, we must take various combinations of bilinear sums of 
representations in order to obtain an invariant character as in Eq. (4.2.12). 

One set of invariants can be calculated by observing that the matrix 
obeys $* = 1, with real elements. Then, it is easy to show that the following 
diagonal form for the N matrix is modular invariant: 


Naz = Oni (4.4.10) 


As a check on our results, we take the case m = 3, which corresponds to the 
Ising model, with three primary fields. Notice that the diagonal N matrix 
yields the following form for the invariant: 


Z = |xol” + |xaj2l? + Ixa/16l? (4.4.11) 


which is precisely the form of the modular invariant found earlier in Eq. 
(4.2.11) when analyzing the c = $ fermion system. 

We can find other invariants by using some tricks. Notice that for m 
odd, we can show that the S matrix obeys: 
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(1) Ge ee (—1)takS" 2 os (4.4.12) 
This, in turn, implies that we can form modular invariants out of the com- 
bination: 


Xrs + Xrm+i—s (4.4.13) 


Specifically, we can show that the following is also an invariant [5]: 


i 
bes De 2, Pee ae eases © (4.4.14) 
r sodd 


Thus, we have constructed two infinite series of modular invariant par- 
tition functions. Similarly, it can be shown that there are only a finite 
number of other possibilities, corresponding to m = 11, 12,17, 18, 29,30. 
Later, we will see how they give rise to two infinite series and three finite 
ones, which exhaust all possible modular invariant partition functions for 
the minimal series. 

However, we would like to find a systematic way in which to construct 
these invariants rather than appealing to mathematical tricks. To gain some 
insight into this difficult question, we now turn to the characters over the 
Kac—Moody algebras and will compute the modular invariant functions for 
both the minimal model and SU(2),. 


4.5. Affine Characters 


It can be shown that the minimal series found earlier exhausts all possible 
unitary representations with a finite number of primary fields. However, 
we can enlarge the system to include Kac—-Moody algebras. Then, there 
exist representations of affine Lie groups with finite numbers of primary 
fields where the fields are now primary with respect to both the conformal 
group and the affine Lie group. (These affine systems, however, can have 
an infinite number of primaries with respect to just the conformal group.) 

To understand the characters of these Kac-Moody algebras, let us 
first calculate the character of the minimal models in another way, using 
the coset construction of the previous chapter. We will write the character 
of the minimal model in terms of the character of the simplest affine Lie 
group, SU(2),. 

In general, modules over the affine Lie algebras will be more com- 
plicated than conformal modules because they are generated by isotopic 
ladder operators J°,,, as well as L_,, operating on the highest weight state. 
To typify a state, we must calculate its eigenvalue under both the level 
operator Lo and the Cartan subalgebra Hj. 

Let us consider the level k representation built on the spin-7 vacuum 
state |7) for SU(2),. The character will now depend on two variables, 7 
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(associated with the Virasoro operators appearing in the module) and @ 
(associated with the Kac-Moody operators). We define: 


1673 
X() (0,7) = 9" /* Tres), (q*e on) (4.5.1) 


For a more general affine Lie algebra, the character now depends on the 
parameter 7 as well as 6’, where i ranges over the elements of the generators 
Hé of the mutually commuting Cartan subalgebra. We define: 


fa) (8, 7) = ee Tr(a),k (qhoci@*H6 ) (4572) 


Fortunately, almost all formulas in the theory of Lie algebras generalizes to 
the affine case, so we will need the Wey] character formula for an arbitrary 
Lie algebra and its generalization to the affine case: the Weyl-Kac character 
formula. 

To understand the Weyl character formula for Lie algebras and the 
Weyl-Kac character formula for affine Lie algebras, we must first make 
a few definitions. In the Cartan—Weyl] basis, we define a; to be the root 
vectors. A vector p can be written in terms of these roots as p = SP Ci Qj. 
If the first nonzero coefficient c; is positive, then we say that p is a positive 
root. (This definition is somewhat arbitrary, of course, since we can mix up 
the root vectors. But, once a fixed basis for the roots has been chosen, this 
convention is a useful one.) 

For the group SU(2), for example, we notice that the representations 
are indexed by the integral or half-integral | and contain elements that 
run from —/ to +l, that is, they are symmetric if we rotate them 180°, 
exchanging L3 for —L3. This symmetry under reflections is called a Weyl 
reflection. For higher Lie algebras, the representations (when plotted on 
a graph whose coordinates are the independent eigenvalues of the Cartan 
subalgebra) have a larger discrete symmetry, which can be generated by a 
group of reflections called W, the Weyl group. For exaniple, if we take a 
root , we can rotate it as follows: 


Wa(A) = A-— a(A, a) (4.5.3) 


where the Wey] rotation operator wg within W is associated with the root 
a. 

Let us also introduce the convenient notation that e*, where a is a 
root, represents an operator that acts on an arbitrary root @ as follows: 


e*(B) = ef) (4.5.4) 


Then, the classical Wey] formula states that the character of a representa- 
tion L(A) (associated with a highest weight vector A) is given by [16]: 


wew e(w)ewlAte)—p 


nS) amen)? 


(4.5.5) 
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where we sum over the elements of the Weyl group, and ¢e(w) is +1 (—1), 
depending on whether the member of the Weyl group w can be expressed 
in terms of an even (odd) number of reflections. Here, p is half the sum over 
all positive roots: 


= : Soa (4.5.6) 


a>0 
Example: SU(3) 


This formula can be used to calculate the dimension appearing in any 
representation R of a Lie group. Let Eq. (4.5.5) operate on a vector, called 
p, and then let p go to zero. The limit as this arbitrary vector goes to zero 
can be easily computed, and we find the celebrated result of Wey]: 

dim R = [] ne) (4.5.7) 
aay (ea) 


where the sum over the Weyl group has now been replaced by the product 
over the positive roots. This is a very powerful result and can be used to 
calculate the dimension of virtually all the representations found in classical 
Lie group theory. 

For example, for the group SU(3), we can calculate the dimension of 
a representation with Dynkin coefficients (m1, m2). Inserting this into the 
above expression, we find: 


Z 
dim R = (=) (™**) (moms?) (4.5.8) 


Inserting various values of m; and m2 into the equation, we easily compute 
the dimension of the well-known representations of SU (3). 


Example: SU (2), 


Now that we have treated the classical case, we wish to generalize 
this discussion to the affine case. For a Kac~Moody algebra, the Wey]—Kac 
formula is, remarkably enough, essentially the same as the Weyl formula, 
except that the definitions of a root vector and the Wey] reflection have to 
be generalized. 

We must generalize our previous discussion because the Kac-Moody 
algebra differs from the usual Lie algebra in two essential ways. Besides 
the usual root vectors, we also describe states by the number operator 
(eigenvalue of Lo) and the c-number term appearing in the algebra. Thus, 
a root vector in the Kac~Moody case actually has three entries: 


d= (i, k,n) (4.5.9) 


where \ is the classical root vector, k is the eigenvalue of the number 
operator, and n is a c number. 
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We take the scalar product and the bracket product of two vectors 
a = (a,k,n) and B = (G,k',n’) in the following way: 


(6,6) =a Byekn e (4.5.10) 


(a, a) 


We define the Wey] reflection in the same way as before: 
Wal(rA) = rA- aA, a) (4.5.11) 


except for the important fact that, because the root vector now has three 
entries, the effect of a Wey] reflection consists of a classical Wey] reflection 
and a translation. 

This translation is easy to see. If we let a = (@,0,1) and \ = (),k, n), 
then, inserting both expressions into the definition of a Wey] reflection, we 
have: 


Wi = {wad + 2ka/a?),k,nt+ = —(\+ 24a /a°))\ (4.5.12) 


This Wey] reflection is easily split into two parts, the classical Wey] reflec- 
tion (which we denote by W) and a translation by the following vector: 


ta(\) = {3 +kB,k,n+ =i —~(A+ Kay} (4.5.13) 


where 3 = 2@/a*. (For example, for the simple case of SU (2),, this sepa- 
ration is trivial: the classical Wey] reflection just flips the root a into —a, 
and the translation produces a shift by ja, where j is an integer.) 

Let us perform the sum over translation T first, thereby obtaining a @ 
function, and sum over W later. When we perform this separation, we find: 


e(w)ew(r)- @ = ge ye e(w) seees «[w(p)] 


= eth 5/29 >. €(W) Or (p) 
wEew 


(4.5.14) 


4 


where M is the lattice generated by irauuiaens 6 = (0,0;1), o = 
p- 9(0, 1,0), and the © function comes directly from summation over the 
translations: 


Oy =e IAl75/2k Ss ef) = ,k(0,1,0) — e771? (0,0,1)+ey/2 (4.5.15) 
teM yEM+k-} 


In this form, the character can be written totally in terms of © functions 
as: 
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ohn L(X) im crab DaweW € e(w ene 281d CAtp 


Gi, "¢ 
_l4+0P _ oP 
2(k + g) 2g 


For the case SU(2),, we find a vast simplification in all our formulas. 
In this case, there is only one root a, where a? = 2. The Wey] reflections 
simply flips the root, and the sum over translations equals the sum over ja 
for integer j. In particular, we find that the @ function can be written as: 


Ong, tee = Se exp(2mirmj” + 2nijz) (4.5.17) 
jEZin/2m 


(where we set u = z = 0). Then everything can be expressed in terms of 


Ce, — On, k = Coy = Cre (4.5.18) 


Simplifying the above results for our case, we find the final expression for 
the character [17]: 


Xa(T) = Coz41,h42/C1,2 
uae n3(r) 2 [2n(k + 2) ah (23 a 1)] x eit t(2n(k+2)+25+1]? /2(k+2) 


n=-—CoO 


(4.5.19) 
where A = 27 + 1. This is our final result for the character of SU(2),. (To 
2 
prove the last step, we used the identity 73(7) = >, (4m+ 1)g4r+1) yy 
Under S and T, this formula transforms as: 


T: x(t +1) =exp in (+ — 5) xa(7) 
— (1). i * | n 2 s) ne (4.5.20) 


where N = 2(k + 2). 
Using the modular transformations T and S for SU(2),, we can now 
read the explicit values for the matrices that generate modular transforma- 


tions: 


ae 


G eZ 
(kh) _ | ott Tl, 
T55) = exp { 2in oh See? 


1/2 Oi 441 
(k) ( 2 ) gin 029 + U)(29"' + 1) 
(4.5.21) 
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with j,j’ = 0,...,&/2. It is straightforward to check that S* = (ST) = 1, 
as they should. 

Now that we have successfully calculated the characters for SU(2),, 
we are in a position to exploit this result and calculate the characters of 
the minimal models using the coset construction, giving us an independent 
check on the correctness of our formalism. In the last chapter, we showed 
that the minimal models are equivalent to the GKO construction for the 
coset, that is, G/H = SU(2), ® SU(2)1/SU(2)k41. We now proceed by 
noticing that the energy-momentum tensor T(z)g splits into two commut- 
ing sectors T'(z)g/H and T(z). This allows us to write the Fock space of 
the theory in terms of the direct product of the two sectors. Concretely, 
it means that we can decompose the character of affine G in terms of the 
characters associated with Tg x. 

Symbolically, we can write: 


Eo) = ean (4.5.22) 
Under a modular transformation, we have: 
NGG as ay (a) (4.5.23) 


This means that: 
% Ge Xe oS 2D (4.5.24) 


We can now solve for the transformation of the character of the coset, 
so that we have the desired result: 


xe/u(t’) = S*°xGqyu(7)(S*#)7? (4.5.25) 


This, in turn, gives us an independent way in which to confirm our previous 
formulas concerning the minimal model. Using the above formula for the 
characters of the cosets, we can calculate the character-of the minimal 
models in terms of the characters of the affine SU(2),. The calculation is 
not difficult. We use Eqs. (4.5.25) and (3.3.10) to calculate the character 
of the minimal models and find exact agreement with Eq. (4.4.6), which 
was derived in an entirely different fashion, by subtracting the characters 
of null state Verma modules. 


. 
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Now that we have successfully computed the character xa(z) tor SU (2) 
our next step is to construct a modular invariant combination of such rep- 
resentations. Because the x (7) are not modular invariant, we will assume 
that we can create a genuine modular invariant by analyzing the bilinear 
expression [9-11]: 
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Z=S> xarlt)*Naavxn(7) (4.6.1) 
Dy 


Fortunately, with some work, it is possible to write the complete list of 
solutions to the Nj, matrix, giving us all modular invariant partition 
functions for affine SU(2),. For example, one trivial solution is given by 
the diagonal matrix: 


Nyx, ~ 6,07 (4.6.2) 


Then, the sum over X runs from 1 to k + 1, and the invariant becomes: 


coh 


bale (4.6.3) 
=I 


The complete solution to the problem of constructing modular invariants 
for SU(2),, however, is more involved. 
Under a general modular transformation, the characters transform as: 


N-1 
xa(r’) = » Uy,» (A)xa(7) (4.6.4) 
/=0 


where the U(A) matrix generalizes the S and T matrices found earlier, and 
A is an element of the modular group./It satisfies: ' 


U(A)U(A’) = #449 U(44'), = U(A)UT(A) =1 (4.6.5) 


To prove the modular invariance of Z, it can be shown that this means the 
N matrix of Eq. (4.6.1) must satisfy: 


NU(A) =U(A)N (4.6.6) 


Finding the general solution of this equation is rather difficult and not 
very transparent, but the result is quite elegant. What is remarkable is that 
the final classification is so simple, corresponding in a one-to-one fashion 
with the A-D-E classification of Lie algebras. Each solution to the above 
equation corresponds to one of the simply laced Lie groups [18-22]. 

Let us write these modular invariant characters. We use the symbol 
Z(A, D, E) to represent the modular invariant that can be placed in corre- 
spondence with one of the simply laced Lie groups. Then, we find: 
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k+1 
Z(Anu)= Soins 21 
x=] 


2p—-1 ‘ 
Z(Dops2)= > lxatx4pt2-al? +2lxoo4il?s k=4p, p 21 
Aodd=1 
4p-1 
Z(Dopti) = > |xal? + Ix20l? 
Aodd=1 
2p—2 
+) bong, tee), k—4p—-2 p22 
deven=2 
Z(Ee) = |xitxrl? +lxatxel?+lxstxul?s k+2=12 
Z(Er) = |x1 + x17]? + lxs + x13? 
+ |x7 + x11)?! + Ix9l?5 k+2=18 
Z(Es) = |x1 + x11 +X19 + X29|7 + lx7 + x13 


+ x17 + x23/73 k+2=30 
(4.6.7) 

The deeper reason why this elegant one-to-one correspondence exists 
between the modular invariants of SU(2),, and the simply laced Lie groups 
is still rather obscure and not well understood. (General arguments can 
be made to show that, given a simply laced Lie group, one can construct 
modular invariant combinations for SU (2),. However, this does not explain 
why all the modular invariant combinations should be generated in this 
way.) 

For completeness, we now present the A-D--E classification of the mod- 
ular invariants for the minimal series mentioned earlier, where we displayed 
two infinite series and mentioned the existence of three exceptional cases. 

This series for the minimal theory can be placed in correspondence with 
pairs of simply laced algebras. For example, the three exceptional cases can 
be placed in correspondence with (A, FE). 

The complete set of modular invariants for the minimal series are then 
given by [18-22]: 


4.7. Higher Invariants and Simple Currents LS 
l p'—-lp—1 
Z(Ap iy Ap-=1) aa 9 a Se ar 
fel Si 
Z(Dop+2, Ap-1) a 9 Ss heels ae Ab ey 25> 
3 s=l r odd=1 
rA#2p+1 
2p-1 
as (a2 pat ce) >; p=4p+2, pl 
r odd=1 
1 p-l 4p-1 
Z(Dop41, Ap-1) = 3 | ~ Ixrsl + |xX29,81° 
s=1 Lrodd=1 
2p—2 
+ OOP eget ce) pt =Apep 2 
reven=1 
= 
Z (Ee, Ap-1) =a 5 Se (Ix. oe xX78|° zs IX4s ae X88|" 
s=1 
ae | Siee 4 xarsl”); p =12 
ee. 
Zia Ap =i) == 3 » {|x1s + xX178|* + lx5s + X13s8|? + x78 + X18 |? 
s=1 
+ |xos|? + [(xas + x15s)xate-c]}; p= 18 
ee 
Z (Eg, Ap-1) = 5 ye (Ixas qe Siig ae alan ae ee 
s=0 
=F X75 pies ae X17s ae x296|”); p = 30 
(4.6.8) 


(For these modular invariants, we find that the central charge equals 
c = 1~—6(p—p’)/pp’. To construct modular invariant combinations, we can 
show that the matrix N,5 75: factorizes in terms of sums over N,,. and Ng 
with levels k = p—2 and k’ = p’ —2. Since p and p’ are coprime, this means 
that they cannot both be even, so that one of modular invariant combina- 
tions must have N = 1, that is, it must be of the A-type. That is why the 
A series always appears in each pair of modular invariant combinations.) 


4.7. Higher Invariants and Simple Currents 


In the last section, although we achieved a complete classification of the 
modular invariant combinations for SU(2),, at this point it may seem pro- 
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hibitive to generalize this calculation for the higher Kac-Moody algebras 
SU(N). 

Actually, there is a trick one can use which considerably cuts down the 
work necessary to generate the higher modular invariant combinations. In 
fact, we will only use part of the information contained within the fusion 
rules to calculate these modular invariant combinations. 

Let us begin by defining a simple current J [23] as a primary field 
which has the following fusion rule with all other primary fields &: 


Jx$=6' (4.7.1) 


This differs from the usual fusion rules in an important way. The crucial 
observation is that just one primary field, rather than a sum, appears on 
the right hand side. We define the conjugate field J° such that it has the 
fusion rule J x J° = 1. 

Now let us multiply J repeatedly with itself n times: 


Jn =) ee (4.7.2) 


Since the fusion rules are associative, J, is also a simple current, that 
is, Jn x = ®,,, where ®,, is a single primary field. Soon or later, we will find 
that this process terminates because Jy = 1 for some N. Then the order 
N of J is the smallest integer N for which Jy = 1. The orbit created by 
repeated multiplication by J thus has N elements, such that Jo = Jy = 1, 
J; = J, and JE = Jn—n. Thus, by repeatedly using the fusion rules as 
a multiplication operator, we have generated an orbit of simple currents 
whose elements {J,,} form the group Zy. : 

(The orbit of J may not exhaust all possible simple currents. In general, 
other primary fields may generate other orbits of order N;, which in turn 
generate the group Zn, ® Zn, ®...@ Zn, ). 

Now let us analyze the monodromy properties of simple currents a bit 
more carefully. The fusion rules give us: : 


J(z)J(w) ~ (z — w)* Jo(w) (4.7.3) 


Let us now repeatedly multiply this fusion rule with J. Because Jy = 
1, we can show that the exponent a must equal r/N for some integer r. We 
call this integer r the monodromy parameter, which will label the modular 
invariants we construct using this method. 

Let.-the conformal weight of J under Lo equal hy. Since we know the 
conformal weight of J, then we can calculate the conformal weight h, of 
the element J,: 


rn(N —n) 
| 2N 


for r = 0,1,...,N —1 for odd N and r = 0,1,...,2N — 1 for N even. (We 
have imposed charge conjugation, so that hn = hny_n). 


a= mod 1 (4.7.4) 
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Now that we have calculated the orbit of operators created by repeated 
multiplication by J, let us now calculate the properties of the orbit created 
by repeatedly fusing another primary field with J. Its fusion rule gives 
us J(z)6(w) ~ (z — w)-*/"d,(w) for some integer monodromy parameter 
ibe 

Using the same arguments as above, we can determine the conformal 
weight of ®,, denoted by h(®,,) in terms of the conformal weight h() of 
@: 


rn(N—N)_ tn 
2N 8 60ON 
It is useful to introduce the concept of a conserved charge. The charge 
of @ with respect to J is defined to be Q(@) = t/N mod 1. Then we have: 


h(G,) = h(®) + mod 1 (4.7.5) 


Q(Fn) = == + — (4.7.6) 


We also define Q,(%) = nQ mod 1 to be the charge of @ with respect 
to the primary field Jy. 

This charge is important for several reasons. First, if we take the fusion 
rule @; x @; = Sas Cie Pr +..., we find that 


Q(%:) + Q(;) = Q(Gx) (4.7.7) 


for all fields which appear in the fusion rule. In other words, the charge in 
conserved under the fusion rule. 

Secondly, the charge Q(®) appears when we carry a field around a 
twist field. If we define a twist field as T(z, z) = J(z)J°(z), then we can 
calculate the effect that this twist operator has when we carry a primary 
field $;;(z,Z) (with left (right) moving conformal weight labeled by i(7) ) 
around the twist field. In general, we pick up the phase exp(27Q7) where 
the total charge Q is defined as Q = Q(@;) + Q(@;). 

So far, our discussion of simple currents has been rather formal. We 
now come to the heart of this construction. If we are given any modular 
invariant partition function (e.g. the trivial, diagonal one), we can form 
yet another modular invariant function in a simple way. First, remove all 
states in the diagonal sum which are not invariant under Q (that is, those 
which do not have integer charge) and then add all twisted sectors (all those 
obtained from the untwisted sector by acting with twist T)). 

Notice that this is a generalization of the usual trick used in construct- 
ing modular invariant partition functions on orbifold spaces, that is, we 
begin with a known modular invariant function on a given space, and then 
modify the sum by including contributions with different boundary condi- 
tions. In this way, new modular invariant combinations defined on orbifolds 
can be defined in terms of known modular invariants. 

There are several advantages to this approach. First, we do not have to 
know the entire set of fusion rules, just the set of fusion rules for the orbits. 
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Second, the group structure of the orbits is trivial, given by Zy. Third, we 
can always generate new modular invariant combinations starting from a 
known invariant, such as the diagonal one. The resulting modular invariants 
will, in general, be non-diagonal. 

When we employ this trick, we will find that if a particular conformal 
field theory has center Zy, then different modular invariant combinations 
are generated for every divisor of N if N is odd or if N and r are both 
even. In the case where N is even and r is odd, then this method generates 
different modular invariant combinations for every divisor of N/2. (The 
standard diagonal invariant Mj; = 6;; corresponds to the divisor being 1.) 

Let us examine how we turn a known modular invariant into another 
one by this procedure. For example, if N = 9 and r = 3, we can convert 
the diagonal modular invariant into a non-diagonal one. 

For Z,, we have: 


8 
>) ia? (4.7.8) 


all orbits i=0 


For Z3, we have: 


es Ixo +x3 + xel? + |x1 +x4 + x7|? + xo tx5 + xs|? (4.7.9) 
Q3=0 orbits 


For Zg, we have: 


>> leo t-x3 + x6]? + [001 + x4 +x7)(x2 +x5+%2)* tec] (4.7.10) 
Q3=0 orbits 


Let us now be more precise. Let J, be of order N in Zy. We be- 
gin by postulating that the following combination is modular invariant: 
ij Mizx(®i)x*(®;). Then we make the appropriate twists, so the modu- 
lar invariant turns into the combination: 


= 


N 


= 


N-1 
e2*Fl[Qn (Fi) +Qn(¥5)) ~~ Mi; X(Jnk Bi) x" (Ip, P;) Ee) 
j= k=0 


Notice that we have made two important changes in the original modular 
invariant combination. First, the sum over | projects onto charge singlet 
states. Second, the sum over k yields the twisted sector. 

From this, we can read off the explicit expression for the new modular 
matrix M corresponding to the new invariant. We find [23]: 


N N 
1 ; 2 l 
Mjoa,J0b = >; y | 5ab58,0+1 ). exp [rip (21a) + — r)] (4.7.12) 
c— 


p=1 
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where the label J%a belongs to the orbit of the field 6, when we act on it 
by the current a times. The sum over p has the effect that the expression 
equals one if the argument within the parenthesis equals 0 mod N and 
equals zero otherwise. Notice that the argument in the parenthesis is equal 
to Q(J%a) + Q( Jb). 

The previous equation is the desired expression. It yields new modular 
invariant combinations based on the method of simple currents. By applying 
the S and T matrices corresponding to modular transformations, we find 
that the previous expression is indeed modular invariant. For example, by 
explicit calculation one can show that SMS* = M, where S,4g generates 
modular transformations. 

These results, in turn, can be generalized to include Kac-Moody al- 
gebras. For example, let us analyze the affine SU(N),. Primary fields, as 
in the classical case, can be characterized by Young tableaux, which is a 
sequence of boxes representing how we symmetrize or anti-symmetrize the 
various indices. Let the symbol [mj,mg,...,mn-—1] with m, < k represent 
the Young tableaux of a primary field where m;, is the length of the ith row 
in the tableaux. 

Consider the primary field Y; = [k,0,...,0]. One can show that this 
primary field is a simple current. If we multiply Y; with another primary 
field, then we simply increase the length of the first k columns by one, 
yielding another Young tableaux. Y; is a simple current, and so are the 
elements of the orbit given by Y, = [k,k,k,...0], which has n rows of length 
k. Furthermore, with a little work, one can show that the fields given by Y,, 
are the only simple currents. The group generated by the orbit is isomorphic 
to Zn, which corresponds to the center'of SU(N),, which is also Zy. Thus, 
the center generated by the simple currents corresponds to the center of the 
corresponding Kac-Moody algebra. 

Given the explicit representation of the simple currents of SU(N), we 
can now calculate the conformal weights of the operators: 


_ kn(N —n) 
oy 
which agrees with our previous expression for conformal weights if we iden- 
tify the monodromy parameter r with the level k. 

Continuing in this way, we can derive all known results for the modular 
invariants of the various groups, such as the complete classification for 
SU(2)x, as well as partial results for SU(N). This method also generates 
new modular invariants. 


hn (4.7.13) 


4.8. Diagonalizing the Fusion Rules 


At this point, it appears as if the discussion on characters and modular 
properties seems divorced from the fusion rules discussed earlier. However, 
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because of the highly restrictive nature of conformal symmetry and be- 
cause a great deal of information is encoded within the S-matrix, there is 
a rather remarkable formula found by Verlinde [24] and proven by Moore 
and Seiberg [25] concerning the relationship between these two concepts. 
In fact, given the modular S matrix, which governs the modular properties 
of the characters, we can actually calculate the fusion rules! Specifically, it 
turns out that the fusion rules, which are determined by the matrix Ni, 
can be written in terms of the S matrix in the following fashion. 
First, we will show that S$ diagonalizes the fusion rules, that is, 


Ne = Oe (4.8.1) 


where the i) ’s are the eigenvalues of the N matrix. Using this, we can 
now present the full statement: 


snr sk 
k : Ce 


n 


This allows us calculate the fusion rules by inserting the modular S matrix 
into this equation, giving us an independent check on previous results and 
also giving us new fusion relations. For example, for SU(2),, we can use 
the fact that the S matrix is [see Eq. (4.5.21)]: 


se 6 
Sy» = (<5) sin pare (4.8.3) 


Inserting this expression into our formula for the N matrix via Eq. (4.8.2), 
we find that the fusion rules are given by: 


min(j-+i'jk-Jj-3’) > 
SU(2)k: — [b,] x [6;/] = > [e5”| (4.8.4) 


=a | 


[In passing, we remark that the fusion rules for the minimal model, found 
in Eq. (2.6.12), can be seen to be related to the SU(2), fusion rules if we 
make the substitution p; = 27; + land q; = 27; + 1.] 

To prove this remarkable result Eq. (4.8.2), which shows that the S 
matrix diagonalizes the fusion rules, we first remind ourselves that the 
character is obtained by tracing over the Verma module associated with 
the jth primary field [¢,]: 


xg(7) = Trig, cae) (4.8.5) 


for € = —c/24 and q = e?**. Notice that the S operation changes the ith 
character into a sum over the jth characters: 
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s: xu (-t)=Y shut (4.8.6) 


Our goal is to change the summation over the ith module to the jth module. 
To do this, we are going to manipulate this expression by changing the basis 
of the summation in the trace. 

Within the trace, let us insert the number one, which does nothing. 
The trick, however, is to rewrite the number one as the operator product 
expansion of a primary field ¢; and its conjugate field. In the trace opera- 
tion, let the a cycle represent the line of equal 7, and the b cycle the line 
of equal c. 

Now, move the @; field along the 7 direction, until it hits the summation 
over the ¢; primary field. When ¢; and ¢; come close to each other, we 
must use the fusion rules. Notice that the effect of using the fusion rules is 
to change the bases of the summation in the trace. 

Let us define this operation as ¢;(b), which is an operator, not a field. 
Thus, we have: 


bi(b)xj = NExk, Ca = MM, (4.8.7) 


In the second equation, we have inserted ¢; into the trace and then moved 
it along an a cycle, that is, a line of equal +. This does not change the basis 
of the states at all, but simply inserts a constant matrix into the trace. 

There is a big difference between these two expressions. The transfor- 
mation along the b cycle turns the 7th character into a sum over the kth 
characters, while a transformation along the a cycle simply-“maps the jth 
character back into itself. | 

The important step is now to perform the S operation on both of 
the above equations. The a cycle and b cycle are interchanged, while the 
characters change via the S matrix. Thus, the S operation changes these 
two relations into the following: 


di(a) Sixx =NESkx:, — i()S¥xk=APShxr (4.8.8) 
By simple manipulations of these two equations, we now have: 


hE. = Sy Ge Ware (4.8.9) 


We also know that N*, = 6* (because the fusion of the ith Verma module 
with the identity again yields the ith Verma module). Putting 7 = 0 into 
the previous expression, we get: 


Mr) = 56”) / 52 (4.8.10) 


Inserting this expression into the previous one, we now have the desired 
expression. [We also note that Eq. (4.8.2) can be proven more rigorously 
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using the pentagon and hexagon formula [25] of rational conformal field 
theory.| It will be helpful to illustrate this with some examples. 

Let us take the case when there are no primary fields at all, except 
for the identity. This may seem trivial, but it is actually quite illustrative 
of several important principles. In this case, the only primary field is the 
identity, and we have a simple expression for the action of T and S: 


T: yore 1. yaw (4.8.11) 


soS=1. 
We must also satisfy the relation (ST)? = 1; therefore, we have the 


constraint [eemtiee! 24))° =1or: 
c= Omod8 (4.8.12) 


For example, for k = 1, this can be satisfied for the affine groups Eg (where 
c = 8) and for SO(16) (where c = 16). 

Let us now examine the case when there is only one nontrivial primary 
field. In this case, the only possible fusion rule is: 


[9] x [6] = 1+ nf] (4.8.13) 


Then, a representation of the S and T matrices are as follows: 
a5 cos? sin@ 
~ \sin@ ~cosé 
2ni(—c/24) : 
ES G se ik ) 
0 eS ni(h—c/24) 


Now let us impose two constraints. The first is that the S matrix 
diagonalizes the fusion rules. This easily leads us to tan@ = X. Then, the 
second constraint (ST)? = 1 reduces to: 


(4.8.14) 


12h — c = 2(mod 8), cos 2ah = —5n) (4.8.15) 


These values are only defined modulo factors of 8. (This is because we can 
always tensor any conformal field theory with an independent affine Es 
theory, which has c = 8, which does not change the value of h or the fusion 
rules.) 

For n = 0, one example is the level 1 SU (2) model. For n = 1, some 
examples include the level 1 G2 and F, WZW models. (For higher n, we find 
that there are no consistent solutions to the various modular constraints. ) 
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4.9. RCFT: Finite Number of Primary Fields 


In this section, we will briefly review the arguments used to show that if 
the number of primary fields is finite, then the values of h and c must be 
rational numbers. We call these theories rational conformal field theories 
(RCFT). Let us begin with a sphere with four punctures, with primary 
fields ¢; located at each of the punctures and then analyze the Dehn twists 
that one can make on them [26]. - 

Let 7; equal a Dehn twist where we twist around a circle that wraps 
around the ith external puncture. Let 7; equal a Dehn twist where we 
twist around a circle that wraps around both the ith and jth puncture. By 
explicitly performing the Dehn twists on a sphere, we can show that the 
following relation holds: 


T1T2T3T4 = 712713723 (4.9.1) 


Our strategy is now simple: we will perform the Dehn twists on a tensor 
defined on the product space of four primary fields. By equating the action 
of the left-hand side with the action of the right-hand side, we will have an 
enormously powerful restriction on both the values of h and c. 

The action of each 7; is trivial. The operator e?7*(40—“0) generates the 
twist. We fix the eigenvalue of Lo to be equal the eigenvalue of Lo modulo 
integers. Then, we define the phase: 


oy = e@ mths (4.9.2) 


The action of the Dehn twist 7; on the/ product space of the primary fields 
is then just a multiplication by a;, since the eigenvalue of Lo (appearing 
within the twist operator) is h,. 

Let the dimensionality of the product space for the product of four 
primary fields be labeled N;;,;. Then, the action of the Dehn twists is: 


71727374 —> 410203041 (4.9.3) 


where I is the identity operator, which is an Njj;x1 * Nijxi matrix. If we take 
the determinant of this matrix, the answer is: 


(ay 72003004) Ni9*! (4.9.4) 


The action of the other Dehn twists on the right-hand side of Eq. 
(4.9.1), however, is more complicated because the action of 7;; is not diago- 
nal. In general, the action of this Dehn twist mixes up the representations, 
so that the resulting matrix cannot be sinmultaneously diagonalized for all 
such Dehn twists. 

The answer is to diagonalize each Dehn twist, one at a time. Take 
712. Now, slice the sphere in half, so that the pairs of punctures 12 and 34 
appear on opposite sides of the slice. Place a primary field ¢, at the slice. 
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Notice that we now have two smaller spheres, each with three punctures, 
with primary fields 1, 2,r on one sphere and 3, 4,r on the other sphere. The 
Dehn twist 712 is then represented by exp(27iL9), where Lo acts on the rth 
primary field. The contribution of this Dehn twist (in the basis where the 
rth space is diagonal) is given by: 


aia Naar (4.9.5) 


where N;;, are the usual fusion coefficients. 

If we take any other Dehn twist and slice along any other channel, we 
can still use the rth Hilbert space if we use a matrix U that changes basis. 
Thus, 

723 > Ute,U—1 (4.9.6) 


The action of all three Dehn twists, over all slices, will contain many 
U matrices. However, if we take the determinant of the resulting product, 
all of them will conveniently drop out. Thus, taking the determinant of the 
right-hand side and setting it to the determinant of the left-hand side and 
equating, we arrive at the final formula: 


(apajaRay) Nie! = [on Mer (4.9.7) 


T 


where: 
Nijkisr = NijgrNeir + NokrNair + Nike Njir (4.9.8) 


(Each term in the expansion on the right-hand side corresponds to a slice 
that bisects the sphere in half, such that we place the rth space of primary 
fields at the slice.) 

Now, we make the crucial assumption: the number of primary fields is 
finite. Assume that there are N primary fields. Then, the previous equation 
is highly overconstrained. There are only N ‘untae (corresponding to 
the a,), but there are: a 


(N +1)(N +2)(N +3)(N + 4)/4! (4.9.9) 


relations among them. Our goal is to show that, unless h and c are rational, 
there is no solution for finite NV. 

Let us first show that h must be rational. Let us set i = 7 = 
Then, there are N equations in N unknowns. 

The ith equation reduces to: 


(cy) A Nits — Nessa, II an Nitti.r | (4.9.10) 
Pe20 
If we define the matrix: 
Mir = bri(4 Nissi ~ Nessa) + (1 — 6r4)(—Nuasir) (4.9.11) 


then our constraint equation reads: 
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Mh=0mod1 (4.9.12) 


where h is now a column matrix with entries given by h;. It is not difficult 
to show that M is invertible and has a nonzero determinant. Then, 


kh = 0mod1 (4.9.13) 


where k = det M. This implies that the h; are multiples of the inverse of k, 
so that h; are rational, as desired. Next, let us show that c is also rational. 

We recall that S generates modular transformations that interchange 
the a and 6 cycles, while T twists the a cycle. They satisfy: 


(Sm =1 (4.9.14) 


As before, let us take the determinant. One complication is that the rep- 
resentations may or may not be self-conjugate. If they are self-conjugate, 
then S? = 1. If they are not, then $+ = 1. 

Thus, let us raise the previous equation to the 2nd or 4th power and 
then take the determinant. We find, in these two distinct cases, 


det(T)®=1, det(T)?=1 (4.9.15) 


Now, treat this equation as an operator equation, operating on the 
product space of primary fields of the sphere with punctures. Since the 
eigenvalues of the T' matrix are given by exp|2ai(h; — ¢/24)], we know that: 


N , 
2 
det T = |] a, exp ( =) (4.9.16) 
) 


Raising this to the 6th or 12th power, we then find: 


det(T)® = exp |- EY) [len =1 


‘ ae (4.9.17) 
det(T)!? = exp [— (N + 1)nic] [| (ar)? =1 


Solving for c, we find that it must be rational if h is rational, as desired 
(26]. 

Last, before ending this chapter, let us remark on the completeness of 
our analysis. For tree graphs, it can be shown that the B and F' operators 
and the hexagon and pentagon identities they obey enable us to completely 
determine the rational conformal field theory. We have replaced the infinite 
set of Virasoro generators and infinite set of elements within Verma modules 
to a finite set of equations given by the 67 formalism. In some sense, they 
can be treated as the defining relations for a rational conformal field theory. 
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At the higher loop level, we see that this is not enough. We must also 
define the S and T operators. However, it can be shown that if the one- 
loop graph for a rational conformal field theory is modular invariant, then 
all higher loop graphs must also be modular invariant using the combined 
set of operators [27]. This is a gratifying result, because it shows that the 
braiding and modular operators that we have so patiently constructed in 
the past few chapters are actually enough to define the entire modular 
invariant multiloop series. No new operators are necessary. We have, in 
some sense, finished the program of defining the perturbation series for the 
rational conformal field theories. 


4.10. Summary 


Because of the large number of conformal field theories that one can write, 
we wish to impose physical conditions on them. One of the most important 
is modular invariance, that is, we wish to subtract those global confor- 
mal transformations that cannot be continuously deformed to the identity. 
Perturbatively, when we sum over inequivalent Riemann surfaces, we must 
divide by the modular group, or else we will have infinite overcounting. 

A torus, for example, can be represented by a parallelogram whose op- 
posite sides are identified. If this parallelogram is placed on the z axis, with 
one corner at the origin, then the complex parameter 7 uniquely specifies 
the torus. However, if 7 is mapped into 


YES ome BP dh J 


10. 
Ss T— —-I/r & vee, 


then the torus is mapped into itself. These two transformations, in turn, 
generate the modular group SL(2,Z), defined by: é 


aT +b 
Cr a 


T= 


(a,b, c,d € Z, ad — bc = 1) (4.10.2) 


We wish to calculate the effect of the modular group on a represen- 
tation of the conformal group. Specifically, we wish to calculate how the 
characters, which count how many states there are at each level, transform 
under the modular group. 

The character is defined as: 


Tra = SS 2 dim a z” p(n) (4.10.3) 
m=O « = 


In general, we will find that modular invariant characters are con- 
structed out of the characters as follows: 
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Z=S-xiNavxo (4.10.4) 


for some constant matrix Nop. 

The characters for a free fermion field, c = 4, can be calculated by tak- 
ing into account the periodic (or antiperiodic boundary conditions). There 
are four ways in which to specify the boundary conditions, depending on 
whether the boundary conditions on opposite sides of the parallelogram are 
periodic (Ramond) or antiperiodic (Neveu-Schwarz). 

We can, however, also HCarEBge them according to the conformal 
weights. we Bnew, Hie © = s 3 system has three primary fields, with 
weights 0 , 3, ce By veomaemgiine the above characters, we can write the 
characters for each conformal weight: 


x0 = 5[x(A,4) +x(P, A)] = (2+ 2) 
5[x(A,4) - xP, cyt 2) (4.10.5) 


Xe = gl. ao. S 


The object of this exercise is to write a modular invariant combination of 
characters. Since a modular transformation reverses the a and 6 cycles of a 


torus, it is easy to calculate how the characters transform. Thus, a modular 
invariant combination is given by: 


2 


il 
Zising = 5 (195/n| + |9a/n| + |92/n| + |91/nl) 


=aoNod XIX Xa 


(4.10.6) 


Similarly, we can calculate the characters for the minimal models. This 
can be done by calculating the character for the irreducible Verma module 
and then successively subtracting out the states given by null modules. The 
answer, after an infinite series of subtractions, is: 


oo 


Xrs — Ge Ge S- (qh2metra ee qh2mktr.-s) (4.10.7) 


k=—0o 


Likewise, we can calculate the properties of the minimal model’s char- 
acters by making modular transformations on them: 


Meany ert Ne aaa) (4.10.8) 


A bit more difficult is the calculation of the character under an S transt{or- 


mation: 
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Xrs(q) = oe SrsXpq(q) (4.10.9) 


Pq 


where: 


8 Me arp . TS 
Dare ||) sai —1)+9)t9) gin 4.10.10 
oe en (-1) a ( ) 


It is now easy to calculate some modular invariant combinations of 
characters. For example, taking a diagonal combination of characters (as in 
the free fermion case) yields a modular invariant. Less obvious are combi- 
nations such as: ' 


1 
Z=; S- Ss, eee eenre si: (4.10.11) 
r sodd 


To find more general modular invariant combinations, it is useful to 
use the characters of the Kac-Moody algebras, which can be defined as: 


x0) Co) =a. Shey (aici #6) (4.10.12) 


Notice that it has more parameters because we can trace over both Lo and 
the Cartan subalgebra. 

The key to constructing these characters is the Weyl-Kac formula, 
which is a generalization of the classical Wey] formula, which allows us to 
calculate the dimension of any representation of any Lie group. 

The Weyl-Kac character formula is: 


Dew ea 
Diwew €(w)ew(?)-p 


where we sum over Wey] reflections of the root vectors. These reflections 
are defined as: 


ch L(A) = (4.10.13) 


Wa(A) = A— aA, a) (4.10.14) 


where the Wey] rotation operator w, within W is associated with the root 
a. 

When applied to SU(2),, the Weyl group reduces trivially to reflections 
around the Lz axis and translations along this axis. Thus, we find an explicit 
form for the characters: 


xalr)= nr) D7 [2n(k +2) + (27 + 1) eit en(k+2) 4254177 /2(4+2) 
n=—co 


(4.10.15) 
where A = 27 + 1. 


It is now a straightforward exercise to make modular transformations 
on this character and obtain a representation for the T and S matrices: 


References eS 


9 \1/2 ; 
5) = ( ) — m(2j + 1)(2;’ +1) 


i) \k+2 k+2 


(ie) _ ((27+1)? 1 
T;; = exp {in heen = 8 on 


(4.10.16) 


vdtliein = Ose 2s 

The modular invariants that we can construct for the characters for the 
minimal model and SU(2), have a mysterious regularity. In particular, we 
can place them in one-to-one correspondence with the simply laced A-D-E 
Lie groups. The origin of correspondence is not well understood. 

Because the S matrices contain a large amount of information concern- 
ing the conformal field theory, we suspect that many of the properties of 
the field theory can be rewritten in terms of the S matrix. Specifically, we 
find that the coefficients found in the fusion rules can be written in terms 


of the S matrix: A 
SeuSees, 
ie yO 

Ni; = S se (4.10.17) 


We see that the S matrix diagonalizes the fusion rules. Because of this 
relationship, we can independently check many of our results previously ob- 
tained for the fusion rules by inserting the S matrix into the above equation. 
For example, we can derive the fusion rules for SU(2),: 


min(j+j’,k—-Jj—J’) 
[45] x [457] = SS [Gy] (4.10.18) 
i" =1j-9"| 


References 


. J. Shapiro, Phys. Rev. D5, 1945 (1972). 
_K. Kikkawa, B. Sakita, and M. A. Virasoro, Phys. Rev. 184, 1701 (1969). 
.C. S. Hsue, B. Sakita, and M. A. Virasoro, Phys. Rev. D2, 2857 (1970). 
For reviews, see Refs. 4 to 6. 
A. P. Ginsparg in Fields, Strings, and Critical Phenomena, Elsevier, Amsterdam 


WNe 


1989). 

5. T Ihe Candy in Fields, Strings, and Critical Phenomena, Elsevier, Amsterdam 
1989). 

6. Ce ee Fields, Strings, and Critical Phenomena, Elsevier, Amsterdam 
1989). 

the Ce etc ande in Vertex Operators in Mathematics and Physics, J. Lep- 


owsky, S. Mandelstam, and I.M. Singer, eds., Springer-Verlag, Berlin and New 
York (1984). 

8. A. Rocha-Caridi and N. R. Wallach, Math. Zeitschr. 185, 1 (1984). 

9. J. L. Cardy, J. Phys. A17, L385 (1984). 

10. J. L. Cardy, Nucl. Phys. B270 [FS16], 186 (1986); B275, 200 (1986). 

11. D. Friedan and S. Shenker, Nucl. Phys. B281, 509 (1987). 

12. D. Kastor, Nucl. Phys. B280, 304 (1987). 

13. Y. Matsuo and S. Yahikozawa, Phys. Lett. 178B, 211 (1986). 


134 Chapter 4. Modular Invariance and the A-D-—E Classification 


14. A. Erdelyi, Higher Transcendental Functions, McGraw Hill, New York (1953). 
15. F. Gliozzi, J. Scherk, and D. Olive, Nucl. Phys. B122, 443 (1983). 

16. V. G. Kac and D. Peterson, Adv. Math. 53, 125 (1984). 

17. D. Gepner and E. Witten, Nucl. Phys. B278, 493 (1986). 

18. A. Cappelli, C. Itzykson, and J.-B. Zuber, Nucl. Phys. B280, 445 (1987). 
19. A. Cappelli, C. Itzykson, and J.-B. Zuber, Comm. Math. Phys. 113, 1 (1987). 
20. D. Gepner, Nucl. Phys. B280 [FS18], 445 (1987). 

21. C. Itzykson, Nucl. Phys. Suppl. 5B, 150 (1988). 

22. A. Kato, Mod. Phys. Lett. B3, 3918. 


23. A.N. Schellekens and S. Yankielowicz, Phys. Lett. 227B, 387 (1989). 

24. E. Verlinde, Nucl. Phys. B300, 493 (1988); R. Dijkgraaf and E. Verlinde, 
Nucl. Phys. Suppl. 5B, 110 (1988). 

25. G. Moore and N. Seiberg, Phys. Lett. 212B, 451 (1988). 

26. C. Vafa, Phys. Lett. 300B, 360 (1988); G. Anderson and G. Moore, Comm. 
Math. Phys. 117, 441 (1988). 

27. G. Moore and N. Seiberg, Lectures on RCFT, 1989 Trieste Summer School. 


Chapter 5 
N=2 SUSY and Parafermions 


5.1. Calabi-Yau Manifolds 


As we have seen, the critical dimension for the bosonic (super)string is 26 
(10); therefore, we must compactify the extra dimensions so that we have 
an acceptable four-dimensional phenomenology. Because, to any order in 
perturbation theory, the dimension of space-time seems perfectly stable, 
we must necessarily resort to nonperturbative methods to compactify the 
unwanted dimensions. However, our techniques for analyzing nonperturba- 
tive phenomena are notoriously primitive, and at present there is no way in 
which nonperturbative phenomena can be systematically analyzed for the 
string. 

Historically, this undesirable situation may be compared with the de- 
velopment of gauge theory itself. Gauge theory was first formulated (using 
Kaluza—Klein methods) by O. Klein in the 1930s. Its present-day incar- 
nation is due to Yang and Mills, who reformulated the theory in 1954. 
However, because local gauge invariance was unbroken, it meant that the 
vector particles were massless and hence unacceptable for any weak inter- 
action phenomenology. The mathematical mechanisms necessary to con- 
vert the theory into a useful phenomenological tool were unavailable in the 
1950s. 

It was not until 20 years later, with the development of sponta- 
neous symmetry breaking, the Higgs mechanism, and the renormalization 
group, that an acceptable phenomenology became possible. We realize now 
that gauge theory is the fundamental theory of all particle interactions. 
The method of spontaneous symmetry breaking made it possible to use 
SU(2) ®U(1) to describe the electro-weak interactions, and the method of 
the renormalization group made it possible to use SU(3) color to describe 
the strong interactions. 

Today, we may be in a similar situation, where the mathematical tools 
to break string theory down to four dimensions are simply not available. 
We will, therefore, have to make certain simple and natural assumptions, 
without any justification whatsoever. What is remarkable is that, with a 
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few simplifying assumptions, a rich phenomenology that comes remarkably 
close to describing the real, low-energy world is possible. 

At present, compactification schemes {1] come in a bewildering variety 
of forms, which have given us a rich source of phenomenology: 


1. free fermions and free bosons [2-5] 
2. orbifolds [6], and 
3. Calabi-Yau manifolds (7, 8}. 


In this chapter, we will concentrate on the last scheme, the Calabi-Yau 
manifolds. : 

To see how these manifolds enter into our discussion, our first assump- 
tion is that 10-dimensional space-time compactifies to some maximally 
symmetric manifold M4, which satisfies: 


Ryvep = (R/12)(guagv~e a Iuh9va) (5.180) 


and some six-dimensional compact manifold, called K, so that: 
Mip ~ Ma @ K (5.172) 


The second assumption is that N = 1 space-time supersymmetry 
survives the compactification process. At present, there is absolutely no 
physical evidence for supersymmetry. The bosonic partners of the quarks, 
neutrino, or electron have never been seen. However, supersymmetry is 
a highly desirable phenomenologically because it solves the “hierarchy,” 
which plagues any unified theory of strong, weak, and electromagnetic in- 
teractions. (Briefly, we wish to preserve two different energy scales in any 
grand unified theory: the GUT energy where unification takes place, which 
is just short of the Planck energy, and the energy found in our own low- 
energy world. However, higher order Feynman diagrams will mix these two 
scales, so the masses of the particles will be unacceptably renormalized. We 
need a new symmetry, containing the scalar Higgs particles, to keep these 
two energy scales from mixing. Only supersymmetry, which can put scalar 
particles and fermions in the same multiplet, can perform this feat.) 

For our third assumption, we will postulate about the vanishing of 
certain fields, which we shall not need in our discussion. 

Given these three natural assumptions, we find some powerful results: 


1. the manifold K is, in fact, a Calabi-Yau manifold, and My, is a 
Minkowski space. It is possible to find Calabi-Yau manifolds that re- 
produce the necessary SU(3) ® SU(2) @ U(1) low-energy symmetry 
group. 

2. there must be a hidden, global, N = 2 superconformal symmetry. This 
N = 2 symmetry, in turn, is the key to giving us concrete examples of 
conformal field theories compactified on Calabi-Yau manifolds. 
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At first, the assumption that N = 1 space-time supersymmetry in four 
dimensions survives the compactification process seems to be an inconse- 
quential one, without much physical content. However, we will shortly see 
that it is extremely powerful and gives us enormous restraints on the nature 
of the four- and six-dimensional manifolds. 

Let us begin by analyzing the transformation properties of the massless 
sector of superstring theory [7]. The spin 3 particle, the gravitino, which 
is the supersymmetric partner of the graviton, transforms as follows under 
supersymmetry: 


dvi = [€Q, Yi] (Sales) 


where 2 = 1,2,...,6. Because the supersymmetric generator Q annihilates 
the vacuum, the vacuum expectation value of 6%; must vanish: 


~ (0[6y|0) = 0 (5.1.4) 


In the classical limit, the variation of the fermionic field and its vacuum 
expectation value are the same, so we now have: 


bp; =« Die+---=0 (seks) 


Therefore, € is a covariantly constant spinor. Usually, in flat space, to say 
that a scalar field is covariantly constant means that it is a constant. How- 
ever, for spinors in curved space, this is not so; being covariantly constant 
places restrictions on the spin connection. 
Let us now take the derivative of this equation, and antisymmetrize. 
We find: : ; 
Di Dye ~ Rijn (I™)e = 0 (5.1.6) 


where the I’ are Dirac matrices in six dimensions. By contracting indices, 
we can, in turn, show that: 


ho e=( (ale) 


that is, the manifold K has a Ricci flat curvature R,; = 0. 

Furthermore, the fact that ¢ is covariantly constant means that there 
is a preferred direction in the six-dimensional tangent space. For example, 
if we take an unconstrained spinor and move it by parallel displacement, we 
pick up a factor D,e. If we take this spinor and move it completely around 
in a circle, we pick up Dj;Dj)e. Thus, by being parallel displaced around 
a circle, the spinor has rotated by a certain angle. If we make repeated 
circular paths, each time coming back to our starting point, then we will 
generate a group of displacements, which is nothing but SO(6), which is 
isomorphic to SU(4). The group SO(6) is called the holonomy group of the 
manifold. 

Normally, a spinor with SO(6) symmetry has eight components. How- 
ever, this can be decomposed as 8 = 4@4. Under SU(4), these two quartets 
4 transform with opposite chirality, so we will only take one of them. 
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The next question is what is the largest subgroup of SU(4) that leaves 
invariant the 4 of SU(4)? By an SU(4) transformation, we can always put 
€ into the following form: 


(5.1.8) 


— 


0 
0 
0 
€0 


It is now obvious that the largest subgroup of SU(4) that leaves € invariant 
is the 3 x 3 subgroup of SU(4), that is, SU(3). Furthermore, out of the 
covariantly constant tensor, we can show that the following object is a true 
tensor: 

J; = —ig'* el y.je (5.1.9) 


This tensor plays a key role in the analysis of manifolds, because it has 
interesting properties: 
Jil; ==0,, De 0 (5.1.10) 
The first property of the tensor J¥ is analogous to the number 7 found 
in ordinary complex variable theory, which squares to —1. In fact, whenever 
one can write the tensor J* on a manifold, whose square is —1, it means 
that the manifold is almost complez. (To be fully complex, one has to show 
that all its transition functions are holomorphic). 
The second property of this tensor, that its covariant derivative is 
zero, means that the manifold is Kahler, that is, its metric (in complex 
coordinates) can always be written as the derivative of a single potential 


function: 
ag = Olen) 
i. Oz; Oz; 


Thus, from the rather simple assumptions we mentioned earlier, we conclude 
that the manifold K possesses a large set of stringent properties, which 
collectively identifies it as a Calabi-Yau manifold [7, 8}. 

In general, these Calabi-Yau manifolds are quite complicated. How- 
ever, it is possible to write examples of such manifolds and give their 
topological invariants. One way of constructing such manifolds with SU (3) 
holonomy is to consider the complex projective space C Py, which is a com- 
plex N + 1-dimensional space, where the points Z; are identified with \Z; 
for some nonzero complex number. The simplest six-dimensional Calabi— 
Yau is then CP, (which is eight dimensional) with the following complex 
constraint: 


(5.1.11) 


Se =0 (5.1.12) 


oT 


In this way, by taking CPy and properly placing enough constraints, one 
may obtain a series of Calabi-Yau manifolds. 


5.1. Calabi-Yau Manifolds 139 


Although Calabi- Yau manifolds are in general exceedingly complicated, 
without explicit expressions for their metric tensor, what is remarkable is 
that one is able to compute many of their important phenomenological 
properties. We will conclude this section with a short discussion of how to 
compute one of the most important phenomenological properties of these 
manifolds, their Yukawa couplings [9-10]. From this, we can extract a vast 
number of phenomenological predictions from very general arguments. 

We will study one of the most interesting Calabi-Yau manifolds, due 
to Tian and Yau [11], which has precisely three generations of fermions. 

This manifold K is described by two sets of four complex co-ordinates 
x; and y; defined on C’P3@C P3 (that is, the point x; and y; is identified with 
Az; and \’y; for complex A and X’). This space is subject to the constraints: 


3 3 3 
p=) 22=0; po=S oy =0; ps=) oaiyi=0 (5.1.13) 
an o. 


i=0 


This space has Euler number -18. However, this number can be reduced 
by considering the Z3 symmetry (for a = e?7?/ ey; 


(oy, 22, z3) ~~ (29,0721, 022, 023) (5 1 14) 
(yo, ¥1, ¥2,¥3) — (yo, ay, aye, arys) 

Then the reduced manifold K/Z3 has Euler number -18/3 = -6, which 
gives us 3 fermion generations. 

Since it is difficult to calculate the Yukawa couplings without a knowl- 
edge of the explicit form of the metric tensor, we use a trick, exploiting the 
fact that one can write everything in terms of the three constraint equations 
Pi- 
To extract the Yukawa couplings, we examine the low-energy limit of 
the heterotic superstring theory, which yields ordinary supergravity coupled 
to matter fields. We will find that the Yukawa couplings are contained 
within the point particle supergravity fermion-boson couplings wy - Dw. 
Written out explicitly, this coupling is given by: 


LS pers V—9 bay vB Amc f4?° (5.1.15) 


where A, B,C are Eg @ Ex indices and m is a 10 dimensional Lorentz index. 

A vast number of simplifications occurs when we power expand this 
expression in terms of harmonics defined on the product manifold K @ 
My,. The original 10 dimensional space, labeled by w, splits into the 4 
dimensional x space and 6 dimensional y space. Therefore, the zero modes 
of a field A(w) can be power expanded as: 


A(w) = BS, A*(x) @ At(y) (5.1.16) 
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where we sum over harmonics. Furthermore, because of supersymmetry, we 
can, to lowest order, write w in terms of the vector field via: ® = Any" C+ 
where yC4 = +¢4 and y = 745...710- 

Splitting the z and y integration, we have: 


(be i d‘z J—g bp y" AR ve ape 


Gijk = [es (Go? Mew Ane Aee = A w A Agi A Avj A Ache?” 
(5.1.17) 
where Agi = Amaidz™ and where Wmnp = Cen Wee Gs A, B,C are now 
Eg indices in the 27 representation, dgg@ is the symmetric cubic invariant 
in the 27 of Eg. a,b,c are SU(3) tangent space indices. m and m represent 
the space indices of the six dimensional manifold. 

Notice that all dependence on the fermion field ~ has been collected 
into the term w, so that the dependence of the Yukawa coupling g;;, rests 
entirely on the gauge field A,;. 

Although the problem of calculating the Yukawa coupling g;;, at first 
seems intractable for an arbitrary Calabi-Yau manifold, we can use several 
more tricks. First, the gauge field A® is a closed one-form, modulo exact 
forms, and hence spans the cohomology space H+. Our task is to re-write 
these gauge fields in terms of the topological properties of the manifold. To 
do this, we will use a result from deformation theory [10]. 

The key observation from deformation theory is that there is a one-to- 
one correspondence between the elements of H! and linearly independent 
polynomials or deformations g* that one can add to the defining polynomi- 
als p;. (This correspondence can be seen by noting that different choices for 
the defining polynomials give rise to physically distinct but topologically 
equivalent vacua.) 

Remarkably, we can re-write the gauge fields A® in terms of these 
polynomial: 


At yo ada" (5.1.18) 


where xf. is the extrinsic curvature (which is a known function of the 
constraint polynomials p*). One can show that the right hand side is a closed 
one-form and also spans H'. We have now made the crucial transition, 
expressing the gauge field A® in terms of purely geometric quantities, that 
is, the polynomials q*. 

There is some arbitrariness, of course, in how we choose the q®. Since 
the physics remains the same when we make a gauge transformation on the 
gauge field, the physics must also remain the same if we make a certain 
change in the polynomial g*. More precisely, we can always maintain the 
properties of H+ by adding to gq? any linear combination of the original 
constraints p* and its derivatives p*, with respect to x; and y;: 
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qe ~ gi + XAp% + Mp? (5119) 


where X4 and c® are constant coefficients. 

For the case in question, we find that there are nine linearly indepen- 
dent q’®. 

Now let us insert the expression for the three gauge fields appearing 
in Eq. (5.1.18) in terms of three polynomials q°, r°, and s® into the defini- 
tion of the Yukawa couplings appearing in Eq. (5.1.17). Since we are only 
interested in the ratio between between different Yukawa couplings, we can 
factor out unessential terms, so that Eq. (5.1.17) becomes: 


Disk ~ f aferbeett.. (5.1.20) 


All Yukawa couplings are now defined in terms of the symmetrized 
product of three polynomials qg'*r°s°), Because of the degree of freedom in 
choosing q*, we can always add combinations of the original constraints p* 
and their derivatives p%, to this symmetrized polynomial and still preserve 
the desired properties: 


grea) ~ girrs®) 4 XA (p°)) + cab’ (5.1.21) 


In general, different choices of the polynomials g@r®s° yield different 
Yukawa potentials. However, by repeatedly using these equivalence rela- 
tions, we find that they can all be set equal to the same polynomial, given 
by ee ziyi- In other words, no matter which combination of symmetric 
polynomials we started with, we can use the equivalence relation to reduce 
them to the same polynomial, times a constant «: 


aS 
gtres) w K(q,7, 5) Il LiYi (5:1,22) 
c= 


Notice that the Yukawa coefficients are now just encoded within the 
«(q,7r, 8). Different choices for the symmetric polynomials correspond to 
different «(q,r, s). 

Our strategy to calculate numerical values for the Yukawa coefficients 
is now a follows. A particular choice of lepton and meson fields yields a 
particular choice of polynomials q*,r%,s°. We then take the symmetrized 
product of these three polynomials, use equivalence relations to reduce it 
down to the monomial [], z:y;, and then calculate the coefficient «(q, r,s). 
In this way, we can calculate the numerical ratio between any two Yukawa 
couplings, which was our goal. (There is one technical point: we must also 
calculate the kinetic terms for each of these fields and diagonalize and 
normalize them properly. This is easily done by a simple normalization of 
the fields.) 
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In summary, we have now given a geometrical derivation of the Yukawa 
couplings without using an explicit form for the metric tensor of the Calabi- 
Yau space. The Yukawa couplings g;;~ ~ «(q,7,8) depend only on the con- 
straint polynomials p;, which define the space, and the particular choice of 
polynomials g*, which define the isospin of the field we are analyzing. From 
these couplings, of course, we can extract a wealth of phenomenological 
information about the theory. 

As one can see, the Calabi-Yau manifolds are quite complicated and 
difficult to construct because of their high degree of nonlinearity. Originally, 
it was thought that this complication would prevent any simple analysis of 
their conformal properties. Thus, it was quite remarkable when Gepner used 
a naive tensoring of the N = 2 minimal series to generate conformal field 
theories that had all the properties of the Calabi-Yau compactification. A 
seemingly intractable, nonlinear problem was reduced to simple represen- 
tations of N = 2 superconformal models. In this chapter, we will discuss 
the ramifications of this result. The calculation of Kazama and Suzuki, for 
example, shows that Gepner’s original construction could be generalized to 
yield N = 2 models with the gauge group Eg ® Eg, which is phenomeno- 
logically desirable. 


5.2. N=2 Superconformal Symmetry 


Although the N = 2 superconformal symmetry is not a symmetry of physi- 
cal states, the study of such models has proven to be a key aspect of realistic 
phenomenology. The N = 2 superconformal algebra differs from the usual 
N = 1 algebra in that there are now two distinct fermionic components to 
the energy-momentum tensor, G4(z), and that there is also another U(1) 
current J(z). The operator product expansion is given by: 


ej2 2T (z) OT (z) 

(w—z)* (w—z)? w-z 
I) | OJ(z) 

(w — z)? els 


MOE ae fe OG 


T(w)T(z) ~ 


T(w)J(z) ~ 


(w—z)* w—z 


(5.2.1) 
ene oe 
J(w)Gs(z) ~ pe 
Ce (w)G (2) ~ pA 4 EE, 4 Ee) + OMe) 


Written in components, this algebra can be written as: 
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[Ln, Lm) = (2 — m)Lntm + (1/4)e(n? — 2) bn4m,0 
bees Gi] = (n/2 ae Gus 

(Las de — i ae, 

ee Jn] = cCMbm,—n 

(ee Gs] = ic! Go, 


{Gi Gi} = 267 Lp 45 + te (r — 8) Ireg +E [r? — (1/4)] 66,5 


(5.2.2) 


where ¢ = c/3 and Gi ~ G! + iG”. 

Normally, we consider N = 2 superconformal symmetry to be unphys- 
ical. However, we now come to the interesting but unexpected observation 
that N = 1 (space-time) supersymmetry can give rise to a global N = 2 
(world sheet) superconformal symmetry [12-15]. Since N = 1 space-time 
supersymmetry is the key to modular invariance (via the GSO projection), 
we see that N = 2 superconformal symmetry may play a key role in con- 
structing physically realistic conformal field theories. Not only does the 
N = 2 theory arise from N = 1 space-time supersymmetry, but it is also 
useful for compactifying on Calabi-Yau manifolds. 

We recall that the NS-R superstring has local N = 1 superconformal 
symmetry and N = 1 space-time supersymmetry. However, after com- 
pactification, we can show that there is a hidden N = 2 superconformal 
symmetry that emerges. We can see this is several ways, at the level of 
operators [14] or at the level of the sigma model [15]. 

First, let us show operatorially how this hidden N = 2 superconformal 
symmetry emerges. This operator approach is rather interesting, because 
this hidden N = 2 symmetry emerges rather unexpectedly when one starts 
with operators transforming only under the smaller N = 1 superconformal 
symmetry. 

Let us write the operator expression for the N = 1 space-time super- 
symmetry operators after compactification: 


Q1/2;a(z) = e 9/7 S45" (2) ae 
where: 
So=erF, Say = el (5.2.4) 
where: eG jm 
a= (+545) : a= (5,45) (5.2.5) 


The four-dimensional S, only uses two bosonized H; fields, and hence 
it is a reduction of the spinor that we originally used to establish the full 
10-dimensional space-time supersymmetry, which required five bosonized 
fields in Eq. (3.2.13). Thus, these reduced spinors have conformal weight 
i. The other three bosons H; contained in the original spinor make up the 
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new field ©. Since the weight of e% is —49(q+ 2) [see Eq. (3.2.15)], the 2 
fields have weight 3. 

Let us now insert these expressions for the four-dimensional spinor Q 
into the proper relations for the superalgebra. To preserve supersymmetry, 
we find [14]: 


DHE patchy as nls — w)/4= J(w) (5.2.6) 


where J(z) is a new field, with weight 1. This new field is the candidate 
for a U(1) field, which is necessary to build up the N = 2 superconformal 
symmetry. Thus, although we started with N = 1 superconformal fields, the 
larger set of N = 2 superconformal fields arose from the product of N = 1 
superconformal fields, if we demand N = 1 space-time supersymmetry. 

The operator product of this new field J(z) with the supersymmetric 
current gives us a new field T} with weight 2: 


J(z)T p(w) ~ Tp /(z — w) E2LR 
Now that we have two fields with weight 3 let us define two fields i= as: 


_ il 


Tr (Tz +Tp) 
ve (5.2.8) 
Tp = Va (Tp — Tp) 
By consistency of the algebra, we can then show: 
4 = ee é/4 J(w)/2 | T(w)/2'+ du J(w)/4 Bae 
T# (z) Tz (w) Goup’ Game! eee 


By calculating the other commutators of the algebra, we find that we have 
the full N = 2 commutation relations. 

It may seem surprising that we could start with the usual N = 1 fields 
T and Tr and the space-time supersymmetry operator, which contained 
+’, and then construct the N = 2 fields and their commutators. The key 
is that these other operators arose from operator products of the known 
fields. The U(1) field J arose from the operator product of 5 with =*, and 
a new field Tj, arose from the product of SZtTp. 

There is a second way [15] of seeing how this N = 2 superconformal 
symmetry emerges from N = 1 space-time symmetry, and this is through 
the sigma model. We begin by noticing that the supersymmetric generators, 
like the fields, may be left moving or right moving. Thus, we may have p 
positive chirality supersymmetries and gq negative chirality supersymmetries 
in the same theory. We refer to this as (p, q) Supersymmetry. 

We use, for example, (1,0) supersymmetry (sometimes called N = 4 
supersymmetry) to describe the right-handed supersymmetry of the het- 
erotic string. In this section, we will be concerned with generating a hidden 
(2,0) supersymmetry starting from an N = 1 space-time supersymmetry. 
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Let us begin with a real scalar superfield @(xz,6), where the bosonic 
coordinate is x* but there is only one positive-chirality Fermi coordinate, 
6* = @. The generator of (1,0) supersymmetry is then given by: 


_O 0 


Let us now construct a sigma model with this symmetry based on the 
superfield: 


(x, 0) = (x) + OA(z) (o.2.11) 
Let us assume that we have a N = 1 superconformal action given by: 
C= -i f be dé 9i3(8) + b,5()| Dé (57: Gi (5.2112) 
z 
where D is the supercovariant derivative: 
0 O 
=— +i esl! 
30 ae pee (5.2.13) 
and g;; is symmetric and };; is antisymmetric. 
If we perform the 6 integration, then we arrive at: 
S= f de {[os(d) + 45(0)]| (0.9 0-0") 
(5.2.14) 
+ ing(o)M(0-08+ 14,0.0%)} 
where eae, 
A Las ee 
jk = , : ep Ts 
(18) 


1 
Tijk = 5 (bis. + bjk,i + bK:,5) 


where { aii is the usual Christoffel connection, and Tijz is a totally anti- 
symmetric torsion. 
The action is invariant under the usual N = 1 supersymmetry: 


t¢ =o é\' = -ic A, 4! (5.2.16) 


Assume, for the moment, that the action is also invariant under a chiral 
symmetry: 

bN = Jj (go) (2p) 

Then, the action is also invariant under a second, hidden superconformal 

symmetry, given by: ; 

gi = eli(4) 

6(JjA) = —1€ 0,9" 

But, this is precisely the other supersymmetry transformation nec- 

essary to obtain N = 2 supersymmetry. Therefore, the question is what 


(5.2.18) 
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conditions do we have to place on the manifold in order that we have chiral 
symmetry and that this new symmetry anticommutes with the first? 


In order for the two supersymmietries to anticommute, we must satisfy: 

iyi = 8 
’ : er (5.2.19) 
Nig = FiJg.y — FpJty = 


This tensor NE is called the Nijenhuis tensor, and its vanishing means that 
the manifold is complex. Also, for the action to be invariant under the chiral 


transformation, we must impose: 
gn Jf J; = 91; (52-20) 


that is, the metric is hermitian, and the complex structure is covariantly 


constant: ; 
Vib = hi +05, - Tid] = 0 EZ 2M) 


If b;; = 0, then K is Kahler. If b,; #4 0, then K is an hermitian manifold 
with torsion. 

In conclusion, we see that there are now two supersymmetry generators 
that anticommute if the background metric satisfies a few mild constraints. 
Thus, N = 2 world sheet supersymmetry has emerged from N = 1 super- 
symmetry at the level of the o model. 


5.3. N=2 Minimal Series 


As before, we will briefly repeat the same steps used earlier to calculate the 
minimal series of the conformal and N = 1 superconformal series. Recall 
that we first write the Verma modules of the theory, consisting of all ladder 
operators hitting a vacuum state. Then, we take the matrix element of these 
Verma modules and form the Kac determinant. 

By analyzing the Kac determinant, we can determine for which values 
of c and h we have irreducible and reducible representations of the N = 2 
algebra. (We will use the convention that the ¢ appearing in the commuta- 
tion relations of the N = 2 algebra are related to c and é of the conformal 
and N = 1 algebras by the following: ¢ = c/3 = ¢/2.) 

The irreducible representations usually have an infinite number of pri- 
mary fields. However, we will be interested in the reducible series, where we 
have sequences of null states. By analyzing these representations, we can 
truncate to a finite number of primary fields. 

To construct the Verma modules of the algebra [16, 17], let us first 
observe that there are three possible modings of the various oscillator states. 
In the NS sector, the L, and J, are integer moded, while the G‘, are half- 
integral moded. We will call this the A sector, for anti-periodic boundary 
conditions. For the R sector, the Lyn, Jn, and G?, are all integral moded. 


5.3. N=2 Minimal Series 147 


We will call this the P sector, for periodic boundary conditions. There is, 
however, a third possibility, and that is a twisted case when only L, and 
G1, are integral moded, and J, and G2, are half-integral moded. We will 
call this the T sector. 

(We should mention that it is also possible to generalize the bound- 
ary conditions so that we interpolate between the R and NS sectors. For 
example, we can choose L,, and J, to be periodic, but m € Z+1/24+ 7 
for Gi,, where 7 is between 0 and 1. Then G*(e?"*z) ~ e?*G*(z). This 
boundary condition is useful when studying the spectral flow between the- 
ories, since by varying 7 we can go between the R and NS sectors. We will 
not, however, study this generalization.) 

This means that we will have three sets of coefficients appearing in the 
Kac determinant. Let us carefully define each set. Although the details of 
the construction are quite messy, the final answer for the conformal weights 
of the primary fields is quite simple. (The reader may skip to the end of 
this section, where the main results are summarized in Eq. (5.3.16-8). ) 


A Sector 


Let us define the A sector partition function pa, which generalizes the 
usual partition function for the bosonic or N = 1 string. Because we have 
two supergenerators G‘_,, acting on the highest weight vacuum state, the 
partition function for an irreducible Verma module is more complicated 
than that of the usual N = 1 theory. The partition function is defined by 
taking the coefficients pa (n,m) of a double power expansion of the following 


power series: 


am ey (he ek M2 y\(1 + aph—V/2y-1) 
k=1 


We also introduce the coefficients pa and pr: 


S- bx(n, Mak) ge = (1 te all ysien(k)) ay: So px(n, mje yg (5.3.2) 


nym nym 
where X = A, P and: 


sign(k) = +1, k>0 
sign(k) = —1, k<0 (G53-3) 
sign(0) = +1, for ee 


For the NS sector, the Verma modules are given by the standard set of 
ladder operators multiplying a highest weight vacuum state. 

Because the zero modes are given by Lo and Jo, the vacuums are 
labeled by two indices corresponding to their eigenvalues: |h,q). Then the 
Kac determinant for the super-Verma module generalizes the usual Kac 
determinant of Eqs. (2.5.6) and (2.7.17): 
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det MA,,(é,h, q) = I] (gd eatin rasa) 


1<rs<2n 
Da([n—|k|,m—sign(k);k 
II (gx)?! kl, (k);k] 
kEZ+1/2 


(5.3.4) 


for s even, where: 


mle 


FAs(E hy q) = 2(6— 1h — g? — 2(6— 1)? + Z[@E-1)r +5]? 


(5.3.5) 
Geel g) = iri (c= 1) (« = i) 


and where k € Z+ 3. 

Repeating the same steps that we used for the minimal model, we now 
look for the zeros of the Kac determinant in order to find null states. By 
eliminating these null states, we find the minimal series. 

For the A sector, the condition for the unitary minimal series is given 


by: 
ee 
h= ci bik c/a) (5.3.6) 
m 
=a 
pe, 
m 
form >2 and j,k€Z+5, and0<j,k,jt+k<m-—l. 
P Sector : 


We can repeat the same steps for the P sector, with a few modifications. 
The partition function for the P sector is given by: 


>> pp(n,m)2"y™ = (va+ = Il (ety) eines) (5.3.7) 


ro) cs 


For the P sector, the zero modes are given by Lo, To, and Gi. There are 
two types of highest Weipn vacuums, given by |h,q + aya, which in turn 
satisfy (Gj + iG2)|h, q ‘4 = =). 

The Kac felsaineen is given by: 


det MP ae) hd) — II Ge) pr (n— rs/2,m) Il @bFe- |k|,m—sign(k);k] 
1l<rs<2n keZ 


(5.3.8) 


where: 


FF.(6,h,@) =26= 1) (m= 2) a? + 21 —Dr + 9]? 
(5.3.9) 


9k (é,h, q) = 2h — 2kq + (E-1) («? - 1) -5 
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where k € Z. 
As before, by looking for the zeros of the Kac determinant, we can find 
the unitary minimal series, which is given by: 
C= lb (2/7) 
h=c/8+ (jk/m) (aD) 
q = sign(0)(j — k)/m 
form > 2,7,k € Z, andO<j—-—1,k,7+k<m-1. 
T Sector 
Last, we analyze the T sector. Its partition function is given by: 
00 


) (l+2*)(1+2*- 7) 
S> pr(n)o” = II; ea (5.3.11) 


For the twisted T sector, the zero modes are given by Lo and Gj. The 
highest weight state |h) actually splits into two states of fermion parity 
(-1)¥ = 41. 

Then, we have: 


demic Wyner e)et "| MI a(t ypue rela) (5 319) 
l<rs<2n 
where: 


T (6, h) = 2(6— 2)(h — G/8) + (1/4) [(E— 1)r +5] (5.3.13) 


where s is odd. 
For the T sector, we have: 


é=1—(2/m), h=(é/8)+ (n-—2r)?/16m (S304) 
for integer m and r such that 2< _m and 1<r< m/2. 


Now, let us summarize what we have learned by this exercise. We find 
that for all three sectors, we have the important condition for the unitary 
series: 


€= 1— (2/m) (5.3.15) 
which can be rewritten as: 
N = 2 minimal serie 4 ip = 1,2 (5.3.16) 
= imal series : =—— = las a 
min ec any i 


so that c < 3. As in the bosonic case, we find that the primary fields 
corresponding to the minimal models are labeled by two integers. 

For the A sector, the conformal weight of the primary field was found 
to be h = (jk — ¢)/m. Let us make the following substitution of variables: 
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m—>k+2,j—-k—q,andj+k—1-l. Then, the conformal weight A; , 
and U(1) charge of the minimal primary fields can be rewritten as: 


a i(i + 2) q’ q 


ba = Gk4+ 2) 4(k +2)’ Cpe 5 (5:30) 


for! =0,...,k and g = —l, -1+ 2,...,1. In this case, we have I, the principle 
quantum number, which ranges from 0 to k. Also, we have the integer q, 
which labels the U(1) charge and is defined modulo 2(k + 2). 

Similarly, in the P sector, the conformal weight of a primary mini- 
mal field was given by h = (é/8) + 7k/m. By making a similar change of 
variables, we find that the conformal weight and the U(1) charge is given 
by: 


(ae 2) Dee 1 ga 


1 
Ana = 449) AGREED) Oat 


(5.3.18) 
These last two equations for the conformal weights and U(1) charges for 
the primary fields will be crucial for our later discussion. 


5.4. N=2 Minimal Models and Calabi—Yau Manifolds 


One of the remarkable surprises coming from the N = 2 superconformal 
field theory is the one-to-one relationship between certain Calabi-Yau mani- 
folds and certain minimal theories [18, 19]. Normally, Calabi-Yau manifolds 
are so nonlinear and complicated that any simple representation of them 
seems out of the question. However, we will see that by simply tensoring 
certain minimal theories that we found earlier, we will find a one-to-one 
correspondence with certain Calabi-Yau manifolds. (In hindsight, perhaps 
this is not that surprising. Calabi-Yau manifolds, in some sense, make the 
minimal assumptions that one can make on a manifold and retain N = 1 
space-time supersymmetry, while N = 2 superconformal field theories, we 
saw earlier, are also associated with manifolds with N = 1 space-time su- 
persymmetry. However, it is still remarkable that this nontrivial correspon- 
dence appears so early, at the level of tensoring minimal models together.) 
In Chapter 7, we will give a heuristic argument which helps to explain the 
origin of this interesting result. 

If we take the naive case of simply tensoring several independent mini- 
mal models together, then the central term of this product space is just the 
sum of the central term of each minimal model. This sum, in turn, must 
equal 3 times the number of dimensions remaining after compactifying the 
10-dimensional NS-R. space. Thus, the condition we wish to satisfy is given 
by [18, 19]: 


3k; 3 
eo = (0) (5.4.1) 


5.4. N=2 Minimal Models and Calabi-Yau Manifolds Hees 


Symbolically, we will denote the tensoring of | conformal field theories, 
each with k;, by the notation (kik2---k;,). We will now show the equivalence 
of these minimal models and the Calabi-Yau manifolds by showing that 
they have the same topological properties, that is, they have the same 
discrete symmetries, the same fermion generation numbers, etc. 

We will first calculate the group of symmetries that will leave this 
conformal field theory invariant. For each k;, there is a symmetry that 
leaves the theory invariant given by Z;,+42. To see this, let us construct the 
character associated with the primary fields of the theory, which is indexed 
by the integers 1, g, and s (which indicates if the sector is NS or R). Let us 
call the character associated with this primary field x4 2 where s is even 
(odd) for the NS (R) sector. 

Then, construct the following partition function: 


1 Qnizy 2nizq | is) | 
Z, == cae S (ve A, 


where z, y are complex numbers. Then, under the standard modular trans- 
formation on 7 in Eq. (4.1.13), we find: 


(Gy) Aan by.ex ay) (5.4.3) 


which holds if z,y are both members of Z,42. (In the next section, we 
will give an explicit form for these characters and partition functions, using 
the parafermionic representation, from which this identity can be shown.) 
Thus, the theory has a discrete Z,42 symmetry due to the fact that x, y 
can be any of the elements in Z;42. 

For the general case of tensoring many minimal models together, each 
labeled by k;, the discrete symmetry of such a product is given by the 
product of the individual discrete symmetries: 


G = 2,42 @ Zk 42 8+ @ Ze +2 (5.4.4) 


If all the k; are the same, then the group G has an additional symmetry 
group given by S;, the permutation group of / identical objects. Thus, for / 
identical conformal field theories and k + 2 = l, the group of symmetries is: 


G = 5,02} /Z (5.4.5) 
where the tilde represents the semidirect product. 


Example: (3°) 


An example will help to illustrate this construction. Equation (5.4.1) 
tells us that if we wish to have physical D = 4 theories, then we must set 
c = 9. The simplest c = 9 theory can be obtained by tensoring 5 copies of 
the k = 3 theory, which we denote by (3°). 
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From the above arguments, this manifold has partition functions that 
can be labeled by elements of Z;. We have 5 copies of Z5, and therefore, we 
also have the symmetry S; due to interchanges of the various Zs factors. 
It’s symmetry group is therefore given by $5®Z2/Zs5. This group has 75,000 
elements. 

Now, let us compute the generation number (that is, the number of 
identical fermion multiplets) for the theory. We recall that the U(1) charge 
for the ith theory is given by Eq. (5.3.18): 


_ ki - 24 
2k; +2) 


The ground state Ramond state is the tensor product of the ground 
state of each of the individual theories. However, the sum of these U(1) 


Qi = (5.4.6) 


charges must equal +3. Assuming -i, we have $> Q; = -i, or: 
Gi 
ys k, +2 SoS ( ) 


all 


where we have used the fact that c = 9 = 57 (3k;)/(k; + 2). 

It is now a simple matter to compute the generation number for various 
theories. One simply counts the number of ways in which we can choose 
the integers q;. Each set of integers {q;} that satisfies Eq. (5.4.7) yields an 
equivalent fermion generation. For example, the number of ways we can 
choose 5 integers, each between 0 and 3, such that they sum to 5 is equal to 
101. Thus, the generation number for (3°) is 101. Likewise, the generation 
number of (64) is 149. i 

Now that we have calculated the discrete symmetries and the number of 
fermion generations associated with some of these tensored minimal models, 
let us do the same for the Calabi-Yau manifolds. First, let us compare them 
to the Calabi-Yau manifold C'P, constrained by: 


S20 (5.4.8) 


This surface enjoys the global symmetry: 
G = S58Z2 /Zs (5.4.9) 


This symmetry group arises because Ss; permutes the different variables Zi 
within Eq. (5.4.8). Also, the manifold is invariant if we make the following 
transformation in the constraint equation: 


LE a (5.4.10) 


(The last factor of Zs; is due to the fact that the overall phase in CP, is 
irrelevant.) This symmetry group is precisely the same as that found for 
(3°). Likewise, the Calabi-Yau manifold specified by: 


0 
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2? =0 (5.4.11) 
1 


mr 
— 


has the symmetry group: 
Seabee (BAe) 


which is precisely the same as the one found for the minimal model in Eq. 
(G45): 

In addition, the generation number for a manifold can also be calcu- 
lated topologically. Because the number of fermions that can propagate on 
a manifold is topologically fixed, the generation number is directly related 
to the Dirac index, Euler number, or Hodge numbers. We find that the 
generation number is 101. This agrees exactly with the fermion generation 
number found for (3°). 

Similarly, we can proceed to establish a one-to-one relationship be- 
tween certain tensor products of minimal models and other Calabi-Yau 
manifolds by examining their discrete symmetries, their generation num- 
ber, their fermion content, etc. [18, 19]. Although this does not constitute a 
rigorous proof of the correspondence between these theories, it gives over- 
whelming evidence of their equivalence. In Chapter 7, we will give some 
arguments which help to reveal the origin of this fascinating result. 


5.5. Parafermions 


As in bosonic theory, we wish to find a specific representation of the N = 2 
minimal model by which we can calculate the structure constants of the 
fusion rules and the correlation functions. In particular, we wish to calculate 
the character xi) for the primary fields of the minimal model and also the 
partition function. In this way, we can confirm that the partition function 
has the Z,42 discrete symmetry in Eq. (5.4.2). 

There is a representation of this algebra in terms of parafermions (20, 
21] that allows us to calculate the main features of this algebra. This rep- 
resentation of the N = 2 algebra can be given in terms of the parafermion 
field 7,, used to build up representations of the Z, spin models found in 
statistical mechanics. (The Z, symmetry refers to the discrete values that 
the spins in a lattice can assume. For example, in an ordinary Ising model, 
the spins can take on +1, so the spin assumes values in Za. The general- 
ization to the Z, model is thus straightforward, depending on the roots of 
unity.) 

Let us postulate the existence of a parafermion field ~ and a free 
boson field ¢. Combine them in the following fashion: 
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2k 


G4(z) = aus. prerr? 
2k —ia 
G_(z) = a Verte’ (5.5.1) 


J(z) =%4/ 5 0 
where a = \/(k + 2)/k. 


If we plug this representation back into the N = 2 operator product 
expansion, then we find that the N = 2 algebra is satisfied as long as we 
fix: : 

br (w)pt(z) ~ (w— 2) 72RD /k 4. (5.5.2) 

For k = 2, this expression reduces to the usual one for ordinary 
fermions, as in Eq. (2.2.15). For other values of k, however, this expres- 
sion shows that the fields are parafermionic. From Eq. (5.5.2), we see by 
scale arguments that the field %, has conformal weight (k — 1)/k. From 
gs. (3.1.28) and (3.1.29), we see that the exponential field e**? has weight 
a? /2 = (k +2)/2k. If we add them together, we find that the operators G4 
in Eq. (5.5.1) have weight 3, as desired. 

If we calculate the operator product expansion of 2 energy-momentum 
tensors T(z), then the central charge of the full algebra is the sum of the cen- 
tral charge of the free boson field ¢, which has cg = 1, and the parafermion 
field, which contributes cy = 2(k — 1)/(k + 2). (To see this, notice that 
the parafermionic theory can be obtained from a GKO construction with 
SU(2)x/U(1), so the central charge is given by c = [8k/(k + 2)] -1 = 
2(k—1)/(k+2).) Thus, the full central charge of the N = 2 algebra is given 
ae 2k~1) 3k 
(k+2) k+2 
which confirms that we have a representation of the minimal series as in 
Eq. (5.3.16). 

Now that we have a representation of the minimal N = 2 algebra 
with the correct central charge in terms of parafermions, we would like to 
construct the primary fields and the characters of the N = 2 algebra out 
of these parafermions and solve for the entire theory. In particular, we will 
write a parafermionic representation of the primary field V,.. To do this, we 
find it necessary to introduce the complete set of parafermionic operators, 
of which 7% is only one member. 

In the Z, model, we have a set of currents yw, | = 1,2,...,4 —1, which 
have an operator product expansion given by: 

bi(w)by (2) ~ ery (w—z)7"/F yy (z)+O(w—2)]; 14 <k 

i(w) bh (2) ~ ern—v (w — 2)" 4E-OWE by (z) + O(w — Zi ol et 

va (w) i (2) ~ (w - 2)?4*[T + (2Ar/c)(w — 2)?T(w) + O(w — 2)5] 
(5.5.4) 


€ =o Cy — ler (5.5.3) 


) 
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where yt = wx-1. In addition, we have the operator product expansion with 
regard to the energy-momentum tensor: 


T(w)(z) ~ oe i ae + O(1) (5.5.5) 
where: 
Ai = Ns = ) (5.5.6) 


In addition to the current 4%, we must also introduce the field y/, 
where: 


di(w)bh(z) ~ > (waz) Aye 7¥in(2) 


ae 


Yi (w)bin (2) ~ 3 (ope aA yee) 


j=—oo 


(5.5.7) 


where the A’s represent certain operators, whose precise nature is not im- 
portant to our discussion, and where the dimension of 7! is given by: 


ye My ie 


m= A(k+2) 4k — 


The point of introducing these extra fields w!, associated with the Z, 
model is that we can now write an explicit representation of the primary 
fields of the N = 2 theory, which is given by: 


VE = pl: etamel) ; (5.5.9) 


We demand that the above expression transform as a primary field under 
the N = 2 algebra, which places a constraint on the constant a,,. Since all 
operator product expansions for a primary field are completely given, we 
can calculate the operator product of V,, with the generators G+, and the 
value of @m. The calculation yields: 


aim = Mal sign) +a yay 
id VEk+2) ie Rees 
_ m= [A/2)sign) +1 tel arya, 5. 


- Jktk +2) 


where, in the NS sector, we have a = $ and sign(0) = —1, while in the R 
sector, we have a = 0 and sign(0) = +1. 

The final step in the proof that V;, are primary fields is to calculate 
their conformal dimension. Since the conformal dimension of V,), is the sum 
of the dimension of the #1, and the exponential of the free boson field ¢, 
we find that the final dimension is given by the following sum: 
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1 Ui+2) m? 
Bs 4(k+2) 4(k+4+2) 


for the NS sector, with / = 0,1,...,4 and m = —l,—I + 2,...,l. For the 
Ramond sector, we have: 


A(Vi)= Al, +-a2,= (5.5.11) 


(i+2) (m+1)? 1 
A(k+2) 4(k+2) 8 Coe 


A(Vin) = Min + sah = 

Comparing these weights with the weights given by Eqs. (5.3.17) and 
(5.3.18), we find that we have an exact correspondence, as expected. Thus, 
we now have an explicit representation of the primary fields of the minimal 
series in terms of parafermions via Eq. (5.5.9). 

Our next goal is to calculate the characters and partition functions 
associated with each primary field. Although this may seem an arduous 
task, there are many simplifications because of the relationship between 
parafermions and the WZW model, whose characters and partition func- 
tions we calculated in Chapter 4. 

We have seen that the Z;, currents are sufficient to give us a represen- 
tation of the minimal model of N = 2 superconformal symmetry. However, 
what is also interesting is that these same parafermion fields can give us a 
representation of the WZW model. The quantum numbers /, m found in the 
parafermion model, in fact, have a direct counterpart in the quantum num- 
bers found in the SU(2) model. For example, let us construct the following 
operators from the parafermions: 


J*(z) = Vkwi(z): etblz)/Vk 
D(z) Vy em (5.5.13) 
J3(z) = Vk d,¢(z) 


Because we know all the operator products, we can then check that 
the affine SU(2) operator product relations are satisfied: 


kg? ee) 


TO = cao eames 


eee (5.5.14) 
as long as we fix: 


fe = Spree = Sp = 1 p43 =I 
2 (5.5.15) 
Ga as 

Now that we have established a relationship between the Zx parafer- 

mion fields and the algebra of the WZW SU(2) model, let us establish a 

relationship between their primary fields. Let us denote the primary fields 

of the WZW model by Gis obeying the usual relations for a primary 
field: 
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bu Ta ult 
HG = J2G 7 = 0 
(Je DG = (Jj — m)Gi! = =0 
What is remarkable is that we can establish a direct relationship between 


the primary fields found in the Z; parafermion model and the WZW SU (2) 
model: 


Gil 6, = Vil, vexp [imd(z)/2Vk + imo(z)/2Vk] : (5.5.17) 


where 0< 1 <kand—-Il<m<l. 

Let us now calculate the final goal, which is to calculate the characters 
and partition functions of the superconformal minimal model. At first, the 
thought of calculating the characters of the N = 2 superconformal theory 
may seem prohibitive, until we realize that we can use some tricks. We 
will calculate the partition function of the N = 2 theory in terms of the 
partition function of the parafermion theory. 

Let us define: 


(5.5.16) 


Zim — Ty e2tit (Lo—c/24) (5.5.18) 


where we only trace over the states in the Verma module given by specific 
values of {1,m}. The key is to realize that, because the primary field Vein 
Eq. (5.5.9) is a product of a bosonic and parafermionic piece, the operator 
L is just the sum of the Lg over the bosonic and parafermionic pieces. 

The trace then splits up into the product of these two factors. The 
product over the bosonic piece yields the usual Dedekind 7 function, and 
the other piece yields the trace over the parafermionic field: 


Cie ae (5.5.19) 


where Ze is the contribution over the parafermionic piece. Using Eqs. 
(5.5.11) and (5.5.12), we find: 


_ [ +2) Qnirm?\ , 
lm s = = 
Zn” = Tr cna E + Ne </24| \. exp ( ak ) cy 


(k + 2) 
(5.5.20) 
where N, is the number operator, where: 
(i + 2) 
bo = ——— 5.9.21 
Ee (pe) a 


and: 
_fid+2) m ce ) - 
ae Pee oe Ue 5.5.22 
Cea) cs air (a 72) 4k UA Pnq ( ) 


where c = 3k/(k + 2), pn is the number of states in the irreducible repre- 
sentation with highest weight J, and m is the eigenvalue Of alg 
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Given the partition function over the parafermion theory, we can now 
construct the partition function over the N = 2 theory. It is given by: 


Xm = DY) Cm44j—a(T)O2m+ (4j—s)(b+2),2k(k+2)(T 2kz,u) (5.5.23) 
jmodk 


where: 


& 4 ap) 8 
Onjn(ij2)) ee 0 ae age (5.5.24) 
jJEZ+n/2m 


which is the same © function that appeared in Eq. (4.5.18) for the WZW 
model. 

We have now succeeded in our goal: an explicit formula for the char- 
acter of the primary fields of the superconformal minimal model, obtained 
using the parafermionic representation. From this, we can, in principle, cal- 
culate the modular properties of the N = 2 minimal series. 


5.6. Supersymmetric Coset Construction 


One defect of the previous construction is the presence of extra U (1) factors 
in the gauge group; these factors are known to cause complications at the 
loop level [22-23]. However, these extra U(1) factors are difficult to remove 
in the previous construction. 

We will now review a more ambitious construction [24] based on confor- 
mal field theories with c > 3, which generalizes the previous construction. 
We recall that, with minimal models, this is impossible to implement with- 
out taking tensor products of several minimal models, each with c < 3. 
However, we learned from previous chapters that the GKO coset construc- 
tion allows for representations with c > 3, so we will now investigate su- 
persymmetric coset constructions to search for nonminimal models that are 
not bound by this restriction. 

In order to carry out this ambitious plan, we must generalize our pre- 
vious discussion by repeating the steps used for the bosonic case. 


1. First, we will give the operator product relations for the super-Kac— 
Moody algebra. 

2. Second, we will give the operator product expansion of the coset con- 
struction based on these super-Kac-Moody generators. 

3. Third, we will construct a U(1) operator out of the fields of the super- 
Kac—Moody algebra. 

4. Last, we will postulate a very general ansatz for the N — 2 super- 
conformal operators in terms of the super-Kac—Moody superalgebra 
containing a large number of unspecified coefficients. We then force 
these operators to obey the correct operator product expansion for 
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the N = 2 algebra. This will determine all the coefficients appearing 
in the ansatz, giving us what are called hermitian symmetric spaces. 
Among these spaces, we will find phenomenologically interesting coset 
constructions based on the gauge group Eg ® Eg without the unwanted 
U(1) factors. 


We begin this construction by introducing, in addition to the usual 
Kac—Moody generator J4(z), its supersymmetric partner j74(z). To couple 
these two currents, we also introduce a Grassmann variable @, such that: 


tO) = jo (z) + OFA (z) (5.6.1) 


Let us now write the operator product expansion of these currents: 


k O12 
JA (21,01) 7? (zo, 02) ~ Ae eye + 7 jifasos® (z2, 02) (5.6.2) 
where, as usual, we define: 
O12 = 6, = Ao, AND = Zl = oy = 6105 (5.6.3) 


The previous expression is written in shorthand. If we expand the previous 
product relation in detail, we find the following three relations: 


(k/2)baB 
JA (w)j (2) ~ 54(u) (2) ~ Laet (5.6.4 


JA(w) J? (z) ~ — + ifancJ™(2) 


j4(w) i? (w) ~ 


(UY = 


Let us now express the usual N = 1 superconformal algebra in terms 
of the super-Kac—Moody algebra via the Sugawara construction, as we did 
for the bosonic theory. If we define: 


1 
UE 52) + 6T(z) (5.6.5) 
then we have the usual operator product expansion for the N = 1 SUSY: 
6 30 il 0 
Tea apes es 4 & oth eID) + 229,) T(z2,02) (5.6.6) 
Zo Qzfy 2212 212 


where Do = 0/002 ar 620/O0z2. 
The important step is to use the Sugawara construction to find a repre- 
sentation of the N = 1 SUSY in terms of the super-Kac—Moody generators 


via: 


fre oe (a) 
(5.6.7) 


TO = = DIA, 0) J4(z,0): +a 
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With this Sugawara construction, we can compute the product between the 
N =1 SUSY generators and the super-Kac—Moody generators: 


6 1 
T (21,61) I4(22, 02) ~ = JA(22, 02) + =—DoJ4(z2, 62) 
2212 222 (5.6.8) 
1 A(z9, 02) 


The previous relations show that we do not yet have an acceptable 
Kac—Moody algebra. Notice that the second relation shows that the two 
currents, J“ and its supersymmetric partner 77, are not independent. To 
make them truly independent, we introduce the modified field J4(z) such 
that: 

JA(z) = JA + (i/k) fase 39? (z)j°(z) : (5.6.9) 


so that J4 and 7 are independent, that is, JA(z)j3(w) ~ 0. 
Then, we can rewrite: 


Be) = id (ie 7 a aja 


1 
2 (5.6.10) 


The central charge emerging from this construction is given by: 


es 
coe de ee (5.6.11) 
2 k+ 9 
where 
g = ¢2(G); facpfBcp = c2(G)6aB (5.6.12) 


and k=k-— g. We have now successfully constructed the Sugawara repre- 
sentation of the N = 1 SUSY in terms of the super-Kac—Moody algebra. 
However, our goal is to implement the GKO coset, construction so that we 
may have c > 3 (which is impossible for any minimal model). 

Let G have a subgroup H. Let the indices of the generators of G (H) 
be represented by A(a). Also let the generators of the coset G /H be repre- 
sented by the indices a. Then, as usual, we have the important relationship: 


CG/H = CG — CH (5.6.13) 
To be specific, we wish to split the supergenerators as follows: 
Tg(z) = Ty + T, 
) ca (5.6.14) 
Ge(z) = Gu(z)+ Gon 


Let us now make one more redefinition: 


J*(z) = J°(z) + (t/k) faveg?(z)9°(z) (5.6.15) 
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Let us redefine: 


Tas(2) = (1/k)[7(2) F*(@) - 5*@)85"@)] Pek 
Gu (z) = (2/k) [3° I*(z) — (G/3k) faved *(2)3°(2)9°(2)] - 
With this redefinition, we have: 
Us a oe 5 Oe “bE 
Tejxu = (J d= z) OJ® + ao ie 
2 a a-b 1 b-G@-d-é 
= zs apatopad aj? — za labefaded J 5 el) 
2 ia as a a b -é 
Go/H = i [9°(z)J*(z) — 35 J abed (25 °(2)37@)| 
We find that the Virasoro generators now close correctly, and that: 
Ce = ; dim G + Ss ee 
Le (k — h) dim H See) 
ae 5 dim H + —— 


5.7. Hermitian Spaces 


So far, we have done almost nothing new. All we have shown is how to 
write the operator product expansion of the super-Kac-Moody representa- 
tion and its coset construction. In the next step, we add the real physics: 
out of the N = 1 operators, we construct the most general ansatz for the 
N = 2 superconformal generators. By demanding that these generators 
have the correct operator product expansion, we fix the values of the coef- 
ficients appearing in the ansatz, which then fixes the structure of the group 
manifold. 

We will now show hew to generalize the N = 1 SUSY generators, 
given by {G(z),T(z)}, to form the N = 2 SUSY generators, given by 
{G(z), T(z), J(z)}, where J(z) is the U(1) generator. 

First, we define G? = Gg /H- Second, we define G! by writing the most 


general dimension 3 field, which can be constructed from J#(z) and J#(z): 
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O(a) =F [haw OMe) — Sani] (7.4) 


where ha; and S,%, are arbitrary constants, subject only to the condition 
that G* generate the usual N = 2 product expansion. 
We can also construct the U(1) current, given by: 


Ie) = fa (2)i(2)+ 5 Seafeas [F*(2)— jfoaai (ose) 6.72) 


The key step is to force these operators to reproduce the correct commu- 
tation relations of the N = 2 algebra. We find the following constraints for 
the coefficients [24]: 


hadlite = fadeha 
abe = haphégfage + hipheg haga + hephagh age 
Sabe = haphegher Spar 


(5.7.3) 


The first two conditions state that hg; defines an almost complex struc- 
ture. The third and fourth conditions are satisfied if we set: 


fate = Sate = 0 (5.7.4) 


Given this last condition, we can solve for these constraints. Notice that 
these coefficients, because they determine the way that vectors contract to 
give other vectors and scalars in Eqs. (5.7.1) and (5.7.2), also determine the 
structure of the group manifold itself. Thus, forcing these operators to obey 
an N = 2 superconformal algebra places constraints on the group structure 
of the theory. In particular, a close examination of these constraints shows 
that they give us what are called “hermitian symmetric spaces” [24]. 

Fortunately, mathematicians have given us a complete classification 
of these spaces [25]. It is then a simple matter to calculate the c for each 
of these spaces and show that solutions exist for c = 9 without trivially 
tensoring minimal models together, as we did in Eq. (5.4.1). Thus, we have 
successfully found an “irreducible” ¢ = 9 generalization to the “reducible” 
c = 9 theory discussed in section 5.4. 

The hermitian symmetric spaces corresponding to G/H that we have 
found, with their central charges, are given by the following (24]: 
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SU(n+m) : a 3kmn 
SU(m) @SU(n)@U1) Ramen) 
SO 2 k 
(n+2) ae 3kn | 
SO(n) ® SO(2) (k +n) 
SO(3 3k 
500) i a) 

SO(2n) 3kn(n — 1) 
eS 5.7.5 
sueaua)) =~ abs on—2 ee) 

Sp(n) 3kn(n +1) 
= SaaS Cc == 
SU(n) @ U(1) TS Sa aap 

ee. _ 48k 
SOO) eu) = (R412) 
Ey _ 81k 

Ee@u(iy “oF ~ 418) 


for k = 1,2,3,... Notice that we have now broken past the c = 3 barrier 
found in the minimal case. 

Given this complete classification, we can now begin to look for 
phenomenologically acceptable solutions to the string equations of mo- 
tion. Unfortunately, after compactification to 4 dimensions, the usual 10- 
dimensional type II string cannot generate gauge groups large enough to 
include the minimal SU(3) ® SU(2) @ U(1). A careful examination of the 
central charges of the type II theory reveals that, after compactification, 
the complete set of possible gauge groups does not include the minimal 
gauge group [26]. 

The alternative is to examine the heterotic string, which has a much 
larger gauge group, and use a trick exploited in Refs. 18 and 19. This allows 
us to convert a superstring theory into a heterotic one. 

Normally, modular invariant partition functions for the heterotic su- 
perstring are extremely difficult to construct. In fact, for the heterotic string 
in 10 dimensions, the only modular invariant combinations come from the 
groups Eg ® Eg and Spin(32)/Z2. The difficulty arises because the left and 
right movers are treated differently in the heterotic string, while modular 
invariance tends to mix both sectors. Thus, it is a highly nontrivial result 
that the heterotic string has 2 possible modular invariant isospin groups. We 
may therefore suspect that the set of modular invariant partition functions 
for compactified 4-dimensional heterotic strings is extremely restrictive. 

Actually, there is a trick to create modular invariant partition func- 
tions for 4-dimensional heterotic strings starting with modular invariant 
partition functions for the ordinary superstring in 10 dimensions. The trick 
is based upon the fact that the modular invariant partition function for the 
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superstring is invariant if we make a subtle interchange between fermions 
and bosons. Specifically, by direct calculation, we can show that the mod- 
ular invariant partition function for the superstring is invariant if we make 
the following series of transformations: 


1. replace the character of SO(d) with SO(24 + d), 

2. exchange the singlets and vectors appearing in the sum in the partition 
function, and 

3. reverse the sign of the spinors appearing in the sum. 


We also can show that the partition function remains the same if we 
interchange SO(d) with Eg @ SO(8+4d) in this fashion. We are particularly 
interested in the physical situation where the dimension of the transverse 
states is d = 2, which leads to a 4-dimensional theory. (In the language of 
Calabi-Yau manifolds, this complicated series of transformations is iden- 
tical to setting the spin connection and gauge connection equal to each 
other. ) 

To use this trick, let us start with an ordinary type II superstring in 
10 dimensions, and then compactify it to four dimensions. Because the left- 
and right-moving sectors are symmetrical, there is no problem in finding 
modular invariant partition functions in two transverse dimensions in the 
light cone gauge, that is, d = 2. Now let us use the trick of exchanging 
fermion and boson sectors for the left-moving sector only. The transverse 
group SO(2) becomes Eg @ SO(10) in the left-moving sector, while the 
right-moving sector remains the same. 

Let us take | copies of the N = 2 conformal field theory, so the basic 
gauge group is actually Eg ® SO(10) @ U(1)', where this last U(1)! factor 
poses problems at the higher loop level. However, it will turn out that, 
upon closer analysis, one of the U(1) factors can combine with SO(d + 8) 
to produce E54 4/2. In other words, the basic gauge group of the theory is: 


Eg ® Es44/2 ® Cla) am : (5.7.6) 


For d = 2, we find the desirable gauge group Eg ® Eg, multiplied by 
U(1)'~?. Since the whole point of this discussion is to get rid of the extra 
U(1) factors, the obvious choice is to choose just one N = 2 representation. 
In section 5.4, when we considered tensoring minimal models together, the 
choice | = 1 was forbidden, since one minimal model by itself could not 
produce a c = 9 theory. However, this restriction no longer applies for 
the hermitian symmetric case, where c = 9 is easy to obtain. Thus, this 
more general construction based on hermitian symmetric spaces gives us a 
phenomenologically desirable compactification with Es ® 6, which is large 
enough to include the minimal group SU(3) ® SU(2) @ U(1). Thus, this 
new method enjoys considerable advantages over the earlier one based on 
tensoring minimal models together. 

In summary, although modular invariant heterotic partition functions 
are notoriously difficult to construct because modular transformations mix 
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up left- and right-moving sectors, we have constructed a phenomenologically 
desirable compactification to four dimensions. Beginning with the ordinary 
type II superstring compactified to four dimensions with transverse sym- 
metry SO(2), we have flipped fermion and boson sectors in the left movers 
to obtain Eg ® SO(10). With 1 N = 2 copies, we obtained the gauge group 
Eg@SO(10)@U(1)!. We then absorbed one of the U(1) factors into S$O(10) 
to obtain Eg, leaving a factor of ee behind. However, for the hermitian 
symmetric spaces, we have the freedom to choose | = 1 and still maintain 
c = 9 (which is impossible if we tensor minimal models together). Thus, 
we have arrived at a phenomenologically acceptable compactification. This 
sequence of changes can be summarized as: 


SO(2) > Es ® SO(10) @ U(1)' > Eg @ Eg @U(1)'"* > Eg @ Eg (5.7.7) 


(There is an important physical difference between the three steps 
that we have outlined here. The first and third step, in some sense, were 
implemented by hand. However, the second step was a consequence of im- 
plementing N = 1 SUSY.) 

Finally, we remark that once all the constraints are in place in the 
theory, we find that the coset construction produces groups that fall into 
the following 10 coset categories: 


SO(N + 2)/SO(n) @ SO(2) : (n, &) = (6,6), (12,4) 
SO(2n)/SU(2) @U(1) : (D2 =a) 
Sp(n)/SU(n) @ U(1) : (ak) = (3.4) 
U(n+m)/U(n) @U(m) : n,m, ky (1,4, 15), (15,9); (16, 
(CPC. 8h Dean ehs)) 
(5.7.8) 
All of these coset constructions have c = 9 and produce Eg ® Eg as the fun- 


damental gauge group. Notice that all these models are free of the unwanted 
U(1) factors, as desired, which make them phenomenologically attractive. 


5.8. Summary 


In the search for the perturbative vacuum, the Calabi-Yau manifold has 
emerged as one of the most attractive choices. Although a Calabi- Yau mani- 
fold is highly nonlinear, what is surprising is that a naive extension Ofuvy = 2 
superconformal models can generate such complex manifolds. 

We begin by postulating that, after compactification, the 10-manifold 
has compactified to the direct product of a 4-dimensional manifold M4 and 
a 6-dimensional manifold K: 


Mio — Ma ® K (5.8.1) 
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where Mz satisfies: 
Ryvap - (R/12)(guegue a IuB9va) (5.8.2) 


Additionally, we assume that N = 1 space-time supersymmetry is pre- 
served after compactification. 

The key statement is that the survival of N = 1 supersymmetry leads 
to the vanishing of the variation of the gravitino field: 


64; =«K | Die +---=0 (5.8.3) 


Thus, € is a constant covariant spinor. This statement is highly nontriv- 
ial, for it places enormous constraints on the structure of the manifold. In 
particular, by taking two covariant derivatives: 


Du Dye ~ Riger(™)e = 0 (5.8.4) 


we see that the manifold is Ricci flat. 

Furthermore, the constant covariant spinor, which transforms under 
SO(6), can be written as a 4 of SU(4). By an SU(4) transformation, the 
spinor can be written as: 

0 
0 
c= hg (5.8.5) 
€0 


which shows that it has SU(3) holonomy. Thus, K can be shown to be a 
Calabi-Yau manifold. In summary, we see that one of the key ingredients of 
this procedure was the assumption that N = 1 space-time supersymmetry 
survives the compactification to four dimensions. 

A second consequence of this assumption is that N = 1 space-time 
supersymmetry naturally leads to a global N = 2 superconformal symmetry 
on the world sheet. To see this, remember that the N = 1 space-time 


supersymmetry generators, after compactification, can be written as: 
Q-1/2:0(2) = 20/2 5. 37(z) (5 8 6) 
Q1/2,4(z) = e 9/5, 54(z) a 


where an additional field Y is required to get the counting correct. 
However, one can show that the operator product expansion of two 
5's, in turn, generates a new field J: 


An Mt 
E(z)Z'(w) ~ (2 — w) 347 + (z— ws I(2) (5.8.7) 
This new field J is precisely the U(1) field of the N = 2 superconformal 


theory. Furthermore, all the generators of the N = 2 theory can be suc- 
cessively generated in this way. Thus, quite miraculously, a hidden N = 2 
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superconformal symmetry emerges by the assumption of N = 1 space-time 


supersymmetry. 
The N = 2 algebra is written as: 


Ge 
ox hes) a (n = 7) AP zaln® = Onn 0 


[Ln ey ar G m= r) Gee 


[Wasa Te = Woe 

5.8.8 
a hl Serre (OBS) 
[Eee e|>= a elGi a. 


{Gi,Gi}= 267 Lrte ne (Gta) c (7 £; i) (le 


where the supercurrent G* is doubled by the index 2. 

Just as in the bosonic case, we now construct the Verma modules of 
the N = 2 theory and look for zeros of the Kac determinant, which reads 
(for the NS sector): 


det M2, (6, h,q) = I] Ga) pa(n—rs/2,m) 


l<rs<2n 


Bee 
x II (gy ae Pela sten( 75 Ge) 
kEZ+1/2 
for s even, where: 
1 1 
ling) = AC — Nh eb = oC ah a (ee Dr s|° 
(5.8.10) 


1 
gf (é,h, q) = 2h — 2kq + (€-1) (# au) 


and where k € Z+ t 
As in the case with ordinary minimal models, we set the determinant 


to zero in order to find the unitary minimal series: 


3k 
= —— k 1,2) 222 9.8.11 
AED ae ( ) 
so that c < 3. By examining the values for h, we find that the conformal 
weight A; and the U(1) charge Q of a primary field for the minimal series 


are labeled by the integers | and gq: 
L(l + 2) ap q 
a = Se = 5.8.12 
k42)  k+n’ © et) 
for 1 =0,...,k and g = —/,—-14 2,...,1. 

The most naive superconformal theory is the tensoring of several of 
these minimal theories, each labeled by k;. The central charge is the sum 


Aig = 
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of the individual central charges, which in turn must equal 3 times the 
dimension of the manifold K, giving us: 


ee 
= ine) Bae 
: Se 510 — D) ( ) 


Remarkably, this naive tensoring gives us an explicit representation 
of the Calabi~Yau manifold. If we tensor | identical superconformal field 
theories, for example, the resulting theory has a discrete symmetry. Each 
individual theory has a discrete symmetry 2,42, and multiplying / identical 
ones creates the permutation symmetry among them, which is S;, so the 
final symmetry group is: 

G = 5,82} /Z; (5.8.14) 
where the tilde represents the semidirect product. 

The number of identical fermion generations can also be calculated 
for this theory. The U(1) charge for the product theory equals the sum 
of the U(1) charges of the individual theories, which in turn must be —3. 
The total number of fermion generations is thus the total number of set of 
integers {q;}, which are solutions to: 


qi 
= 1; 0<q,<k,; 5.8.15 
= esha = ee ( ) 
cl 

One of the simplest theories is (3°), which has 101 generations. 
Now, compare these superconformal theories to Calabi-Yau manifolds. 


One of the simplest is C-P4, subject to: 


Soest (5.8.16) 


This surface enjoys the global symmetry: 
G = $5@2Z2/Zs5 (5.8.17) 


and has 101 fermion generations, which strongly suggests that the CR, 
and the (3°) theories are the same. Similarly, a large number of one-to-one 
correspondences can be made between minimal superconformal theories and 
Calabi-Yau manifolds. . 

As surprising as this construction is, its main problem is the presence 
of unwanted U (1) factors in the low-energy symmetry. To verify many of 
the steps in this construction, such as constructing the characters xi) 
and the partition functions of the theory, it is important to have a specific 
representation of this N = 2 algebra. 

One of the most powerful is the parafermion representation. We assume 
the existence of a @; parafermion used in constructing Z;, models in statisti- 
cal mechanics (Zz is the Ising model). Then, the superconformal generators 
can be written in terms of the parafermion field and a free boson: 
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2k 
Gy(z) = pane 
2k 
G_(z)= ze Wer tae (5.8.18) 
Ie) = iy) 5 86 


where a = \/(k + 2)/k. If we calculate the central charge of this represen- 
tation, we find: 


Q(k—1) 3k 


= =] —_—————wq“e>- 
Se ge) = ED 


(5.8.19) 
which confirms that we have a representation of the minimal series. Then, 
by introducing another parafermion field cH , we can explicitly construct a 
representation of the primary fields: 


Vi = yl: lame ; (5.8.20) 


Last, with more work, we can construct the characters of this representa- 
tion: 


x) = SY) chataj—o(T) ome (4j—0)(b+2),2(b42)(7, 2Kz,%4) (5.8.21) 
jmodk 


where: 


a a Pi si 
Denton (Tear ce SN i (5.8.22) 
jGEZ+n/2m 


Yet another compactification scheme is given by relaxing the condition 
of tensoring minimal models with c < 3. The advantage of this new scheme 
is that we avoid unnecessary factors of U(1) symmetry that persist in the 
naive tensoring of minimal models. This new scheme begins with an N = 
1 superconformal coset theory, and then it postulates that the N = 2 
generators can be constructed from the N = 1 currents as follows: 


a= 


2 [hasi®e) Me) ~ A Sess(2)H(2)(0] (68.23) 


where hz; and S,,; are arbitrary constants, subject to the condition that 


they generate the usual N = 2 product expansion operators. We also have 
the U(1) current given by: 


He) = thaad(2)i*(2) + 1 feafeas (FP) - thea @PC)] 6.8.28) 


By forcing the above operators to generate the N = 2 superconformal series, 
we find that the constants define an almost complex structure and that: 
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fate = Saba = 0 (5.8.25) 


The solution to these constraints gives us hermitian symmetric spaces, 
which can produce c = 9 with just one irreducible representation, with- 
out tensoring several of them together. 

For the heterotic string, we can tensor / of these representations and 
find the gauge group Eg@SO(10)@U'—1, where the last U(1)'~? factors are 
unwanted because they cause problems at the loop level. If |] = 1, then we 
can eliminate the last U(1) by combining this factor with SO(10), giving 
us /g. For the minimal models considered earlier, this choice is not possible 
since one minimal cannot give us a c = 9 theory. However, for hermitian 
symmetric spaces, there is no problem in getting c = 9 with just one copy, 
that is, 1! = 1. In summary, by this procedure we have now produced the 
gauge group Eg ® E¢, which is large enough to contain the minimal group 
SU(3) @ SU(2) @ U(1). 

Last, we mention that the groups appearing among the hermitian sym- 
metric spaces, once all the constraints are taken into consideration, are given 
by: 


SO(N + 2)/SO(n) @ SO(2) : (n, k) = (6,6), (12, 4) 
SO(2n)/SU(2) @ U() : (nek) G2) 
Sp(n)/SU(n)@U(1): — (n,k) = (3,4) 
U(n+m)/U(n) @ U(m) : (n,m, k) = (1,4, 15), (1,5, 9), (1,6, 7), 
(2, 2, 12), (2, 3, 5), (3, 3, 3) 
(5.8.26) 
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Chapter 6 


Yang—Baxter Relation 


6.1. Statistical Mechanics and Critical Exponents 


Throughout the previous chapters, we have seen the close relationship be- 
tween conformal field theory and two-dimensional statistical mechanics. In 
fact, at criticality, the detailed behavior of a statistical mechanical system 
gets washed out, and universality sets in. Since we have a complete classi- 
fication of certain classes of conformal field theories, we should be able to 
catalog the models of statistical mechanics at criticality according to known 
representations of conformal field theories. 

Before we proceed with a discussion of classifying conformal field the- 
ories, it thus becomes important to analyze this remarkable relationship in 
more detail. In this chapter, we make this relationship between conformal 
field theory and critical systems explicit, and we also point out the origin 
of why these statistical mechanical models are exactly solvable, that is, the 
Yang-Baxter relationship [1, 2]. Surprisingly, we will see the Yang-Baxter 
relation crop up in numerous other ways in later chapters, such as in our 
discussion on knot theory and Chern—-Simons Yang-Mills theory. 

Let us begin our discussion of statistical mechanics by making a few 
basic definitions [3-6]. When analyzing the properties of a solid, liquid, or 
gas, the starting point of our discussion will be the Boltzmann partition 


function: 
Z=S_ exp | cd (6.1.1) 


where E(n) represents the energy of the nth state, &k represents the Boltz- 
mann constant, and T represents the temperature. 

Notice the similarity between this partition function and the generating 
functional found in relativistic quantum field theory: 


Z= [6 expi | (6) d*z (6.1.2) 


Notice that there is a correspondence between the two widely divergent 
formalisms if we take the Euclidian version of quantum theory (so that 
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the factor of 7 in the exponent becomes —1). In particular, the high-(low- 
)temperature limit found in statistical mechanics corresponds to the weak 
(strong) coupling limit of quantum field theory. 

The fundamental quantity we wish to calculate for any statistical me- 
chanical system is called the free energy, and it is defined by: 


F =-kT nZ (6.1.3) 


In addition, the statistical average of any observable X is given by: 


-1 E(n) 
(X)=Z ae) exp | i | (6.1.4) 

We say that a two-dimensional statistical model is exactly solvable 
if we can solve for an explicit expression for the free energy. There are 
remarkably few exactly solvable two-dimensional models, such as the Ising 
model, ferroelectric six-vertex model, eight-vertex model, three-spin model, 
and hard hexagon model. 

Let us say that we have a collection of spins o; arranged in some regular 
two-dimensional lattice. Then, define the correlation between the ith and 
jth spin as: 

Gig = (0405) — (0%) (05) (6.1.5) 
In general, we find that the function g;; will depend on the distance x sepa- 
rating the states, and at large distances, it will behave like some decreasing 
power of x multiplied by some exponential: 
gig ~ BT eT T/E : (6.1.6) 
where € is called the correlation length. 

At the critical temperature, we find that the correlation length becomes 
infinite, that is, the system looses all dependence on any fundamental length 
scale, so the correlation function exhibits a power behavior: 


Ge ee (601.7) 


where 77 is called a critical exponent and A is the conformal weight of the 
field. Likewise, one can also define the “energy operator” as a product of 
two fields, €) = OnOn+1, whose critical behavior is governed by another 
critical exponent v: 

(ey ee ae (6.1.8) 
For the Ising model, we can actually compute these critical exponents for 
the spin field and the energy field, and we find: 


n=1/4, v=l1 (6.1.9) 


Because A, the conformal weight of the field, can be written as h+h for 
the minimal model, we can write the correspondence between Ising fields 
and the minimal model for m = 3: 
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o > $1/16,1/16; € © $1/2,1/2 (6.1.10) 


Because the correlation length becomes infinite at criticality, the properties 
of the system can be roughly described by the critical exponents for various 
physical quantities. 

For systems with a magnetic field, for example, the magnetization M 
is defined to be the average of the magnetic moment per site: 


M(H,T) =N7'(o, +++: +n) (6.1.11) 


where T’ is the temperature of the system, H is proportional to the magnetic 
field, and the energy is given by: 


E=Ey+H) on (6.1.12) 


where Eg is the energy in the free field limit H = 0. 
In the limit that N — oo, we can describe the magnetization as: 


M(H,T) = -aai (H,T) (6.1.13) 


because taking the derivative with respect to H simply brings down og; into 
the sum. The susceptibility of a magnet is then defined as: 


x(H,T) = Bi) (6.1.14) 


Using this formalism, we will make contact with the conformal field theories 
described in previous chapters. 


6.2. One-Dimensicnal Ising Model 


Let us first solve the simplest system, the one-dimensional Ising model. This 
theory is not very physical because it exhibits no phase transition at all, but 
it has many of the mathematical ingredients useful for more complicated 
systems. 

We begin by placing a series of spins o; along a line, which can take 
the values of +1. The energy of the system can be described as: 


N* N 
Eo) = —J > oj0541 _ HY 9; (6.2.1) 
j=l j=l 


where we assume that the jth spin only interacts with its nearest neighbors 
at the 7 - 1 and j +1 sites. Then, the partition function can be written as: 


. N N 
Zu = )exp | K \\ o;0341 + hS~o; (6.2.2) 
o j= Gl 
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where we have rescaled the parameters via K = J/kT and h = H PRE: 
Let us make a most important observation about this system, by 
rewriting the partition function as a sum over a series of matrices: 


Zn =) V(01,02)V (02, 03)--- V(on-1,0N)V (on, 01) (6.2.3) 


where: 
h 
V(a,o ) = exp [Acoo! + 5 (7 + o'| (6.2.4) 


Now, let us regard the elements of V as a two-by-two dimensional 
matrix V, which is called the transfer matriz, which depends on whether 
the spins are +1 or —1, that is, 


v=(WE2 He3)=(C2 FA) es 


Therefore, the partition function can now be succinctly rewritten as: 
Zn = TrVv*% (6.2.6) 


On one hand, we have done nothing. We have merely reshuffled the 
summation within Zy by rewriting it as a sum over the two-by-two trans- 
fer matrix V. On the other hand, we have made an enormous conceptual 
difference, because we can now diagonalize the transfer matrix in terms of 
its eigenvalues, that is, there exists a matrix P that diagonalizes V: 


= A, 0 =I - 
¥ =P ( 0 y) 12 (6202) 
Substituting this into our original expression for the partition function, 
we now find: 
ty Oe 
zy = Tr ( ‘ ) = jy bo! (6.2.8) 


Let A; be the larger of the two eigenvalues, which will then dominate the 
sum in the limit as N — oo. We then have: 
fGL) = =k? lime N= ln Zn = kT Ind, 
eae (6.2.9) 
= —kT In [e* coshh + V e?* sinh? h + ea 


In addition to having an exact expression for the free energy, we also 
have an exact expression for the magnetization: 
eX sinhh 

V/e2K sinh” h + e-2* 


This is a truly remarkable result, first found by Ising, who also proposed 
the model in 1925 [7]. Because we have an analytic expression for the free 


M(H = (6.2.10) 
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energy in terms of K and A, it shows that the model is exactly solvable. 
Moreover, it also shows, unfortunately, that the system does not exhibit 
any phase transition for any positive temperature. 

Because we have an exact expression for the transfer matrix, we can 
now solve for the correlation length and show that it goes to infinity when 
H =T =O, although this latter point is not a critical point. To do this, we 
need to calculate the averages (o;) and (o;,0;). We begin by defining the 


matrix S in spin space as: 
ee lowe) 
Ss = G 7) (G2 


Si¢g,q )—a0(a,o ) (6.2.12) 


which has elements: 


Therefore, the average can be written as: 
(a103) = Vie o1V(01,02)V (a2, 03)03 = Vigo alt: Sv’*svN-? 


(6.2.13) 

So, 
(0; = 24. SV SV 
(o;) = Zz) TeSV™ (6.2.14) 


Now let the matrix P, which diagonalizes the transfer matrix, be 
parametrized by an angle ¢: 


(es Pere (6.2.15) 


sing@ cos@ 
Then, we have: 
9i3 = (0103) — (0:)(0;) = cos” ¢ + sin? 2(Aof a)? — cos 2¢ 6.2.16 
= sin? 2¢(Ae/A1)? a 


So, we have the desired result: 


€= [In(di/A2)} (6.2.17) 


which tends to co as H,T — 0. Thus, all reference to a mass scale has 
disappeared. 


6.3. Two-Dimensional Ising Model 


Now that we have some experience using the transfer matrix technique, let 
us tackle a nontrivial problem, the two-dimensional Ising model {8}. 
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We place the spins o; on a two-dimensional lattice, except that the 
lattice sites are placed diagonally. Let W and V represent the lattice sites 
that are arranged along a horizontal line. The sites along W and V alternate 
as we descend the lattice. Our strategy is to rewrite the partition function 
once again in terms of transfer matrices, except that we will perform the 
sums Over spins in a particular fashion. 

First, we will sum the spin horizontally, which will give us expressions 
for W and V. Then, we will sum the lattice vertically, which will give us 
sums over the product WVWVW,..., etc. 

To sum the lattice sites horizontally, let ¢ = {01, 02,...0n}, that is, the 
lattice sites arranged horizontally along the top of Fig. 6.1, and Ict g' be 
the lattice sites arranged below them. Then, define W and V as follows: 


0) 
Vo,¢" == exp S(Koj410} + Lo;0;) 
j=l 


(6.3.1) 


mr 
Wo,g' = exp | >) (Kajo}, + Lojo}41) 


= 


where W and V are now 2” x 2” matrices. As before, we can perform the 
sum over the two transfer matrices by summing vertically over the lattice: 


Oy 
Zn = Tr(VW)™/? = Sar (6.3.2) 
=I : 


; 

In the thermodynamic limit, as we let the number of points n,m — oo, 
the partition function is once again dominated by the largest eigenvalue of 
the transfer matrix VW: 


line (Venera 

n,m—co 
We see that the one-dimensional and two-dimensional Ising models are 
therefore closely related to each other and that the calculation of the free 
energy reduces to calculating the largest eigenvalue of the transfer matrix. 
_ The actual solution for the free energy in the continuum limit, however, 
is quite involved for the two-dimensional Ising model, so we will just present. 

the final result. Define a function: 


F(0) = In [2( cosh 2K cosh 2L +k" V1 +k? — 2K cos26)| (6.3.4) 


Then, the largest eigenvalue can be written as: 


ie a 1 
le ee 6.3.5 
In Amax ~ 5) F (= (: 5)) (6.3.5) 


j=l 
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Fig. 6.1. 


In the thermodynamic limit, the summation over the evenly spaced 6; be- 
comes an integral, so we can write [6]: 


oe are (6.3.6) 
2m Jo 


This is our final result for the free energy of the two-dimensional Ising 
model. 


6.4. RSOS and Other Models 


There are a number of models [2-6] that generalize the behavior of the 
Ising model and are exactly solvable. More important, there are a number 
of models that, although they may not be exactly solvable, exhibit critical 
behavior that can be described by the known conformal field theories. Let 
us list some of these models and their properties: 


Spherical model 


One defect of the Ising model is that it is only solvable in the zero 
external field limit, which is a feature of many ferromagnetic models. How- 
ever, one model flint can be solved exactly, even in the presence of a field, 
is the spherical model. 

This. model is similar to the Ising model, except for several important 
differences. The spin 9; can take on real values, not just +1 and -1, and it 
can interact with all spins in the lattice, subject to the constraint: 


So (6.4.1) 


= 
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The partition function is now replaced by an integral (not a sum) of the Ising 
model’s partition function, with a delta function insertion that guarantees 
the constraint: 


i= | af do,-:-don 


(6.4.2) 


This model may be criticized because it is unphysical, that is, it implies 
a coupling between all spins on the lattice, no matter how far apart they 
are. However, this model is exactly solvable and exhibits normal phase 
transitions, despite its unphysical appearance. This puzzling result has been 
explained: the spherical model has been shown to be a special limiting case 
of the n-vertex model with only nearest neighboring interactions. 


Ice-type, six-vertex model 


The ice-type model was introduced to model the behavior of ferroelectrics. 
It differs from the usual Ising model, whose spins are located at the lattice 
sites, because the energy of the ice-type model is defined on the links or 
edges connecting the sites, not on the sites themselves. 

Ice-type models may describe the behavior of crystals with hydrogen 
bonds, such as ice, with oxygen and hydrogen atoms within the water 
molecule. We assume that the molecule is placed at each lattice site and 
that the edges represent the electric dipole field, and hence, the model rep- 
resents a ferroelectric. 

In general, since the electric dipole can assume two directions along 
the edges, there are 24 = 16 ways in which arrows can be placed along 
the edges, arranged around a lattice site. To be more concrete, we assume 
the ice rule, which states that there must be two arrows going into and two 
arrows going out of each site. Thus, the 16 possible configurations of arrows 
surrounding each site is reduced to six (see Fig. 6.2). 

Let €; represent the energy associated with each of the six possible 
configurations of arrows surrounding each site. Let n; be the number of 
times the ith configuration is repeated throughout the lattice. Then, the 
partition function is represented by: 


Z= vee (-) (6.4.3) 


For different values of €;, we have different physical structures. For 
example, it is thought that the potassium dihydrogen phosphate crystal, 
K H2POsu, can be represented by the following choice: 
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+++ 
++} 


Fig. 6.2. 


C= eo— 0; Cs == eA eee) (6.4.4) 


On the other hand, it is thought that an antiferroelectric can be modeled 
by the choice: 


€) = €2 = €3 = €4 > O; €5 =e, = 0 (6.4.5) 


Because the ice-type, six-vertex model is exactly solvable, we can find 
analytic expressions for its free energy and solve for its critical exponents. 
There are, however, some defects with the six-vertex model. It turns out 
that the model has a ferroelectric ordered state that is frozen, that is, the 
ordering is complete even at nonzero temperatures, and that the antiferro- 
electric properties do not diverge or vanish at criticality as simple powers 
of the critical temperature. 


EKight-vertex model = 


Because of the oversimplification present in the six-vertex model, leading to 
nonphysical results, it was generalized to the eight-vertex model. This model 
places constraints on the 16 possible configurations of arrows surrounding 
a lattice site by assuming that there are an even number of arrows going 
into and out of each site. Thus, we will sum over 8 possible configurations, 
each with its own energy «;. 

The partition function is: 


2 = Sew (=e) (040) 
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Like the six-vertex model, the eight-vertex model is also exactly solv- 
able. However, the eight-vertex model is considerably more sophisticated 
than the six-vertex model. In fact, the eight-vertex model, for various 
choices of the physical parameters, can describe both ferromagnets as well 
as ferroelectrics. In addition, it can contain the six-vertex model and the 
Ising model as special cases. 

The first statement is easy to understand, because we can always set 
two of the €; to zero to obtain the six-vertex model. However, the second 
statement is surprising, because the eight-vertex model and the Ising model 
have very different physical structures. The vertex models have their energy 
based on the edges connecting the sites, while the Ising model has its energy 
based on the sites themselves. 

The fact that the eight-vertex model contains the Ising model, however, 
can be seen by a change of parameters. Let o;; be associated with the edge 
that links the 7th and jth lattice site, and let it assume values of +1 or —1. 
Now re-write the energy as follows: 


M N 


ES SS Dy (Juiz igs + Inoigoitag + Joi,j410%41,3 
La (6.4.7) 
= P= 

te 
+ J aig tigi gt + I 045 04,5410841,7 741,541) 


Notice that we have done nothing; we have merely rewritten the eight- 
vertex model in a way such that its dependence on Ising-type spins is more 


apparent. 
Now define: 


Hj = FijFi,j+1) Mig = Fig Mi41,3 (6.4.8) 


Then, the partition function can be written as: 


M N 
p= — yo SS (Jvorig + Inpag + Saiz ui; 
ne (6.4.9) 
a — ll 
+ J ovs1,ghtig + J" 045 0441,5) 
with the condition: 
Mig ij i415 Mi jt1 = 1 (6.4.10) 


Notice that we have now split the partition function into two pieces, each 
representing a distinct Ising model. 

In fact, the explicit relations between the eight-vertex «; and the J’s 
of the Ising model are given by: 


= =), — 1 f= J, de — J J” 
e=—IntytJ+J' 4+ J", a =In—JytJ+J'-J" (6.4.11) 
g=e=J—-J'+J", ep=eg=—Jt J+J" 
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With this choice, we can show that the partition function of the Ising model 
is just twice the partition function of the eight-vertex model: 


Aising = 2Zeight—vertex (6.4.12) 


Zn model 


Potts originally introduced two different types of models, the Zjy model and 
what is usually called the Potts model. The Zy model is a straightforward 
generalization of the usual Ising model. The spins in the Ising model assume 
only the values of +1 or.—1. However, we can easily generalize this to the 
case where the spin o; points in N equally spaced directions. Then, the 
energy associated with the model is the scalar product between nearest 
neighbors, that is, 


B=) (oi, -cije1 + on ery | (6.4.13) 
tJ 
Obviously, the Ising model corresponds to the case of N = 2. A parafer- 


mionic representation of the primary fields of this model was studied in 
Chapter 5. 


Potts model 


The Potts model is defined by letting the spin o; at the ith lattice site take 
on values from 1 to g. Two nearest neighbor spins interact via the delta 
function and are defined as: 


da.c | — I op ay 


d(o,o/)=0 if oo’ ga! 
The energy is then defined to be: 
E=-J)~ 6(0;,0;) (6.4.15) 


tJ 
This model can be solved at criticality. The case q = 1 is trivial. The case 


q = 2 is the Ising model, which is equivalent to a minimal model with 
m = 3. It can be shown to have critical exponents given by: 


1 
a=0, 6=5, 6=15 (6.4.16) 


which can then be compared with the minimal model. The case q=3is 
also equivalent to a minimal model. Its critical exponents are given by: 
1 


ae 
a=3, B=5, 6=14 (6.4.17) 
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XYZ Heisenberg model 


Closely related to the Ising and the eight-vertex models is the XYZ Heisen- 
berg model. Here, we replace the spin o; with a real Pauli spinor. The 
Hamiltonian is given by: 
His BE OF Oj41 + Jyop ope + Jeojojys +: -} (6.4.18) 
j=l 

where the ellipses represent the interactions in the vertical direction. 

Not only is o; a Pauli spinor, it is also carries the indices of all the 
spins in the system, that is, 


oj =18---@o"®::-@l (6.4.19) 


where 1 is a two-by-two unit matrix, and the only nontrivial entry in the 
tensor product is at the jth site. 


If J; = Jy = Jz, then this is the usual Heisenberg model. 

If J, = Jy = 0, then only J, survives, and hence, we obtain the usual 
Ising model. 

If J, = 0, then we have the XY model. 

If J; = Jy, then we have the Heisenberg—Ising model. 


It can be shown that the Hamiltonian, for any value of the J’s, can be 
written as the logarithmic derivative of an eight-vertex transfer matrix. 


a 


Ashkin—Teller model 


The Ashkin-Teller model, like the previous models, was based on a gener- 
alization of the Ising model. In this model, there are four types of atoms, 
called A,B,C, and D. There are three values of the energy «;, given the 
different possible nearest neighbor pairings of these atoms. The following 
energies correspond to the given pairings: 


6: AA, BB,CC,DD; «a: AB,CD 


(6.4.20) 
(EB 5 AC, BD; €3: AD, BC 


It is possible however, to rewrite this model in terms of the usual 
Ising-type spins. Let us introduce two types of spins, s; and oj. Let the pair 
{s;,0;} equal (+,+) if there is an A atom at any site 7; (+, —) if there is a 
B atom; (—, +) if there is a C atom; and (—, —_) if there is a D atom. Then, 
the energy can be written as: 


E(ij) = —JIsis; — J’oi03 — Jasioisjo; — Jo (6.4.21) 


where: 
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—J = (€9 +1 — €2 — €3)/4 
—J' = (e9 +€2 —€3 — €1)/4 
—J4 = (€ +63 — €1 — €2)/4 
—Jo = (eo te1 + €2 + €3)/4 


(There is yet another representation of the Ashkin-Teller model, as a stag- 
gered eight-vertex model.) 

The Ashkin—Teller model is not solvable, but its properties at critical- 
ity are known. It is known that its phase structure is surprisingly rich. It has 
five phases, including phases that are ferromagnetically and antiferromag- 
netically ordered, and that one corresponds to the m = 4 superconformal 
unitary minimal series at criticality. 


(6.4.22) 


Hard hexagon model 


The hard hexagon model is exactly solvable, and it represents a two- 
dimensional lattice model of a gas of hard, that is, nonoverlapping, mole- 
cules. For example, it can be compared to a two-dimensional helium mono- 
layer adsorbed onto a graphite surface. 

Imagine that our lattice consists of an infinite series of hexagons, each 
adjacent to each other and without any spaces in between. The only rule is 
that a particle may occupy the center of each hexagon. The model is hard, 
that is, the hexagons do not overlap. The partition function is then defined 
to be: 

N/3 ; 
Z=)_ 2"9(n,N) (6.4.23) 
n=0 
where g(n, N) is the number of ways in which n particles can be placed in 
each of the various hexagons. There are N sites, and hence, at maximum, 
only N/3 sites can be occupied. 2 


RSOS 


One of the most general solvable models is the RSOS (restricted solid-on- 
solid) model, which is directly related at criticality to the infinite sequence 
of minimal models found in Chapter 2, as we saw in Eq. (2.5.24). The 
RSOS model is defined by the bingucttes (squares). At each site 7 in a 
square lattice, define an integer l;, which represents the “height” of that 
point. The heeht 4 is restricted to the interval: 


1<G<(-1) (6.4.24) 


for a fixed integer r (r > 4). (For the unrestricted RSOS, the value of 1; 
has no restrictions, that is, —co < lj < 00.) The relative heights of nearest 
neighbor sites can only ANE by unity, that is, 
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ee (6.4.25) 


if 2 and 7 are nearest neighbors. 
To each plaquette, assign a Boltzmann weight W, which has the sym- 
metries: 


W (hi, le, 13,14) = W(Is, lo, hi, la) 
= W (hy, la, Is, 12) (6.4.26) 
= Wr —h,r — lo, r — 13,7 — ls) 


The partition function is then given by the product of the weights: 


Ay AVG ales!) (6.4.27) 
2,7,7,™m 
where the sum is over all allowed arrangements of heights on the lattice, 
and the product is over all faces of the lattice. 
The RSOS model exhibits several phases, and contains a wide variety 
of known models as specific examples. For example, if r is even, we can 
translate it into an Ising-type model by changing to spin variables: 


s; = (r — 21;)/4 (6.4.28) 


which produces spin(r —2)/r Ising spins on an odd lattice and spin(r—4)/4 
on an even one. 

By comparing the critical exponents of the RSOS model with those 
found for the minimal model, we can show that the correspondence between 
the two models is established for ' 


r=m+1 (6.4.29) 


that is, the m = 3 minimal model, the r = 4 RSOS model, and the Ising 
model at criticality are all the same. For higher values of r, the critical 
exponents of the RSOS model can be shown to include those of the Ashkin— 
Teller model and the hard hexagon model. In particular, we have the series 
in Eq. (2.5.24). 


6.5. Yang—Baxter Relation 


It is possible to bring some order to the rapid proliferation of models. We 
find that most of these models fall into two types: 


1. vertex models and 
2. IRF (interaction around a face) models. 


The vertex models are like the ones we have studied, where the energy 
is defined by the arrows on the edges that surround a given site. The IRF 
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models, like the Ising models, have spins located at each lattice site, with 
nearest neighbor interactions. If we take one plaquette of a lattice, we can 
place the spins around the corners of the plaquette, hence the name. 

It will turn out that the reason for the exact solvability of these mod- 
els is that the transfer matrices, which define the partition function and 
free energy, commute. When expressed mathematically, this relationship 
becomes the celebrated Yang-Bazter relation. In fact, mutually commuting 
transfer matrices, or equivalently the Yang—Baxter relation, are sufficient 
conditions for the solvability of any two-dimensional model. 

To get a better understanding of the Yang—Baxter relation, let us study 
the ice-type six-vertex model. For example, in ice, we have the molecules 
of water held together by electric dipole moments. Let us place water 
molecules on a square two-dimensional lattice, such that the line segments 
forming the lattice correspond to the electric fields, represented by arrows. 

These arrows only have two directions on any given line segment. Thus, 
from any lattice site, there are six different possible orientations of the ar- 
rows. Each of these six different orientations will have an energy associated 
with it, called ¢;, for 7 = 1,2,...,6. Thus, if @ represents the lattice sites 
along a horizontal line, then we have: 


Es Ee. DEV (G1 b2)V (0565) V(om,¢1)=TrV™ (6.5.1) 


where: 


My €, + Mg€q +--+ + MEE 
V(9,¢') = >- exp | neta a (6.5.2) 
One can proceed to solve the system in this fashion. However, for our pur- 
poses, let us propose an alternative method in which we see the origin of 
the Yang-Baxter equation. 
The partition function can be totally rewritten in terms of: 


w(i, j|k, 1) = exp [ — e(i, 3,k,1)/kT] (6.5.3) 


Different values of €(2, 7, k,1) correspond to different models. 

Now, let w(ui, a:|8:, ui41) represent the contribution to the sum from 
the 2th site. Each Greek index, in turn, can have values of +1, such that 
there are only six possible orientations. Let us perform the sum horizontally, 
as before: 


Vas = 3 any Se w(j41, 01|1, 42) w(U2, @2|Bo, 13) (6.5.4) 


M1 UN 


Let V’ represent another transfer matrix, except that 


Waa ee— Ne Vig = D> > iT Genel meee 


LN Vien t=1 


(6.5.5) 
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where: 


S(u,v|p',vla,B) = > w(u, aly, uw’ (v, 718, v’) (6.5.6) 


+ 


We can therefore write: 


(VV )a,e = Tr S(a1, 61)8(a2, G2) ---S(an, Bn) 
(V'V)a,e = Tr S'(a1, G1)S' (a2, 62) ---S'(an, Bn) 
We wish to show that V and V’ commute, so that the two previous 


expressions are identical. This is obviously possible if there exists a four- 
by-four matrix M such that: 


(6.5.7) 


S(a, 8) = MS’(a, 8)M7! (6.5.8) 


Let us multiply the previous relation from the right by M, which we can 
also represent as a matrix called w”. Then, we have the relationship: 


SS wu, aly, ww!’ (v, 18,0"), wv", 2’) 
ie (6.5.9) 
= SO wy ule" ue )w'(u" aly, wv", 18,0’) 


Wytt 
YoY 


If we redefine: 


w(p,a,p",y) = Soe (u), —-w'(v, 7,4", 8) = Sop (ut v) 


i (6.5.10) 
w'(v! a wv) = Soe (wv v') 


then we can write the Yang-Baxter relationship in the form: 


So S8(u) SE (u + 0) 894(v) = > Sf w)sie(u + v)SgP(u) (6.5.11) 


apy apy 


If we graphically represent this relationship, then we find the pattern ex- 
pressed in Fig. 6.3, which pictorially displays the Yang-Baxter relation. 

The second type of exactly solvable model is the IRF, which includes 
the Ising model and many of the other exactly solvable models. (However, 
we should stress that, as in the eight-vertex model, there are ways in which 
certain models can be formulated in both languages.) If we place four spins 
a,b,c, and d (which can equal + 1 or 0 ) around the four corners of a 
plaquette, the energy associated with the plaquette will be (a,b,c, d), so 
we define the Boltzmann weight of the plaquette as: 


w(a, b,c, d) = exp[—e(a, b,c, d)/kT] (6.5.12) 


For different choices of e(a, b,c,d), we can represent a wide variety of 
models. For example, the Ising model can be represented as: 
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Fig. 6.3. 


eb ed) = = 5II(20 ~ 1)(2b — 1) + (2c — 1)(2d — 1)} 


i (6.5.13) 
_ 5/Ie — 1)(2b — 1) + (2d — 1)(2a — 1)] 
and the eight-vertex model can be written as: 
e(a,b, c,d) = —J(2a — 1)(2c — 1) — J'(2b- 1)(2d — 1) (6.5.14) 
— J4(2a — 1)(2b — 1)(2c — 1)(2d — 1) — 
fOnanbye,.d = 0) 1, 
The Hamiltonian is then represented as: 
H= SS ((G,, 00.00) (6.5.15) 


faces 
and the partition function for the IRF model is given by: ~ 
ee oe II w(9i, 73, 0K; 71) (6.5.16) 
01 ON 4,5, k,l 


We will now repeat the same steps that we used in studying the Ising 
model. We wish to express the partition function as a trace over the transfer 
matrix and then isolate the condition for commuting transfer matrices. Let 
us define the partial sum: 


n 
Vee = [[8t6;,c;55054; 2; (6.5.17) 
j=l 


where the sum over g is shorthand for: 
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oO = onl Gy acer: 
aa (6.5.18) 
G = Nesp eee 
and on41 = 0) and o),,, = 0}. 
We similarly define V’ by replacing w with w’: 
nm 
i II w' (05,0541; Can a5) (6.5.19) 
j=l 


This allows us to form the product VV’ defined by: 


nm 
/ = / wae, i / it if 
(VV ee? — ) Veer ghigt = ) [[ X(e3, 07, o§los41, 0941) 7541) 


ot” of j=l 
(6.5.20) 
where we introduce the quantity: 
X (a, b, cla’, b’, c’) = w(a, a’, b’, b)w’(b, b,c’, c) (6.5.21) 


The whole point of performing this decomposition is to be able to write 
the sums as traces over transfer matrices: 


(VV )oor = Tr X (01, 04 |02, 72) X (a2, 79|03, 03) ---X (On, Onlo1,01) 
(6.5.22) 


Similarly, we now define X’ with w and w’ interchanged: _ 
; 


(V'V)oor = TrX'(a1, o4| 02, 09) X' (a2, 09|03, 03) ++ X' (On Fnlo15 71) 
(6.5.23) 
As usual, we find that, for the transfer matrices V and V’ to commute, 

we need to postulate. the existence of an M matrix, such that: 


X (a, a'|b,b’) = M(a,a’)X’(a, a’ |b, b')M (6, b')~* (6.5.24) 


Multiplying by M from the right, we now find that the condition for com- 
muting transfer matrices is: 


> w(b, d,c, a)w'(a,c, f,g)w" (c,d, , f) 
° (6.5.25) 
= So w"(a,b,c,9)w'(b, d,e, c)w(c,e, f, 9) 


where we have defined M(a,a’) as w’'(c,a,d,a’). 

This is now the Yang—Baxter relation for the IRF model. In Fig. 6.4, 
we have graphically displayed the structure of the Yang-Baxter relation, 
which differs only in form from the Yang-Baxter relation obtained from 
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Fig. 6.4. 


the vertex models in Eq. (6.5.10). (Because of the shape of this graph, this 
equation also goes by the name “star-triangle” relation.) 

Now that we have derived the Yang—-Baxter relationship for both the 
vertex models and the IRF models, we have an alternative method of solving 
these models. Instead of trying to maximize the eigenvalues of the transfer 
matrices, which is how the Ising model was historically solved, we solve the 
Yang—Baxter relation directly. 

This second approach to solving statistical mechanical models is much 
more elegant than the brute force, hit-or-miss methods employed over the 
past decades. In fact, the method is so powerful that we can even see how 
new infinite classes of models might be solved by eens for solutions of 
the Yang—Baxter relation. 

The trick behind solving the Yang—Baxter relation is to reduce the 
Boltzmann weight function w(a,b,c,d) to a few independent parameters, 
and reexpress the Yang—Baxter relation in terms of this set. Then, we notice 
that these relations are identical to the addition formulas found in ordinary 
trigonometry or the theory of theta functions. The solution-to the Yang- 
Baxter equation can be given in terms of known analytic functions satisfying 
these addition formulas. Once this analytic solution to the Yang-Baxter 
relation is found, we can insert this into the partition function and calculate 
the free energy. 


Example: Ising Model 


Let us illustrate this procedure for the Ising model. The partition func- 
tion in Eq. (6.5.12) can be written in terms of four independent functions 
Wy 


wy (tt) =, 2 elk) 
Gia (tw) = wi 2a, 2 1 ee 
2(u) = w( ert u) (6.5.26) 
w3(u) = wins, 2.) ee 2) 
wa(u) = wl; 251, 2:1) = ea se2. 3. 2528) 
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Inserting this into Eq. (6.5.25), we find the Yang—Baxter equation simplifies 
and reduces to the following equations for the Boltzmann functions: 


wa(u)we(u + v)wa(v) + w3(u)wi(u + v)ws(v) = we(v)wa(u + v)we(u) 
wa(u)w(u+ v)wa(v) + w3(u)we(u + v)w3(v) = wi(v)wa(u + v)w1 (wu) 
wa(u)we(u + v)w3(v) + w3(u)wi(u + v)wa(v) = we(u)w3(u + v)wi(u) 
(6.5.27) 
The key step is to notice the similarity between these equations and the 
addition formulas found in the classical theory of theta functions. This is 
how we will find a solution to these reduced Yang—Baxter equations. 
The addition formulas for the theta functions are: 
Bi(uta)0i(u— 2)9i(v + y)V(v — y) 
—0i(u+r)di(u— y)di(v + 2)9i(v — 2) 
= 01(u+v)9i1(u — v) di (x + y)Pi(z — y) 
Da(u + x)0a(u — 2)da(u + y)¥a(v — y) 
— d4(ut y)¥a(u — ya(v + z)04(v — x) (6.5.28) 
=—01(u+ v)0i(u—v)di(x + y)Pi(z — y) 
Va(u+2)04(u — z)01(v + y)di(v — y) 
— d4(ut y)¥a(u — y)9i1(v + w)d1(v — z) 
= J4(u t+ v)da(u — v)di(a + y)di (x — y) 
By comparing the reduced Yang—Baxter relation and the addition for- 
mulas for theta functions, we can find the solution: 


wi(u) = 0i(ut+ A,p) Pe 01(A — u,p) 
01(, p) 01(A,p) (6 ® 29) 
01(u, p) — UGE = U, p) os 
20 “B1(2A, p)’ A 31 (2X, p) 


where ¢« = +1 and A = 7/4. Following in this fashion, we can use the Yang- 
Baxter relations to find exact solutions for the various statistical mechanical 
models. 


Example: Hard Hexagon Model 
For example, for the hard hexagon model, there are five independent 
Boltzmann weights: 
wi = w(0,0, 0, 0; u), oa Oe, 0.12) — (0,0) .0; 1; 2) 
wz = w(1, 0, 0,0; u) = w(0, 0, 1, 0; u) (6.5.30) 
wa — 0,1, On), we = wii, 0, 1,052) 


Inserting these weights into the Yang-Baxter relation, we find that the 
equations reduce to a set of five equations: 
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ws tou , ool Pity i Aad 
WWW) + W3W4We = W2W{W, W3W Wy + W5WQW3 = WiW3W3 
LOetE vo Ua? — Yn ltt 

W1W4W4 + W3WyWe = W4WaWs , W3W Ws + W5WaWe = WoWswe (6.5.31) 


iow Ve ee) 
W3WaW3, + W5W4Ws = W4Ws5W, 


Once again, by comparing these equations with the classical theta ad- 
dition formulas, we find that the solution can be written as: 


_ 81(3A —u) ~AA=4)  _ valu) 
mT 818d) °F AD) > > A Oe@A) (6.5.32) 
= 01(4A — u) = 01(2A — u) 
eee) eS 
where A = 77/5. 


Example: Eight- Vertex Model 


Last, we can also compare the addition formulas with the Yang—Baxter 
relations coming from the eight-vertex model. We find the exact solution: 


va) — JIA 4) 
mld ltd = Wu) wl ah ee) — HO) 
Vol — 1)v(L + 1) Pi (u) 
wil+1,l,l- Le) =w(l — Ldjét Ue) Se — 0 Ov) 
v4 [(d + 1)A + wo — ul 
w(l,t+1,i,1+1,;u) = a 
(6.5.33) 
where: 
p(a) = 31 (ad + wo) (6.5.34) 


and X and wo are arbitrary constants. 


6.6. Solitons and the Yang—Baxter Equation 


Before leaving this chapter, let us briefly sketch another exactly solvable 
two-dimensional theory, that of solitons. They will become important for 
two reasons. First, the heart of their integrability condition is once again the 
Yang-Baxter relation and the commuting of the transfer matrices. Thus, the 
language of conformal field theory can be used to describe solitons. Second, 
as we will see in Chapter 13, the Korteweg-de Vries (KdV) soliton equa- 
tions become important when we solve matrix models, which give us the 
first nonperturbative information concerning strings and two-dimensional 
gravity (albeit in the unphysical dimension D < 1). In particular, we will 
see that the reason why the matrix models are solvable in this domain is 
the existence of an infinite soliton hierarchy, called the KdV hierarchy. 
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This points to one of the intriguing mysteries of two-dimensional 
physics, the wealth of exactly soluble but highly nonlinear field theories. 
This must, in some sense, have some common origin. Systems as vastly 
separated as ice crystals of hydrogen, Korteweg-de Vries or sine-Gordon 
soliton descriptions of water waves, and the string vacuum of the universe 
are strangely linked together by two-dimensional conformal systems. 

Solitons (for solitary wave) have two distinct qualities. They are two- 
dimensional solutions of nonlinear equations that 


1. are localized waves that propagate without changing their properties, 
such as shape, energy, or velocity, and 

2. are stable against mutual collisions; in multiple soliton scattering, the 
solitons maintain their shape, although they are phase shifted. 


What is remarkable is that these models are exactly soluble in two 
dimensions, that is, they possess an infinite number of conserved quantities 
I;. By Liouville’s theorem, the model is exactly soluble if there are an infi- 
nite number of conserved quantities J; that are in involution (their Poisson 
brackets among themselves are all zero). 

In solving these nonlinear equations, ingenious methods, such as the 
inverse scattering method, have been devised. However, over the decades, 
it has become increasingly obvious that the essence of why this inverse 
scattering method works so well is because of the Yang—Baxter equation. 
Let us list some of the more well-known soluble models. 


Korteweg-de Vries Equation 


The first and best-known integrable model is the Korteweg-de Vries equa- 
tion, formulated by J. Scott Russel to explain the behavior of water waves 
along the Edinburgh Glasgow canal, which would travel long distances with- 
out dispersing. The equation has the form: 


Ou Ou Ou 
— — —~ =0 6.6.1 
Geo. os cae) 


where u(x,t) is the height of the water wave. 


Sine-Gordon Equation 


The sine-Gordon equation is given by: 


Ou du ; 
Oe == a = SINUu (6.6.2) 


It’s soliton solution can be written as: 


u = 4tan™* {c exp aa } (6.6.3) 
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Non-Linear Schrédinger Equation 


This generalizes the usual linear Schrédinger equation in two dimensions 
by adding an explicit cubic term to the equations of motion: 


ou Ou, 
“Pt Ox? 


To analyze the solutions to these systems, we will use the method 
of Lax pairs and the inverse scattering method, perhaps the most power- 
ful method devised to solve these models. Although the original equations 
themselves are quite nonlinear, the trick is to invent an auxiliary set of 
linear equations whose solution is well understood. 

Let u(z,t) be a solution of one of the above equations. Then, let ¥(z, t) 
be a solution of the ordinary linear Schrédinger equation, moving in a po- 
tential that is precisely u(x,t). Usually, when solving the linear Schrédinger 
equation, we begin with a potential and then solve y(z,t) moving in that 
potential. However, the key observation is that this process also works back- 
ward: given the scattering data for (x, t), we can reconstruct the potential 
u(x,t), which is a solution of the original nonlinear equation. 

Therefore, we will start with the linear Schrédinger equation with a 
field (x,t) moving in potential u(z,t), governed by the equation: 


2n(u*u)u (6.6.4) 


2 
SE tule, t)¥(c,t) = We, 0) (6.6.5) 


where A is independent of the time and u(z,t) is a solution of the original 
nonlinear equation of motion. ; 
The asymptotic form of (zx, t) for discrete eigenvalues \n = —K2 is: 
Yn(x,t) = cn(t)e*®, Ee 


en (t) = en(O)e~4*n* (6.6.6) 


and for continuous eigenvalues \ = «?, we also have: 


T(k, t) exp(tka + 4:k3t), I — OOo 
exp(ika + 4k*t) + R(k,t) exp(—ike + 4ikSt), LZ —0o 
(6.6.7) 
where: 
Lk) = Fino) 
(6.6.8) 


R(k,t) = R(k, 0) exp(—87k*t) 
where T(k,t) is the transmission coefficient and R(k,t) is the reflection 
coefficient. 

Given the scattering data, it a straightforward problem to reconstruct 
the potential function u(z,t), which in turn is a solution of the original 
nonlinear equation that we seek to solve. A more systematic way of solving 
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the inverse scattering problem is to set up the equations in the Heisenberg 
picture. 

We recall that in the Heisenberg picture, the operators of the theory 
are functions of time. Once again, we will set up an auxiliary problem, 
except this time we will introduce two new operators, called L, and M,, 
which are the Laz pairs. They are M x M matrices, which determine the 
evolution of the wave function 7, via the equations: 


Pm+1 = Lm(r)Pm; dim /dt = Mmm (6.6.9) 


Let be a constant in time. Now, differentiate the first equation with 
respect to time and insert the second equation into the first. Then, it is 
easy to show: 

dLim/dt = Mms4ilm — LmMm (6.6.10) 


which is an operator expression that acts on the wave function »(z,t). 

We now claim that each of the previous nonlinear equations can be 
recast in the above form, with suitable choices of the Lax pair. In fact, the 
model is completely integrable if a Lax pair can be found that is equivalent 
to the above consistency condition. For example, let us take the simplest 
example of the KdV equation. If we choose: 


1 
L(t) =D? +<5u 
2 (6.6.11) 
M(t) = 4D° + 5 (Du + uD) 


then the equation: ; 
dL /dt = [M, L] (6.6.12) 


is equivalent to the KdV equation. 
Let us now construct the transfer matrix by taking a product of N 
matrices and taking their trace: 


Tn (A) = Deny 
iy S [Ln (A)Ly-1() 008 Ly(A)| 


Differentiate this equation by t. Because of the Lax equation, it is easy to 
see that Ty(A) is a constant in time: 


dTy(X)/dt = 0 (6.6.14) 


(6.6.13) 


Now assume, for the moment, that two transfer matrices with different 
spectral parameters commute: 


[Tn (A), Tn ()] = 0 (6.6.15) 


If we power expand the transfer matrix Tyy(A) as a function of the spectral 
parameter , then we will have an infinite number of conserved quantities, 
I,;, such that they are in involution: 
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[;, 4] =90 (6.6.16) 


for all i and j. Then, by Liouville’s theorem, the model is solvable. For 
our purposes, however, we recognize the commuting of the transfer matrix 
Ty (A) as a signal that there is a Yang-Baxter relation at work. 

The point of this discussion is to reveal that the essential ingredient for 
solubility of two-dimensional models is the Yang—Baxter relationship, which 
is equivalent to commuting transfer matrices. The Yang—Baxter relation, in 
fact, is so powerful that we can write down analytic solutions to infinite 
classes of models based on its solutions. The key to understanding two- 
dimensional quantum systems, and in turn classes of conformal field theory, 
seems to lie in understanding better the meaning behind the Yang—Baxter 
relationship. 

Last, we mention that we will be meeting the KdV equations from an 
entirely new point of view when we encounter matrix models in Chapter 
13. We will find that the KdV equations are the key to the exact nonper- 
turbative solvability of the string theory in low dimensions. 


6.7. Summary 


One of the principle uses for conformal field theory, in addition to searching 
for string vacuums, is to analyze two-dimensional statistical mechanical 
models at criticality, where the details of the models are washed out and 
universal characteristics remain that typify a conformal theory. What is 
interesting is that so many of these models are exactly solvable. The origin 
of this remarkable property is the Yang—Baxter relation. 

We begin with the partition function for a one- or two-dimensional 


discrete lattice: 
Z =~ exp |- - 
2 exp | eT (6.7.1) 


where E(n) represents the energy of the nth state, k represents the Boltz- 
mann constant, and T represents the temperature. The object is to calculate 
an exact expression for the free energy, defined as: 


F=-kT nZ . (6.7.2) 


Correlation functions between spins o; and o; at criticality exhibit 
scaling behavior, which can be parameterized by critical exponents. Specif- 
ically, the correlation function: 


913 = (0403) — (0%) (05) (6.7.3) 


will depend on the distance x separating the states, and at large distances, it 
will behave like some decreasing power of x multiplied by some exponential: 
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Gi ame (6.7.4) 


where € is called the correlation length. When the correlation length be- 
comes infinite, we have a phase transition. 

For the Ising model, we can introduce the “energy operator” €, = 
OnOn+1- At criticality, when the theory becomes conformally invariant, we 
have the one-to-one association between the familiar minimal primary fields 
of conformal field theory and the fields o and « of the Ising model: 


oy ?1/16,1/16> IS oo P1/2,1/2 (6.7.5) 


What is surprising is that so many two-dimensional models are exactly 
solvable. The simplest example is the one-dimensional Ising model, whose 
partition function describing spins (which take on values of +1) can be 
arranged on a line: 


N N 
De Sy exp | K SS Oj;Oj4i1 th Se OF (6.7.6) 
o geil geil 


We can rewrite this in matrix form as: 


ZN = S- V(o1,02)V (o2,03) ++: V(on-1,0Nn)V (on, 1) (6.7.7) 
where we introduce the 2 x 2 dimensional transfer matrix: 


h 
V(o,0') = exp | Kao’ + 5 (7 +o’) 7 (6.7.8) 


The key is that we can rewrite the partition function as a matrix 
product over the transfer matrix: 


Zn = TrvN (6.7.9) 


This means that we can solve the entire system by diagonalizing the transfer 
matrix, as follows: 


aoe 
Zy=Tr|“C = AN +2 (6.7.10) 
0 de 
Let \1 be the larger of the two eigenvalues, which will then dominate 
the sum in the limit as N — oo. We then have: 


f(H,T) = —kT lim N71} InZy = -kT InA1 


(6.7.11) 
= —kT In le* cosh h + Ve2* sinh? h + | 


so the system is exactly solvable. (Unfortunately, the system does not ex- 
hibit a phase transition at finite temperature. ) 
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More complicated is the two-dimensional Ising model, which can be 
exactly solved only in the zero magnetic field limit. The two-dimensional 
Ising model, like its simpler one-dimensional cousin, can be expressed in 
terms of transfer matrices: 


Tt 
Vo.e" = exp 2 Koj4105 + Lo3o;) 


(6.7.12) 


Tr 
W6, = exp a Kojo, + Lojo541) 
j=l 


where W and V are now 2” x 2” matrices. We can now perform the sum 
over the two transfer matrices by summing vertically over the lattice: 


Zn = Tr(VW)™/? = =Sar (6.7.13) 


As before, we now diagonalize the transfer matrices and then look for 
the largest eigenvalue. (The details, however, are rather involved.) A careful 
examination of its critical exponents at the phase transition shows that the 
model becomes the well-known m = 3 minimal model discussed in Chapter 
2 

After the original one-dimensional Ising model was proposed in 1925, a 
wide variety of exactly solvable models were studied. Some of these models 
can be solved exactly in the continuum limit for all values of the tempera- 
ture. Some can only be solved exactly at the phase transition. However, all 
of these models exhibit: universality at the critical temperature, so they can 
be compared to conformal field theories. Since we have exhausted all clas- 
sifications of the simple bosonic conformal field theories, we should be able 
to group together certain statistical mechanical models based on their crit- 
ical exponents and fusion rules according to conformal field theory. Thus, 
we have a simple classification scheme for statistical mechanical models at 
criticality. Let us just briefly sketch some of these models. 

The spherical model has the same partition function as the Ising model, 
except that the spins obey the constraint: 


- 
Sg = (6.7.14) 
j=l 


(Although this constraint seems unphysical, linking together spins no mat- 
ter how far apart they are, it can be shown to be a special limiting case of 
the n-vertex model.) The advantage of this model is that it can be solved 
exactly in the presence of a magnetic field, which is an advantage over the 
Ising model. 
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The ice-type, siz-vertexz model differs from the Ising model qualitatively, 
because the energy is contained not at the sites but at the links or edges 
between the sites (that is, the energy is concentrated in the chemical bonds 
between atoms, and hence, this model can describe systems with hydrogen, 
such as ice or dihydrogen phosphate crystals). 

Its partition function is given by: 


Z= Sew (-st) (6.7.15) 


where €; is the energy associated with each link, and n,; is the number of 
times the ith site is repeated in the lattice. Different values of «; and n, 
describe different types of crystals. The model is exactly solvable, but it 
exhibits some nonphysical. properties, such as complete ordering even at 
nonzero temperatures. Because of these nonphysical properties, the model 
was generalized to the eight-verter model, which places constraints on the 
16 possible ways in which arrows can be placed going into and out of each 
site. 

The eight-vertex model, for various values of «; and n;, is so general 
it can model both ferromagnetics and ferroelectrics, and in fact, it includes 
the six-vertex and Ising models as special cases. In fact, for a special case, 
we can show: 

Arising = 2 Zeight—vertex (6.7.16) 


(which shows that a model with energy associated with sites, like the Ising 
model, can be rewritten as a model with energy associated with links, such 
as the vertex model). 

Also, Potts introduced two new models. The first is the Z, model, 
where the spins can assume values in Z;, instead of just +1. Spins can now 
be represented as vectors in this space, so the energy becomes: 


i ys {o4; Oj 540 1 O44 oi+1,5} (6.7.17) 
UJ 
(obviously, this is the familiar Ising model for N = 2). 
However, the Potts model is defined by letting the spin o; at the 2th 
lattice site take on values from 1 to g. Two nearest neighbor spins interact 
via the delta function and are defined as: 


O(a.o, jal if aoe — ae 


6.7.18 
bo. = 0 if, foo" ( ) 


where 6 is 1 if the two spins are the same and 0 if they differ. This model 
can be solved exactly. For the q = 2 case, we have the Ising model. For the 
case of g = 3, we also have a minimal model. 

The well-known XYZ Heisenberg model has a partition function given 
by: 
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N 
1 
a 5 >» {JeoFoFs + Jyotot,, + Jzofoj4, +---} (6.7.19) 
Datel 
where the ellipses represent the interactions in the vertical direction. 


If J; = Jy = J, then this is the usual Heisenberg model. 


If J; = Jy = 0, then only J, survives, and hence, we obtain the usual 
Ising model. 


If J, = 0, then we have the XY model. 
If Jz = Jy, then we have the Heisenberg-Ising model. 


It can be shown that the Hamiltonian, for any value of the J’s, can be 
written as the logarithmic derivative of an eight-vertex transfer matrix. 

The Ashkin—Teller model is another generalization of the Ising model, 
except now we have different species of atoms. Its partition function is 
roughly the same as the Ising model, except we have different types of 
spinors to sum over. (The model is not solvable, but its properties at criti- 
cality are known.) 

The hard heragon model is exactly solvable and represents a gas of 
hard (that is, non-overlapping) molecules. The partition function is: 


N/3 
Z=)>_ 2"g(n,N) (6.7.20) 


n=0 


where g(n, N) is the number of ways in which n particles can be placed in 
each of the various hexagons. There are N sites, and hence, at maximum, 
only N/3 sites can be occupied. 

Now, we turn our attention to the main problem, which is the origin of 
why these models are solvable. A close examination of the steps used to solve 
these models shows that the key ingredient is that partition functions can 
be expressed entirely in terms of transfer matrices and that these transfer 
matrices commute. The mathematical expression of commuting transfer 
matrices, in turn, is expressed by the Yang-Baxter relationship, one of the 
deepest results of two-dimensional statistical mechanics. 

The Yang-Baxter relation can be expressed graphically in two ways, 
depending on whether we are studying vertex-type models or IRF (interac- 
tion around a face) models. 

Let us begin with a vertex model. Let w(uUi, a:|8;, 4i41) represent the 
contribution to the sum from the 2th site. Each Greek index, in turn, can 
have values of +1, such that there are only six possible orientations. Now, 
let us introduce the transfer matrix: 


Vag =o Yo win, a1|91, 42 )w(u2, a2| (82, 13) 
By LN (6.7.21) 
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The partition function can be represented totally in terms of trans- 
fer matrices. By demanding that transfer matrices commute, we have a 
nontrivial relation, the Yang-Baxter equation: 


Ss BC) Sey (GT uSs@) =) Se @)stu+usy@) (6.7.22) 


apy apy 


where the S are defined in terms of the w’s. Similarly, the IRF models can 
also be solved via the Yang-Baxter equation, except that the topology of 
the relation resembles a star and a triangle, hence the name “star-triangle 
relation.” 

Last, we conjecture that perhaps all two-dimensional soluble systems 
have the same origin in the Yang—Baxter relation. One example of this is 
soliton theory (which we will meet again in Chapter 13). Solitons can be 
described by M x M matrices, which determine the evolution of the wave 
function w,, via the equations: 


Vm+t =Lm(Aim, — dbm/dt = Mmm (6.7.23) 


Let \ be a constant in time. Now, differentiate the first equation with 
respect to time and insert the second equation into the first. Then, it is 
easy to show: 

dL d= Mittin = laa (6.7.24) 


which is an operator expression that acts on the wave function 7(z, t). 
We now claim that each of the previous nonlinear equations can be 
recast in the above form, with suitable choices of the Lax pair. In fact, the 
model is completely integrable if a Lax pair can be found that is equivalent 
to the above consistency condition. 
Let us now construct the transfer matrix by taking a product of N £ 
matrices and taking their trace: 


Tn(A) —alleratany 
tw = [Ln (A)Ln-1(A)--- Li (A) 


Differentiate this equation by t. Because of the Lax equation, it is easy to 
see that T'y(A) is a constant in time: 


(6.7.25) 


dT (A)/dt = 0 (6.7.26) 


Now assume, for the moment, that two transfer matrices with different 
spectral parameters commute: 


[Tw (A), Tv (H)] = 0 (6.7.27) 


If we power expand the transfer matrix Ty (A) as a function of the spectral 
parameter \, then we will have an infinite number of conserved quantities, 
T;, such that they are in involution: 
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(i, i 0 (6.7.28) 


for all 2 and 7. Then, by Liouville’s theorem, the model is exactly solvable. 
Thus, we see once again the strong relationship between exactly solvable 
two-dimensional systems. 


References 


1. C. N. Yang, Phys. Rev. 85, 808 (1952); Phys. Rev. Lett. 19, 1312 (1967). 
2. R. J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, 
San Diego, 1982; Ann. Phys. 70, 193 (1972). 


For reviews, see Refs. 3-6. 


3. E. H. Lieb and F. Y. Wu, in Phase Transitions and Critical Phenomena, C. 
Domb and M. S. Green, eds., Academic Press, San Diego (1972). 

4. M. N. Barber in Phase Transitions and Critical Phenomena, C. Domb and J. 
L. Lebowitz, eds., Academic Press, San Diego (1983). 

5. H. W. Diehl in Phase Transitions and Critical Phenomena, 10, C. Domb and 
J. L. Lebowitz, eds., Academic Press, San Diego (1986). 

6. B. M. McCoy and T. T. Wu, The Two-Dimensional Ising Model, Harvard Univ. 
Press, Cambridge, Massachusetts (1973). 

7. E. Ising, Z. Physik. 31, 253 (1925). 

8. L. Onsager, Phys. Rev. 65, 117 (1944). 


Chapter 7 


Towards a Classification of Conformal Field 
Theories 


7.1. Feigin—Fuchs Free Fields 


In order to make some sense out of the jungle of conformal field theories 
that have been discovered from string theory, physicists have tried to clas- 
sify these vacuums using various techniques, with varying degrees of suc- 
cess. At present, no comprehensive classification scheme exists that gives 
us insight into the structure of these vacuums. In fact, it is still largely a 
mystery why conformal field theories behave as they do. There has "been 
some progress in understanding conformal field theories with finite numbers 
of primary fields, but there is almost no real understanding of conformal 
field theories with infinite numbers of primary fields. If a convenient and 
powerful classification scheme could be devised, then it may be possible to 
see nontrivial relationships between different conformal field theories, which 
in turn may help us to understand which, if any, of these conformal field 
theories have a physical application. 

Although a satisfactory classification scheme does not yet exist, in the 
last few years much progress has been made toward developing different 
schemes that can partially catalog the multitude of conformal field theo- 
ries. Let us list some of the major formalisms that have been proposed, 
mentioning their strong and weak points. 


1. Coset Construction [1]: The GKO coset construction, reviewed in 
Chapter 2, was one of the earliest to be discovered and is still one 
of the most powerful techniques for categorizing conformal field the- 
ories. The minimai conformal field theories can be easily constructed 
via this method. In fact, all known rational conformal field theories 
can be constructed using the coset construction. 

However, one drawback to this construction is that it reduces the prob- 
lem of finding representations of the Virasoro algebra to an equally 
difficult problem, finding representations of the Kac-Moody algebras. 
In particular, the method has somewhat limited usefulness because, in 
order to construct the correlation functions for G/H, one must know 
them for G and H. Although this procedure provides a remarkably 
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versatile method by which to construct conformal field theories, it is 
sometimes a rather clumsy way in which to actually calculate the char- 
acters, primary fields, etc., of the model. More important, however, it 
give us no deeper understanding into the reason why the multitude 
of conformal field theories exists, nor does it help us understand the 
relationships between these theories. 


Feigin-Fuchs [2-9]: The Feigin-Fuchs free field method, in contrast to 
the coset method, gives us information about computing correlation 
functions by reducing them to a series of line integrals over the com- 
plex plane. By adding fields at infinity, it gives the ability to reduce 
complicated conformal field theory correlation functions to correlation 
functions of free fields. Its power is that it gives us a very practical 
way in which to calculate with a conformal field theory. In fact, it can 
be shown that all GKO coset constructions can be derived via Feigin— 
Fuchs free fields. Its disadvantage is that, like the GKO construction, 
it gives us no deeper understanding of the relationships between con- 
formal field theories. 


Landau-Ginzburg and Catastrophe Theory [10-16]: The Landau— 
Ginzburg method gives us a new way of looking at the relationship be- 
tween conformal field theories. The Landau—Ginzburg potential, cou- 
pled with renormalization group methods, gives us a way in which 
certain conformal field theories may flow into each other via renormal- 
ization group flows. The Zamolodchikov c theorem, especially, gives us 
a powerful way in which to see how certain conformal field theories 
can flow into other ones. For the N = 2 superconformal field theories, 
catastrophe theory may be applied to these potentials. Because the 
mathematicians have.already made great strides in the classification of 
catastrophe theory, perhaps one can use this classification scheme to 
classify the Landau—Ginzburg potentials of the N = 2 theory. 
Although this formalism is quite beautiful, it is not as general as the 
other methods. Many conformal field theories cannot be written in 
terms of Landau—Ginzburg potentials, and they lie outside the classi- 
fication scheme of catastrophe theory. 


Knots and Chern-Simons Theory [17]: Perhaps the most original at- 
tempt in which to approach the classification problem is Witten’s use 
of knot theory. Because a three-dimensional Chern—Simons gauge the- 
ory is purely topological (that is, it is generally covariant without any 
metric tensor), its correlation functions are also purely topological. The 
correlation functions over Wilson lines give us invariant knot polyno- 
mials, generalizing the knot polynomials found independently by the 
mathematicians. 

If we quantize the system and take a time slice, one dimension is lost, 
and the theory becomes a two-dimensional conformal field theory. If we 
apply the Dirac constraints directly onto the Hilbert space, then the 
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physical space is equivalent to the conformal blocks found in Chapter 
2. The three-dimensional action, in the Coulomb gauge, becomes a 
version of the two-dimensional WZW model. 

Like the coset and free field construction, knot theory can also describe 
all known rational conformal field theories. The drawback with this 
approach is that the beautiful geometry behind knot theory does not, 
at the moment, give us any insight into the classification of conformal 
field theory. Like the other schemes, it is still obscure how this approach 
can reveal to us the relationships between conformal field theories. 


In this chapter, we will review the free field and the Landau-Ginzburg 
approaches. (We will save our discussion of knot theory until Chapter 8, 
where we will use knot theory to unify many of the features of conformal 
field theory and statistical mechanics.) 

The Feigin-Fuchs method begins with the observation that the N-point 
correlation functions of the minimal model, which in general are difficult 
to compute, have a representation entirely in terms of free boson fields. All 
correlation functions, as well as all structure constants, can be explicitly 
calculated. 

We start by making some elementary observations about the N-point 
function of N interacting tachyons, which were discussed in Chapter 1: 


N 
(Vax (21) Vaz (z2)... Va (2~)) = | [la - 2)" (7.1.1) 
t<Jj 
which vanishes unless 5), a; = 0. In general, if we wish to take the corre- 
lation function of several vertex functions of the same type Va, then, since 
the a are all positive and can never sum to zero, we find that the correla- 
tion function is trivially zero. Feigin—Fuchs, however, discovered a trick by 
which general correlation functions can be constructed, even when the a; 
do not sum to zero. 
Let us recall the discussion of the energy-momentum tensor and vertex 
operators given in Eqs. (3.1.28)—(3.1.33). Let us choose: 


T(z) = —5 1 0.60.6: Hay 026 (7.1.2) 


where we have set ¢ = —1 and Q = —2iag. Then, the central term is given 
by c = 1—12a2, and the conformal weight of the vertex function : poe). 
is equal to $ac(cr — 2a0), that is, 


' = 1 
T(w) : e902) sw ee vee 1 Oi 20. (721-3) 


Now, consider the operator [2-5]: 


C= pu J(z), T(z) =: ef29) ; (eles) 
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If we choose ag such that the integrand J(z) has weight 1, then we have: 
a? — 2aayg = 2 (71.5) 


which has two solutions for ag: 


a, =agts/az+2 (7.1.6) 


The whole point of the Feigin-Fuchs construction is that Q is con- 
formally invariant (and hence may be inserted into a correlation function 
without affecting its conformal properties) but carries a nontrivial “mo- 
mentum” a, which can be adjusted so that the total “momentum” of an 
N-point correlation function vanishes. For example, the correlator: 


(VEV,VaVeenea) (7.1.7) 


is usually equal to zero because the momenta do not sum to zero. 

However, we will alter this correlator in several ways. First, we will 
insert a new vertex into the correlator, located at z = co with momentum 
—2ag. This will represent the “screening charge.” It will also partially cancel 
the momentum due to the last vertex function. Second, we can insert as 
many Q+ with momentum az into the correlator as we want, so let us 
insert n — 1 operators Q_ and m — 1 operators Q. Third, set all a; equal 
to a. 

To have a nonzero matrix element, we must have the sum of all mo- 
menta, coming from both V, and Qi, equal 2a9. Depending on n and m, 
this fixes the value of a to be anm via: 


(3 — l)anjm + (n — l)ha_ + (m— 1)ay + 2a9 — 2a = 0 (7.1.8) 


Solving for a,,m, we find that the conformal weight An m of the vertex Va,,,, 
must satisfy: 


1 
2a Gaon 207, 220 = Th (an +aym)* —(a,+ = (19) 


But this, however, is precisely the form of the Kac formula {see Eq. (2.5.7)]. 
The correspondence becomes complete if we set aj = [2m(m + 1)| ~* and 
p— Wand — fn, 

This is a rather unexpected, but fortunate, result. If we set the confor- 
mal weight of V, to be the conformal weight fume in the minimal model, 
then we can obtain a nonzero correlation function by inserting a certain 
number of @’s into Eq. (7.1.7), which do not change the conformal struc- 
ture of the correlation function but do change the momentum-conservation 
equation so that nonzero correlation functions are found. 

This means that we have found a representation of the correlation func- 
tions of the minimal model in terms of free boson fields. Since the transfor- 
mation properties of these free boson vertex functions agree precisely with 
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the transformation properties of the minimal model’s fields n,m, then we 
now have a convenient way in which to calculate the N-point functions 
and structure constants of the minimal model. For example, we can find an 
explicit expression of the four-point function over minimal fields Onn ll We 
insert n — 1 currents with weight a_ and m— 1 currents with weight Q4 as 
follows: 


(bnm(21) 4mm (22) n,m (28)bn,m(24) ) 


= ¢ du, ore $ dun—1 dv, a $ dvm—1 
C Ga IS Sima—1 (7.1.10) 
xia (ea eae (on). (es) 


x J+.(v1) ee J. (Ym—1)) 


where the contour integrals are over circles {C1,...,Sm—1}, which enclose 
the points z; so that they cannot be shrunk down to a point. 

We have now replaced an abstract field from the minimal model Can 
with a specific representation given by free fields whose matrix elements 
are all known. We can do this because the left- and right-hand sides of the 
previous equation have the same conformal properties. The final contraction 
over the vertices and currents is now trivial, since all fields are written in 
terms of free bosons. Thus, we have reduced a potentially difficult problem, 
the calculation of N-point functions over minimal fields, to a much simpler, 
almost trivial one: performing line integrals over complex-valued vertices 
constructed from free fields. ; 


Example: Four-Point Function 


For example, let us use this deceptively simple method to calculate 
the explicit value of a correlation function of minimal fields, such that one 
of the fields is equal to ¢1,2 (we now rescale a > /2a to agree with the 
literature): 


( ns,mn (0)1,2(2) nama (1) 6nasma (00)) 
=f at Van (O)Vaa(2)Vas 1Vau(0)J+(0) (7.1.11) 
—_ 720102 aN 20203 FO (p br, z e 
= AD fae 1)°(t — z) 


where a = 2a,a4, 6 = 2a3a4, ¢c = 2a2a4, a2 = —Fa4, and a4 = 2a9 — 
a1 — 4903 —- A+. 

Although the final answer is unique, there is some arbitrariness in 
defining the line integrals (which is eliminated once we fix the monodromy 
properties of the integral). An incorrect choice of the line integral, for ex- 
ample, could lead to a vanishing result. 
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There are two line integrals in this calculation, corresponding to the 
two linearly independent solutions to the hypergeometric equation. It is 
straightforward to write these line integrals, in turn, as hypergeometric 
functions. Let us define the following: 

I'(-a—b-—c-—1)F(6+1) 


I,(a,6,¢2) = / © dov(v = I)"(v= 2)" = T(-a—c) 


x F(-c, -a —b-—c-—1,-a-¢;z) 
4 EF 1)r(c+1 
I2(a, b,c; z) = i dy v2(1 — v)'(z—v)° = pee a : 2) 
x F(-b,a+1atct2;z) 

Cele) 
where F is the standard hypergeometric function. The final result for the 
correlation function is a function of both z and Z and is constructed out of 
I, and I. Thus, the correlation function must be a function of: 


G(z,z)=>_ Xighl;(2) (@aiets) 


where the X;; can be determined by making changes in the contour inte- 
grations. The final answer is [3-5]: 


OBe (21) Ono,me (22)@na,ms (23) Pram (z4)) 


|213|433 |zoq|424 Gl 2) (7.1.14) 
| 212|922 | 293|23 | 234|34|z14|F24 coe 
where: 
G(n) = sin (a+ 6 + c)sin 2(b)|J; (a, b, c;7)|? 
(a+ e)sinx(b)(0,6,67) ie, 
+ sin 7(a) sin 7(c)|I2(a, b,c; 7)| 
and i 212234/ 213224 and: 
fi3 = 2[A(ay ap G2) ar a) — A, —A3+ 20402] 
Boa = 2[A(az + a4) — Az — Agt 20402] 
Big = -2|A(ai + a2) — A; — Ag 
(7.1.16) 


Boz = —2[A(a2 +03) — Ao’— As| 
B34 = —2[A(a3 + a4 +04) — Ag — Ag] 
Bra = —2[A(ai +04 +04) — Ay — Ag) 
where A are the conformal weights. 
Example: General Case 


We can now present the general case, which appears formidable but 
is actually a straightforward application of the ideas presented previously. 
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First, we start with the correlation function of a product of a series of @n,m.- 
Then, we replace each minimal field with a vertex function: 


Pnim — Venom (leva) 


To prevent the correlation function from vanishing, we have to insert the 
requisite number of charges Qi (with weight one) within the correlation 
function, such that the total “momentum” still vanishes. The contraction 
over the free boson field can now be trivially performed, and we are left 
with a series of line integrals. The last step is to write the final correlation 
function as: 


SU XGLL (7.1.18) 
aj 


where J; are various line integrals, and then use the monodromy properties 
of the correlation function to fix Xj,. 

This procedure can be performed for any N-point function, but let us 
present only the final result for the four-point function with four totally 
arbitrary minimal fields. As before, the four-point function can be written 
as a function of a set of contour integrals I Ne Hw) multiplied by normalization 


factors X c Bor 
COP ancl nce (Le gee) = eee pee (celal) 
Lk 


These contour integrals, in turn, can be written in terms of the following 


factors: ‘ 5 
TN oreo) (7.1.20) 


where: 


ne = Jn—tym—k[—@ — b— ¢— 2p(m — 2) + 2(n — 2), b; p] Jt-1,n—1(a, ¢; p) 


@ 121) 
and: 
7 Lip! =m) Fy Pe) 
J 8; — (,/\2mn 
n / Gnd reo i tad 
e a +ip')F(1 Uses (7.1.22) 
ras ri2—m+a’'+'+(n-1+i)p'] 
: Il Wi lee +t) ee hap) 
eee ee 6 |p| 
and the normalization factors X are given by: 
XO (a,b, c3p) = X!(a’,b',c/3 p') Xi (a, b,c; p) (7.1.23) 


where: 


210 Chapter 7. Towards a Classification of Conformal Field Theories 


k-1 m—k k-2 : : 
m ya s(ltatip)s(l+ct ip) 
CO ress 0) 


i=l j=l 7=0 

moe (+b + ipisl-1— ab —e— Som — oe ag 

Ge Pe Gre Se 
(7.1.24) 


x 
1=0 


where s(a) = sin 7a and: 


@= (1) il Pia er) (7.1.25) 
+ (k-1)(1ta+e+ p(k —2)] — 21 -1)(k-1) 


where f(z) is regular at z = 0 and Fee (0) = else — waa, 


a=—p 4.6 =—p ‘b,c =—p-‘c. 


7.2. Free Field Realizations of Coset Theories 


So far, we have only used the free field method to analyze simple models, like 
the minimal model. However, the free field method is much more powerful 
than that. Now, we wish to analyze generalized free field constructions 
in order to realize Kac-Moody algebras, coset constructions, and N = 2 
superconformal theories [8, 9]. Thus, the free field construction is one of the 
most general schemes proposed. 


Free Field Construction of Kac-Moody Algebras 


First, let us analyze the free field Kac-Moody representation by introducing 
three sets of free fields G_.,7g,¢', where a and G represent the positive 
roots of some Lie algebra and i is the index for the Cartan subalgebra. Our 
goal is to construct the Kac-Moody generators out of these free fields. We 
postulate the following operator product expansions: 


B_a(z)ye(w) ~ ee (7.2.1) 


$'(z)¢? (w) ~ —64 In(z — w) 
First, the generators of the Cartan subalgebra can be written as: 
H*(z) = ~ia, 06° + S> a'B_aya(z) (20) 
aéG 


where the sum runs over positive roots and where a4 = /k+ g is the 
second-order Casimir of the group G, that is, g = n for An, g =n-—2 for 
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SO(n) (n > 5), and g =n +1 for Cy. Likewise, the currents for negative 
roots can be written as: 


E_o(z) = B—a(z) + S| Noo ¥o(z)B—o(z) (7.2.3) 


p-c=—a 


where the N matrices can always be chosen so that the algebra formed by 
the £’s and H’s agrees with the usual definition of the Lie algebra, as in 
Eq. (3.2.6). 

Last, the energy-momentum tensor can be written as: 


( CRE G . rank G 


=} B-« O0.- se Vv Ga ee piadi(z) (7.2.4) 


aceéG 


where p* is half the sum of the positive roots. (Notice the last term in 
the expression for the energy-momentum tensor. Because it is linear in the 
fields, it shows the presence of the screening charges that are typically found 
in the Feigin—Fuchs construction.) 

It is now a simple matter to calculate the operator product expansion 
of the various operators. By multiplying two energy-momentum tensors, we 
can calculate the central charge of the algebra, which yields [8, 9}: 


cg = dimG — 12p?/a4. (7.255) 
If we use the “strange formula” of Freudenthal and de Vries, 
1 
2) ees 
a 29 dim G ; (2G) 
we find the correct central charge of the Kac—Moody algebra: 
kdimG 
= T2 
co = = (7.2.7) 


Equations (7.2.2), (7.2.3), and (7.2.4) then define the complete generators of 
the Kac-Moody and Virasoro algebras in terms of Feigin—Fuchs free fields. 


Free Field Coset Construction 


Next, we will use the free field construction to give us the GKO coset 
construction. As before, we begin with the same set of fields and the same 
Tg. However, there is a small complication in constructing the current J* 
for the subgroup H. We demand that the current have the operator product 
expansion: ee av 


eee ee (7.2.8) 


Ta(z) J (w) ~ 
We demand that J’ also have the same operator product expansion with 
respect to Ty. Thus, the difference Tg; = Te — Tu has the following 
operator product expansion: 
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Taju(z)J"(w) ~ 0 (7.2.9) 


The trick is to find the representation of J’° in terms of free fields. If 
we naively take the construction used previously for Kac-Moody operators, 
we find that free fields will not work. 

We will, therefore, have to modify some of our operators in order to 
construct J’*. We will construct the generators of the subgroup H out of 
modified fields denoted by a prime. We construct the generators of the 
subgroup H by identifying the fields B’_, and y', with those of the full 
group G. To calculate ¢’, we equate the generators H' and H" to be the 
same. Equating the two, we find all the terms are the same except: 


~iVk +hO¢"(z) =-iVE FhOG'(z)+ So 0°B_arte (72210) 


aéG/H 


Then, we easily find the expression for J’, as well as [8, 9]: 


T B_o(z) OY0(z) — at (z)}? — 0 o(z 
G/H(z a “vel plz Se (z) 
ee i 
- {-5[08 (z)}? - en O¢'(z )} 
C2) 


Free Fields and Supercoset Models 


Next, we can use the free field construction to give us the superconformal 
theory as well. The generalization to the superconformal case is straightfor- 
ward. We simply double all the fields by including a Grassmann variable, so 
Z = (z,6). The operator product expansion of the free fields now generalize 
to: 2 
oe baa(8 — 0’) 

BE) ar (22) 

©'(Z)G)(Z') ~ —6 In(Z — Z') 


The generators of the Cartan subalgebra become: 
H*(Z) = —ivk DO'(Z) 4) o' B_. (ZC) (7.2.13) 
aceG 


In this way, we find that the energy-momentum tensor for the coset is given 
by: 


To(Z) ~ ; S~ [B-a(Z)8Ce(Z) + DB-aDCo(Z)] 
gee (7.2.14) 
— = D®(Z) D’G(Z) — TR PS D?®(Z) 
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As expected, we find that the central charge is given by [8, 9]: 
1 Ap? 1 
-=dimG— 2 = (5 a z) dimG (7.2.15) 


As before, we find that the naive construction of the Kac-Moody cur- 
rent fails for free fields. Once again, we construct the generators of the 
subgroup H by identifying the fields B’_, and C’. with those of the group 
G, and the fields ©’ are also chosen by setting H* equal to H’ 2 giving us: 


Do" (Z) = D&(Z) + eB 2C.(2) (7.2.16) 
fame, 


The energy-momentum tensor of the coset can now be represented by: 


Teju(Z) = 5 ys [B_a(Z) 0C.(Z) + DBa(Z) DC.(Z)| 


aeéG/H 
1 i 
— = D@(Z) D?6(Z) ~ —= pe D?G(Z (7.2.17) 
5 (Z) (Z) Tp Po (Z) 
1 i 
= DO (Zh (7) —— pn Do (72 
5 (Z) (Z) Ti Pt (Z) 


Free Fields and N = 2 Superconformal Algebra 


Last, we show that the N = 2 superconformal field theories can also be 
written via free fields. The problem, as we saw in the previous chapter, is 
to find a scalar current J(Z) that will generalize the N = 1 algebra into an 
N = 2 algebra. 

In terms of free fields, the current is: 


J(Z)= SY) {B-aDCa 
i 


-- “(pa a)D(B_aCa) + = Bees (a: D®)+a- pa); 


F 
+ © Aa e[2D(B-aCa) + B-oCaB_sCg| 


a,BEG/H 
(7.2.18) 
where Agg is an antisymmetric matrix that does not contribute to the 
energy-momentum tensor. This field, in turn, has the correct operator prod- 
uct expansion [8, 9]: 


c 2(0 — 0’) 


J(Z)I(Z') ~ CD oe TZ) 
T(Z)J(Z") ~ cape) sea ae a 


(7.2.19) 
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In this way, we can construct free field representations for the N = 2 
theories of Gepner, Kazama, and Suzuki. 


7.3. Landau—Ginzburg Potentials 


The Landau-Ginzburg method [10] approaches conformal field theory from 
a different point of view, using renormalization group arguments with an 
initially nonconformally invariant theory. We start with a scalar theory with 
the following interaction term: 


Lvg [| bx 0 (3a 


for fixed p. We notice immediately that the theory is not conformally in- 
variant by dimensional arguments. However, it is possible to calculate the 
6 function of the theory and find where it vanishes, that is, its fixed points. 
When the @ function vanishes, then the theory becomes conformally invari- 
ant. 

In this way, it is possible to find the relationship between the fixed 
points of the Landau—Ginzburg action, where the theory becomes confor- 
mally invariant, and known conformal field theories. In particular, we will 
compare the composite operators for fixed p that one can construct from 
the above interaction and then compare them with the operators appearing 
in the minimal series, and we shall argue that there seems to be a corre- 
spondence between them. We find that the theory defined by the potential 
@*?-1) at criticality corresponds to the familiar unitary minimal model 
with c= 1—6/p(p + 1). 

To show the relation, we will argue that : 6* : has the same conformal 
expansion as one of the minimal fields k+1,k+1, and hence we can establish 
a one-to-one correspondence between Landau-Ginzburg composite opera- 
tors and minimal primary fields. 

At the fixed point, one finds a series of composite operators that are 
equal to powers of the scalar field 6” for n = 1,2,...,2p — 4, as well as 
derivatives of these fields. (For the sake of argument, we will assume that we 
have averaged over all two-dimensional directions so that derivative terms 
will be dropped.) Fields with powers higher than 2p—4 are discarded. (This 
is because the equations of motion for the theory: 


0z0,8 ~ G*P-3 (a) 


show that 67?-° must have dimension greater than 2. However, according 
to renormalization group theory, the addition of operators with dimension 
greater than 2 does not change the point to which the renormalization group 
flows.) 
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These composite fields, of course, have no meaning until we define 
what they mean by proper normal ordering. However, for higher powers of 
the field ®", the definition of normal ordering is ambiguous (because we 
must subtract divergent terms that are now operators, not just ordinary 
numbers). 

To provide a self-consistent definition of normal ordering for higher 
order operators, let us first reexamine the operator product expansion for 
two fields: 

B(z)P(0) — (D(z) (0) ~ |z|-2%62(0) + --- (7.3.3) 


which serves to define the composite field : 6? := @) (where d; is the 
anomalous dimension of the 7th field). We can use the above equation to 
successively define what we mean by normal ordering for higher powers. 

Thus, assuming that the kth composite field is well defined, we can 
make sense out of expressions like 6*+! via: 


TO) | Pp D(z) : 6 (0) 
2-—> 


Ee (7.3.4) 
_ De Al] geese ee : PF 24(Q) : 


q=1 


where the coefficients A; are chosen so that the series is well defined. 

Now that the operator product expansion for all composite fields is well 
defined, let us compare this with the operator product expansion found for 
minimal models, for example, 


$2,2¢n,m ~ > X{h) [@n-tkym4 fos | (7.3.5) 
kl 


If we make the correspondence ® ++ $2.2 and compare the two sets of 
operator product expansions, then we find that we can make the correspon- 
dence between the two sets of fields. In the previous chapters, we computed 
the value of the structure constants, so it is now a simple matter to compare 
the two operator product expansions for ®* and for the minimal primary 
fields ¢;,m and find the correspondence between the two sets of fields. We 
find that we can make the correspondence [10]: 


GF k=0,1,...,p—2 
i ++ Gk+ik+1 p ar 
:@ <> Pk—p+2,k—p+3» ae ia lee, 2p — 4 


Now, let us analyze the correspondence between the superconformal 
minimal series and a superfield Landau-Ginzburg theory at criticality. Let 
us start with the Landau-Ginzburg action: 


L= je d?6 (5pe D+ oo” (73.0) 


where we introduce the following derivatives: 
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Do, 407 D = 05 — 002 (7.3.8) 
and: - : 
= 64+ Ow + Ow + 00K (ean) 


By contrast, the superconformal minimal series is defined by the series 
[see Eq. (2.7.10)]: 


12 
p(p +2)’ 


The primary fields ¢n,m obey: 


e=5- Pe, (7.3.10) 


Grn = bpt2—np-m 2 =1,2,...,p+1;  m=1,2,...,.p—1 


(7.3.11) 
for m +n odd. This field has dimension: 
2 
= 2 a 
hp, = [cp=me +2)] -4 (7.4.19) 


Ap(p + 2) 
Then, by once again making the correspondence between @ = $2,2 and 
by checking the one-to-one correspondence between the operator product 
expansion of #* and $n,m, We can make the correspondence: 


Dre beat psi, Pols Oyosaae — 2 (3.13) 


The same correspondence can be established for the N = 2 superconformal 
series. The Landau-Ginzburg action for this theory is given by: 


Le : d*z d*@ D(@,) + 9 / d*z d’0 F(#) (7.3.14) 


where the first term is called the D term and is integrated over all four 
values of 0, while the chiral F' term is integrated over only two of them. We 
choose F = @”. : 
Let us now compare this with the superconformal minimal series, which 
is given by: 
€=1-—(2/n) (7.3.15) 


The fields are given by $jm, which have conformal weights hjm and U(1) 
charges qjm given by: 


OG ae Ol m 
Oe = a Gr (7.3.16) 
Finally, we make the crucial identification of 


OF ae, (7.3.17) 
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7.4. N=2 Chiral Rings 


The most physically interesting case is studying the renormalization flows of 
the Landau-Ginzburg potentials of N = 2 superconformal symmetry. As we 
emphasized earlier, the only consistent theories of interacting superstrings 
have at least N = 1 supersymmetry once we restrain the one-loop ampli- 
tudes to be modular invariant. Thus, N = 1 space-time supersymmetry 
(or N = 2 superconformal symmetry) seems to be the minimum symmetry 
required in model building. (If N = 2 space-time supersymmetry survived 
after compactification, then left and right multiplets would appear in the 
same supersymmetric representation, which is phenomenologically undesir- 
able.) 

Several new features emerge when we discuss renormalization flows 
and Landau-Ginzburg potentials for N = 2 superconformal models. First, 
there is an interesting rotation one can perform on the generators of the 
N =2 algebra, which turns the NS sector into the R sector and vice versa. 
Let us define an operator Ug, that has the following properties: 


Sigil) <2 lien EO, Ie 507 on0 
eine ee 7 

Ug GPUs = Gu 

U5 Cap Se 
It is easy to check that the deformed generators still satisfy the same com- 
mutation relations as the original algebra. Thus, the operator Ug maps the 
original Hilbert space into a rotated Hilbert space parameterized by 0. 

Under this rotation, the U(1) charge and dimension of a state shift by 

the following amount: 


Fn,0 (7.4.1) 


q— q+ (c8/3) 
h— h+6q + (c6?/6) 


If 6 is half-integral, then the rotation maps the integer (half-integer)- 
valued G, operators into half-integer (integer)-valued operators. Thus, we 
have the most remarkable fact that, for @ = Z + T the NS algebra rotates 
into an R algebra and vice versa. This deformation of the algebra is called 
the spectral flow connecting the NS and R algebras [18]. To show that this 
spectral flow is not a fluke, an explicit representation of Us can be written 
if we introduce a scalar ¢ field, which bosonizes the J current: 


Ne) = $002), Uns eiV/e/30 (7.4.3) 


Next, we wish to construct representations of this N = 2 algebra, in 
order to construct the Landau-Ginzburg potentials. We make a few defini- 
tions. A left chiral NS field is one that satisfies: 


(7.4.2) 
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Gt, j_ld) =0 (7.4.4) 


This notation comes from the theory of supersymmetry, where a chiral 
superfield ¢(z,@) is one that satisfies Dé(z,6) = 0. (Since Q and D anti- 
commute, placing this restriction on ¢ does not affect the fact that it is still 
a representation of supersymmetry. ) 

Second, we define a primary field for the N = 2 theory as one that 
satisfies both: 


Gr41al?) = Gaye = 0; me 0 (7.4.5) 


in analogy with the usual definition of primary fields for bosonic fields. A 
primary chiral field is oné which satisfies both conditions. 
Let us take the commutator of these conditions: 


{Gy jo," a} 19) = (2L0 — Jo)|¢) = 0 (7.4.6) 
Therefore, a primary chiral field satisfies: 
h=4q/2 (7.4.7) 


(If the condition h = —q/2 is satisfied, then we call it an antichiral field.) 
Similarly, if we take the commutator: 


{G5),Gr3)2} = 2Lo — 3L0 + 2c/3 (7.4.8) 


then we have: 
hc/6 (7.4.9) 
for any primary chiral field. 

This has two very interesting consequences. First, it shows that there 
are only a finite number of primary chiral operators, which is unexpected. 
(This is because the dimension of each primary chiral operator is less and or 
equal to c/6, but the spectrum of Lo is discrete, which can only be satisfied 
if we have a finite number of primary chiral operators.) Second, it shows 
that the algebra formed by taking operator product expansions of products 
of primary chiral fields produces a finite chiral ring Rehirat of operators 
[11-16]. 

If we take the operator product expansion of two primary chiral fields 
1 and ¢2, then we will produce a composite operator $12 with the following 
dimension: 1 

hig > 5 (a + q2) =hit+he (7.4.10) 


The product of primary chiral fields also produces primary chiral fields. 
Since there are only a finite number of them, we obtain a finite chiral ring 
Rehiral Of such operators whose products form a closed system. 

Since many of the properties of an N = 2 superconformal field theory 
are determined once Repiray is fixed, our goal in the next section is to find 
some way in which to mathematically categorize the various possible Rehiral- 
This is where catastrophe theory enters our discussion of string theory. 
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7.5. N=2 Landau—Ginzburg and Catastrophe Theory 


We now make contact with the N = 2 superconformal chiral rings and 
the Landau-Ginzburg formalism, which we began earlier. Previously, in 
Eq. (7.3.14), we constructed the most general superpotential involving the 
chiral superfields 6; and @;. The first contained an integration over all four 
6’s, and is called the D term, while the second contained an integration 
over only two 6’s, meaning that’ F(@) is a chiral superfield. 

Let us introduce a new F term, called W. Let us scale the superfields 
x; contained within W according to x; — A”‘x;. Then, we define W to have 
the following scaling property: 


W (A245) = AW (24) (7.5.1) 


If W has U(1) charge (1,1), then this means that X; must have charge 
qi = n;/d. We see that each superfield scales differently according to nj, 
but that the overall function W scales by the same amount, regardless of 
how it depends on the various 2z;. 

Our next task is to construct the ring formed by forming all products 
of the superfields x;, modulo terms that contain factors of 0;W(2;). This 
ring has a finite number of terms, and can be written symbolically as: 


I] 2 
Rie (a, (75,2) 
(This means that whenever factors of the derivatives of W appear in the 
monomials formed by x;, we set them to zero). The interesting conclusion 
that we will draw is that, for a wide variety of models, the two rings are 
the same [11-16]: 
Rehiral = iG (5.3) 


This is a powerful result that will significantly help us in the task of cat- 
egorizing the possible N = 2 superconformal field theories via Landau- 
Ginzburg potentials. 

Second, we can further the identification of superconformal theories 
by calculating their central charge. This will help to identify the various 
possible conformal field theories. Let us rescale the two-dimensional metric 
on the world sheet by an overall factor 4. In this case, the partition function 
Z for a conformal field theory defined on a sphere also gets rescaled. The 
effect of this rescaling has already been computed using functional methods 
[11, 19]: 

gab hedan 


Ge (ex gina [ 8) Ta OF 


where R is the curvature on the world sheet. The last integral can be 
evaluated since the integral of the curvature tensor yields 87 for the sphere. 


(7.5.4) 
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The previous result was independent of the specific model we are an- 
alyzing. Now, let us take a specific model and perform this rescaling. We 
have to take the product of several different contributions. 

First, we have the rescaling of the functional measure. The measure 
gets rescaled by A°/®, so we must calculate the ¢ for each superfield. Each 
boson contributes c = 1, and each fermion c = t Because a superfield has 
a complex boson and a complex fermion, the value of c is 3, so the measure 
scales as \1/?. Next, we have the rescaling of the W term, because the fields 


rescale as: 
G; > \-%4, (5.5) 


where d; is the U(1) charge of the field. 

Now, let us calculate the contribution to the functional measure due 
to rescaling, using the fact that the potential is quasi-homogeneous. The 
contributions are: 


1 1 
bosons: ~24+Tr(1). i) = [R Sage 
24n 3 
1 1 (7.5.6) 
‘ - +2d; XW) os ES ae 
fermions: ; ata) Te i R ; 


so that the Jacobian contributes a total factor of \—%. 
Putting all factors together, we find that the partition function scales 


1 
Vi ES Nie A yy ( = is) a) 


Since this scale factor must equal A°/®, we have: 


>> € 2 ds) (7.5.8) 


a 


as: 


so c is simply defined via the U(1) charges d; of the various independent 
superfields within the potential. 


Example: Free Boson on a Circle 


To illustrate these ideas, let us consider several examples. First, let us 
consider the simplest possible N = 2 superconformal model, the theory of 
a free boson ¢ (with c = 1) defined on a circle with fixed radius. One finds 
that an explicit representation of the N = 2 algebra is given by: 


C= etiv3dr. Gt = etiv3¢r 
J(z) = (i/V3) 09; H(z) = ~(i/V3) de 


subject to the condition that the allowed winding (momentum) modes are 
of the form: 


(7.5.9) 


exp[i(nndr, — nrdr)/V12] (7.5.10) 
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with nz, — nz = 0mod6 (before a GSO projection). 

The only primary chiral states are the vacuum and the state that has 
hy = q,/2 = hr = qr/2 = 1/6, which we denote by X. Since the product 
of primaries is either another primary or zero, we find that X? is not a 
primary and hence must be zero. The chiral ring of this superconformal 
model is simple: 

Renal 0, x}: XX =0 (7.5.11) 


Now, compare this chiral ring with the ring formed by starting with 
the Landau-Ginzburg potential: 


Ve (75.12) 


where z is a chiral superfield (not the X of the previous discussion). The 
Landau-Ginzburg ring is formed by taking all possible products of 1 and 
z, modulo all possible derivatives of W, that is, modulo z?. But, this leaves 
only two elements in the ring, 1 and z; so, 


Rie = {lz}; xz-x=0 (725.13) 


Comparing Eqs. (7.5.11) and (7.5.13), we find that we are back to the same 
ring structure as the chiral ring, that is, Renirai = Ric. 

The final link between these two rings is their central charge. We know 
that c = 1 for the chiral ring. If we scale by x — "2, then, from Eq. 
(7-521); 

CP Ss) (7.5.14) 
so that 3n, = d, or that gq: = ni/d = 1/3. Since the central charge c in Eq. 
(7.5.8) equals 3 — 6q, we find that c = 1, as expected. 


Example: Catastrophe Theory 


Fortunately, it is now possible to use the mathematical theory of catas- 
trophes (singularity theory) [16] in order to classify the various types of 
supersymmetric Landau-Ginzburg potentials. Catastrophe theory, like su- 
perconformal field theory, is interested in the behavior of functions such as 
W under a rescaling. Let us introduce a few simple definitions from catas- 
trophe theory. Let the dimension of the ring Rug equal p, which is called 
the criticality type. For example, 4 = 2 in the previous discussion. 

The question that we will address is: if we add a deformation 6W to W, 
will the deformation change the criticality type? We will therefore introduce 
the “modality” of a singularity, that is, the number of parameters in ébW 
that one can add to W without changing py and that cannot be eliminated 
by a coordinate transformation. 

It can be shown that the list of potentials with zero modality can be 
arranged according to an A-D-E classification, that is, there is a one-to- 
one correspondence between a zero modality potential and a self-dual Lie 
group. If N is the Coxeter number of the Lie group, then it can be shown 
that the zero modality potentials have the central charge: 
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6 
=3-—— ells 
ess N ( ) 


This means that the zero modality potentials can be represented as: 


6 
. k+1 =o ie > Il 
Ag: x ; c poo ( os ) 
6 
Dy, x op But c 3 Nii 1)" ( ) 
eee eee (7.5.16) 
12 
; 6 
Ez: x? + ay, a— — is 
6 


| ee z+ y°, c=3- — 


Let us analyze some of these examples in more detail. 
Example: Ax 


Using the definition of a quasi-homogeneous function, we can calculate 
the U(1) charge for each of the variables in the potential, and then we can 
calculate the central charge. For the first example, A,, the charge of xz can 
be calculated using the quasi-homogeneous equation Eqt al): 


W(A*x) = ARH Me ght) — yd yy7(z) (7.5.17) 
which gives us the U(1) charge: 


mz 1 


7 es (7.5.18) 


We can then plug this expression for the charge into the equation for the 
central charge, Eq. (7.5.8), giving us: 


Cc il 
ee : 
3 k+1 (7.5.19) 


which is the expression in Eq. (7.5.16). 


Next, we can calculate the ring associated with this potential by taking 
all possible monomials (z”) modulo the derivative: 


dW/dz = (k + 1)x* (7.5.20) 
This, in turn, means that x* ~ 0, so the elements in the ring stop at 2*—!: 
Rie =e a ee et (5.21) 


The criticality type is p = k. The modality is also zero. [This is because 
we cannot add 6W to W without changing pw. If we add x™ (m<k+1), 
then, since the derivatives of W are changed, we find that pu also changes. If 
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we add x’ (m > k +1), then this can be absorbed by a general coordinate 
transformation.| 


Example: D, 


For the second example, D;, we calculate the charges for x and y by 
solving the quasi-homogeneous equations: 


rns — de 
jreteny = de (7.5.22) 
where n = k — 1. This gives us nz.= d/n and ny = d(n — 1)/2n. Now, let 
us insert these values for the U(1) charges into the equation for the central 
charge in Eq. (7.5.8), and we find: 

c ihe Ih 


oe meee 
3 n n 


(7.5.23) 


giving us the expression in Eq. (7.5.16). 

Now, let us calculate the Landau-Ginzburg ring for this potential, 
which is constructed out of all possible monomials x*y/ modulo the deriva- 
tives of W, that is, we set. equal to zero the following: 


OW/de = nz” +y? ~0, OW /dy = 2zy ~ 0 (7.5.24) 
It is now easy to show that the complete set of monomials is equal to: 
Rug = {1,2,27,...,2"-',y} (75:25) 
Then, we have yp =n +1, and the modality is zero. 


Example: E¢ 


The third example, Fg, can also be analyzed the same way. The rescal- 
ing of W gives us: 


N3r2 73 4 \4rvyt = N4 (x3 + y?) (7.5.26) 


which gives us nz = d/3 and n, = d/4. Examining the central charge with 
these values for d;, we find the value in Eq. (7.5.16): 


c= (3-$)+ (3-9) =3- 5 (7.5.27) 


Now, let us calculate the derivatives of the potential: 
OW/dx =327~0, AW/dy=4y* ~0 (7.5.28) 
The elements of the ring are, therefore, 


Rua = {ay eu, y*, zy} (7.5.26) 
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The criticality type 4 = 8 and the modality is zero. 
Example: Eg 


The last example, Es, has charges for x and y given by 4 and i, 
respectively. The value of the central charge is given by (3 — $) +(3—- 8) = 
3 — $, which agrees with the value in Eq. (7.5.16). Since the derivatives 
of the potential are x? and y*, the elements of the ring must be given by: 


Rig —(ha, venue ey 0 jeu) (7.5.30) 


Then, » = 8 and the modality is zero. 

Armed with this new, powerful formulation, let us now re-investigate 
the miraculous relationship between N = 2 superconformal field theories 
and Calabi- Yau manifolds which we studied in Chapter 5. Each formulation 
is based on a different series of assumptions and mathematics, yet both seem 
to be equivalent. We end this section by presenting a heuristic argument 
which attempts to explain the deeper, underlying reason why tensoring 
N = 2 superconformal field theories yields Calabi-Yau manifolds [20]. 

Let us begin by studying N = 2 superconformal field theory by con- 
sidering a Landau-Ginzburg superpotential given by the F-term W(®) = 
@P+2, We know that, at criticality, this simple superpotential yields a 
N = 2 minimal theory of level P with central charge given by Eq. (7.3.15): 
c = 3P/(P + 2). In this language, describing the tensor product of several 
N = 2 superconformal field theories is rather simple: we just add several 
superpotentials together: 


W(9,;) = oo ace oe (7.5.31) 


For example, the (3°) model discussed earlier, formed by tensoring 
five copies of the P = 3 discrete series, corresponds to a superpotential 
with W(®) = a @?. Our goal is to show the relationship between this 
superpotential and the Calabi-Yau manifold given by Y4,5, which is given 
by C’P* constrained by z? + 28 + 28 + 25 + 28 =0. 

To reveal the relationship between the tensoring of N = 2 minimal 
models and Calabi-Yau manifolds, let us analyze the path integral defined 
over this superpotential given by: 


[Pt Den exp i [ adto (a +--.4+ G)r) (7.5.32) 


where J; are integers. 
Let us now define the variables: 


{=o}, fo O70 (7.5.33) 


By factoring out £, the original path integral can be written as: 
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i D&,--» Déy Qexp f / d?zd0 €\(1+ 632 +--+ EH) (7.5.34) 


where (2 is the Jacobian for this co-ordinate transformation from pi to 
é;. It is easy to show that this Jacobian is proportional to ®| where j = 
1—d,+ OS yey ih): Therefore, the Jacobian drops out if we set 7 = 0, 
Or: 


S| 
3 = (7.5.35) 
i=1 7? 


If this condition is met, then {2 = 1 and the integration over £; can be 
performed, yielding the following delta function: 


SLE + +e ) (7.5.36) 


This complex constraint is identical to the constraint found in what 
is called weighted CPx manifolds. The manifold described by this delta 
function is identical to the manifold arising from the constraint: 


N 
Sa =0 (7.5.37) 
i=1 


Assuming that z, is regular at the origin, we see that we can divide by 21 
and arrive at the same condition as the delta function. We can make the 
identification €; = z;/21. 

This weighted CPy_1 manifold is defined as a complex space where 
we identify the point [z:, z2,--:,zn] with another point given by: 


215 22,°°+, ZN] = [AP1z1,--+, PX ew 7.5.38 
L 


for some complex . We call this manifold WOR. ee If we apply this 
transformation on the constraint defined by the delta function, we see that 
the constraint remains invariant. (Notice that if all the integers k; are iden- 
tical, then we have an ordinary CPy—1 manifold.) 

To make the identification more precise, let d be the least common 
multiple of the integers I;. Then the superpotential Se Gi, via the delta 
function, corresponds to the space: 


WOOP 3, asin (7.5.39) 


Lastly, we remark that the condition {2 = 1 also has a counterpart 
from the point of view of complex z space. It turns out that this condition 
is identical to the vanishing of the first Chern class c; for the manifold. 
Since a Calabi-Yau manifold is a complex Kahler manifold with vanishing 
first Chern class, we have now shown that the superpotential are pli 
corresponds to a Calabi-Yau manifold if the Jacobian 2 = 1. 
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In summary, the integration over the superpotential has become the 
defining relation for the weighted CPy— manifold, and the vanishing of 
the Jacobian has become the condition for the vanishing of the first Chern 
class, yielding a Calabi-Yau manifold: 


N 
l; N-1 
ae @, = WCE i Aaa ae (7.5.40) 


2=1 > q=0 
(We caution, however, that there are some loose ends in this heuris- 
tic derivation. For example, we assumed that we could ignore the D term 
appearing in the super path integral. This is a reasonable, though not rig- 
orous, assumption, because we expect the D term to contribute only small 
perturbations to the theory.) 
As a check on our results, let us investigate the c = 9 theories found 
by Gepner. Since p; = 1; — 2, we can write the central charge corresponding 
to tensoring superconformal field theories: 


c=) 3()-2)/4—9 (7.5.41) 


7=1 


This, in turn, can be reduced back to eee (1/l;) = 0, which is precisely 
the condition for the Jacobian being equal to one. Once again, this method 
reveals the origin of the relationship between the two different formalisms 
for the case c = 9. 

In this fashion, it is now easy to write down the Calabi-Yau manifold 


which corresponds to the tensoring of various superconformal field theories 
[20]: 


(37): ae+2e+2+22+22 -0€CR, 
(441): 28 +284 284 28423 =06 WCPhiia2 
(GC). 2 ae eee =e WCPi112¢6 
(8°3): 21° + 23° + 2310 + 23 + 2? + 2? =06€ WAC, ee 
Cee ee ee = NE WCPt 11,33 
(107271): 21? + 28? + 23 + 24 4 28 SDE WOR ee 
(571719): fh} +as +2 +284 2=06€ WCLiee 
CGS) eae ea ae ze+22=0€ WiC ieee 


(7.5.42) 


We should also mention that the class of potentials that we have been 
considering, of the type 6”+?, only corresponds to one type of manifold. 
Earlier, we saw that there is an A-D-E classification of zero modality sin- 
gular functions. The Ap singular functions are of the form z?+! which we 
have considered so far. 
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For the Dp4 series, we need to use monomials of the form Te rye 

while monomials of the form z* + wt, z? + zw?, and z* + w® are in the 

Es, E7, and Eg series, respectively. In this way, it is also straightforward 

to construct the correspondence between tensoring superconformal field 
theories and Calabi-Yau manifolds for the D-E series, as well. 


7.6. Zamolodchikov’s c Theorem 


One major defect in the previous presentation has been the fact that our 
discussion has focused on systems that were exactly conformally invariant 
at criticality. From the string point of view, this means that we have been 
studying vacuums that are on shell. However, this does not tell us which 
vacuums the theory prefers and how it tunnels between possible vacuums. 
Some insight can be gained by studying conformal theories that are allowed 
to go off criticality. For example, in solid-state physics, two-dimensional 
systems, such as the Ising model, are exactly solvable both at criticality as 
well as off criticality. Thus, we should reexamine our approach to conformal 
systems by analyzing our equations off criticality. 

The c theorem [10] provides a powerful way in which to analyze systems 
off criticality. In short, the c theorem states that there is a function C’ with 
two properties. First, at criticality, the function C’ reduces to the usual 
central term c for some conformal field theory. Second, the value of C' along 
renormalization group flows decreases. 

The proof of this theorems is quite general and deceptively simple. It is 
based on analyzing the full energy-momentum tensor T,, for systems that 
are not critical. 

For example, T,, can be broken down into four pieces: 


1. the antisymmetric piece Tjg,4, 
the trace, given by O, and 
3. the symmetric parts T = T,, and T = T3;. 


i) 


The energy-momentum is conserved, which means Oe? sa Cire 
Hl =o 
Gel te a 0,0 = 0, Cl. Ai 0z0 =0 (7.6.1) 


The antisymmetric piece can be set equal to zero if the system is rotation- 
ally invariant, which we will assume. Normally, for conformally invariant 
systems, we also set the trace © equal to zero. This, in turn, means that T 
(T) is function of z(Z). However, we will now keep the trace arbitrary for a 
noncritical system. 

Because T, @, and T have conformal spins equal to 2 , 0, —2, we can 
write the new operator product expansion as: 
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GG 2) 800) azz 
Tao OW) = Glzzz4 (7.6.2) 
(O(z, 2)O(0,0)) = H(zz)/2z?z? 


Now, let us take the correlation function between the equation of motion 
and T(0,0) or O(0, 0), that is, 


iE 
((ar aE 0-8) T(0, 0) =() (7.6.3) 
We then find two equations: 
ee oe 
F + -(G—3G) =0 
— (7.6.4) 
G—G+7(H—2H) =0 
where we have defined F = zZF’(z2). 


Now, we can define the function C’, which reduces to the central term 
c at criticality: 


C=2F-—G- =H (7.6.5) 
which obeys the equation: 
C= -tH (7.6.6) 


By reflection positivity, we know that H > 0, so C is a decreasing function 
of R= Vzz. 

In a theory with coupling constants {g;}, we can write a renormaliza- 
tion group equation for C'(r, {g}) as follows: 


RoR tL AMts)) gx (Cla) R)=0 - (76.7 


i 
Notice that, at a fixed point where 3; = 0, we have G = H =O and F= $C, 
so that C =c at the fixed point. 
In summary, we have now shown that, if renormalization flows connect 


different conformal field theories, then C decreases along the flows and that 
C =c at criticality. , ; 


7.7. A-D-E Classification of c=1 Theories 


So far, we have reviewed the major methods that have been devised which 
can give us, for c < 1, a complete classification of the unitary representa- 
tions of the conformal group, including its modular invariants, in terms of 
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finite numbers of primary fields. For c > 1, there are an infinite number of 
primary fields and much less is known about their representations. 

Questions remain, however, about the case c = 1. Will it behave more 
like c < 1 and give us exactly solvable representations, or will it behave 
more like c > 1 and be, at least with present methods, intractable? 

The answer is rather unexpected. We find that at c = 1 we can find 
the complete set of unitary representations, as in the c < 1 case [21]. 

A careful analysis shows that there are only three classes of solutions, 
corresponding to a boson propagating on 

1) a torus of radius r 

2) an orbifold parametrized by radius r 

3) three discrete orbifold spaces defined on SU(2)/I;,, where I’; are 
discrete elements of SU (2). 

The first two solutions represent continuous classes of solutions which 
can be parametrized by r, where 0 < r < co, while the third solution is 
discrete. 

To understand how to construct these c = 1 representations, we begin 
with the usual action for a spin 0 boson: 


1 = 
s= xe fee 0,20z2 (anal) 
21 

If we compactify this on a circle S 1 with x being identified with z+2ar 
and trace over q¥°—1/24glo-1/24, we find the partition function Z(r) which 
we calculated earlier in Eq. (4.2.17), which obeys the duality condition: 


Z(r) = Z(1/r) , Cit2) 

Notice that we have a continuous set of solutions defined on S$? indexed 
by the radius r. 

We obtain the second set of continuous solutions when the boson prop- 
agates on an orbifold. In particular, let us divide out by the discrete sym- 
metry x —> —2, so the boson propagates on S1/Zz instead of the circle S’. 
This alteration leaves c invariant, but changes the boundary condition for 
the trace operation. In general, if we perform the functional integral over 
an orbifold where we have divided out by the action of a discrete group G 
with elements g;, then we must sum over all possible boundary conditions 
in the o and gp direction, with g; acting on both sides of the parallelogram. 
Since the discrete group G has two elements, the identity and the parity 
operator, we must therefore sum over four possible boundary conditions. 

Evaluating the trace over these new boundary conditions, we find: 


1 19304| . [B2d5| . (Yoda! 
Zon) => 5{2(r) ar ain ar Ain AP ain \ 
il 


= 5[2(r) + 2% — 22] 


(re) 


where we define: 
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Zn = ZA fnv2) = Z(n/V2) (7.7.4) 


and where J; = 0(0,7). 

Then we have the desired result for the partition function over the Z2 
orbifold. By explicit calculation, one can show that both partition functions 
are modular invariant. 

We have now constructed modular invariants for two continuous classes 
of representations. Before discussing the third solution, we note that within 
these two continuous classes given by the torus and the orbifold, there are 
interesting special values for r which yield some insight into the structure 
of these solutions. 

For example, we can re-express the above results in the language of 
bosons propagating on the orbifold SU(2)/I’, where I represents the var- 
ious discrete subgroups of SU(2). This means that the point g € SU(2) is 
equivalent to the point hgh! ifh eI. 

If we choose h = exp(27J3/n), then the elements J3 and J of SU(2) 
must be identified according to the following: 


hgh! = Ja; hJah7! = e#?7#/" 7, (7.7.5) 


This simply means that the point xz is to be identified with the point 
az + 2n/(n/2). In other words, the boson propagates on a circle S! with 
discrete radius 1/(n\/2). This just selects out special radii for the circle. 

The element h generates the discrete subgroup of SU(2) called the 
binary cyclic group C2,. This is a group of order 2n, whose projection 
C, = Con/Ze2 € SO(3) is the group which describes rotations about an axis 
of n-fold symmetry. Thus, there is a one-to-one correspondence between the 
special radii we have found for the torus and the elements of this particular 
discrete subgroup of SU(2). 

We can also establish: 


ZASUG) Cs 5) = On : (7.7.6) 


Similarly, we can also choose another discrete subgroup I’ to be gen- 
erated by the element h = exp(ia Ji). The group action yields: 


AJgh =—Jg; hdgho = Ix aga) 


This identification, in turn, can be shown to correspond to identifying 
xz — —a, as before, for the S1/Zz orbifold. If we combine the action of A 
and h, then we can describe propagation on the orbifold S$} /Z2 with the 
orbifold radius being r = 1/(n1/2). 

These special radii can be placed in one-to-one correspondence with 
the elements of the binary dihedral group D,, which is a discrete subgroup 
of SU(2) of order 4n formed generated by h and h. Their projections = 
D,,/Z2 € SO(3) have n axes of two-fold symmetry perpendicular to an n- 
fold axis. For example, the group D4 corresponds to the 8 element symmetry 
group of the square. 
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We can also establish: 


Z(SU (2)/Do] = 5 (Zn P= Zan (len )) (7.7.8) 


This concludes our discussion of the first two continuous classes of solu- 
tions and their special points. Now, we describe the third class of solutions 
to the c = 1 theory, which is given by three discrete solutions. In addition 
to the C, and D, discrete subgroups of SU(2), there are also the binary 
tetrahedral, octahedral, and icosahedral groups, labeled by 7, O, and Z of 
order 24, 48, 120, which are related to the symmetry groups of the regular 
polyhedra found in ordinary solid geometry. 

We can calculate the modular invariants associated with each of these 
three discrete subgroups by breaking them down further into their various 
elements and expressing them as rotations about various axes of the regular 
polyhedra. For example, the mutually commuting elements of the discrete 
subgroup JT lie in 4 C3’s (acting about axes through the centers of the 
various faces) and one Dg (of rotations about axes through the centers of 
the opposite edges). 

We find, therefore, that a modular invariant combination for SU(2)/T 
is given by: 


zZ(SU(2)/T] = 5 {40822 7 et 42[SU(2)/D,]} 
: (7.7.9) 
= 9 (24s + Zo ~ 41) 


For the octahedral group O, its generators lie in 3 C4’s (acting about 
axes through the centers of opposite faces of a cube), 4 C3’s (acting about 
axes through antipodal vertices), one D2 (containing the elements of three 
C,’s), and 3 Dg’s (each of which contains one of these elements and two 
others which are associated with orthogonal axes through the centers of 
opposite edges). 

We find, therefore: 


Z[SU(2)/O] = 5 {30421 BZ) a7 7 oa 
4Z [SU (2)/Da] + 3(4Z[SU(2)/Da] — 222) (7.7.10) 
= 5(Za+ Zs + Z2 — 41) 
Finally, the icosahedral group’s elements lie in 6 C5’s (acting about 
axes through opposite faces of a dodecahedron), 10 C3’s (acting about axes 


through antipodal vertices), and 5 Da’s (comprised of the rotations about 
axes through the centers of opposite edges). We have, therefore: 
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Z(SU(2)/Z] = 75 { (5% 27) 1037, 
4 5(4Z{SU(2)/Do] — Z1) + Za} (7.7.11) 


1 
= (45 + 23 + Za — 21) 


We now remark on a curious mathematical fact. When we analyzed the 
modular invariants of SU(2),, we noticed that they could be placed in one- 
to-one correspondence with the A-D-E classification of simply laced groups 
(which have simple root vectors of the same length). We now show that 
the special solutions of the c = 1 theory for the two continuous classes and 
the three discrete solutions can also be placed in a one-to-one correspon- 
dence with the A-D-E classification. This is because there is a one-to-one 
correspondence between the simply laced groups and the finite subgroups 
I’ of SU(2). Since each of the discrete solutions that we have found can 
be described by propagation on SU(2)/I°, we now have a one-to-one cor- 
respondence between the simply laced groups and the complete discrete 
modular invariant solutions of the c = 1 series. 

In particular, we find that the special values for the two continuous 
series can be identified as: 


SU(n) = An-1 Cn; SO(2n) = Dy Dre Cg) 


while the three discrete solutions can be identified as: 
EgeT; Ez,3“O; Ego LT (i138) 


Lastly, it can be proven that the three classes of solutions that we have 
found for the c = 1 theory are, in fact, the only solutions [22]. Thus, we 
have now achieved a rather interesting result, the complete classification of 
the representations of the c = 1 theory. 


7.8. Summary 


At present, there is no generally accepted classification scheme that. re- 
veals the deep relationship between various conformal field theories. Several 
methods have been devised that can catalog vast numbers of conformal field 
theories, especially the rational conformal field theories, although none of 
these methods give us much insight into the relationship between the theo- 
ries or how to select out the true vacuum of the string. The various methods 
are summarized here. 


1. The GKO coset method is still one of the most powerful methods by 
which all known rational conformal field theories may be represented. 
However, one has to know the representations of G and its subgroup 
H in order to determine the representations of the coset G/H. 
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2. The Feigin-Fuchs method uses a set of almost trivial free fields in 
which to generate the primary fields of a wide variety of models. It can 
include the Kac—Moody algebras, cosets, and N = 2 superconformal 
field theory. 

3. The Landau-Ginzburg method and catastrophe theory is not as pow- 
erful as the others, since some conformal field theories cannot be rep- 
resented in this fashion, but it is the most physical and may eventually 
explain how one conformal field theory may “flow” into another. 

4. The Chern-Simons knot theory method can also represent all known 
conformal field theories. It will be presented in the next chapter. 


The Feigin—Fuchs free field method begins with an energy-momentum 
tensor with a linear term: 


1 f 
1 = =e 026 O26 : +iap O26 (7.8.1) 

Then the central term can be calculated to be: 
wi 12a8 (7.8.2) 


and the conformal weight of the vertex function : e’@?(4) : is equal to a? — 
2aag. 
Now, consider the operator: 


Q= $ dzJ(z),  I(z) =: 90) ; (7.8.3) 
Cc 
If we choose a such that the integrand has weight 1, then we have: 
a* — 2aayg = 2 (7.8.4) 


which has two solutions for ag: 


at =agt ,/az+2 (7.8.5) 


The trick behind the Feigin—Fuchs method is that, because Q+ is con- 
formally invariant, we can insert as many of them into a correlation function 
as required until the sums of the momenta add up to zero. For example, 
the correlator: 

WAV Vocn=a) (7.8.6) 
is nonzero if we put momentum —2ap at infinity and insert n —1 Q_’s and 
m —1Q4’s. Then, the sum of the momenta must be zero, so: 


2ol-Conn le ln jes. (sam) 


The conformal weight of the vertex V, must therefore be: 


1 
PP AN, — eA, — 20n moo = A (an —a ym)? — (a4 + o)?| (7.8.8) 
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But, this is just the conformal weight of a minimal field. Since the correlator 
of vertex functions is trivial to calculate, we have now reduced the problem 
of finding the correlation function of the minimal model to evaluating line 
integrals (arising from Q). For example, 


( bns,ms(0)01,2(z)4ns,ms(1)4ne,ma(00) ) 
= f dt Vas (O)Vaa (2)Vas (1) Va(00)J+(0)) 78.9) 
= 20102 _ 20203 Cin iin z c 
SF ail ac) fae (t —1)°(t— 2) 


where a = 2a,a4, b = 2azga4, c = 2aga4, ag = —fa4, and a4 = 2a9 — 
ay — agag — ay. ; 
The Feigin—Fuchs method can be generalized by introducing more free 
fields G_a, Ya, and ¢', with an operator product expansion: 
bag 


B-alz)ip(w) ~ (7.8.10) 


$' (z)¢' (w) ~ —64 In(z — w) 
With these free fields, one can represent the generators of a Kac-Moody al- 
gebra. For example, the generators of the Cartan subalgebra can be written 


as: 


H*(z) = -ia, ¢° + D> a’ B_ otal) (7.8.11) 


acG 


where the sum runs over positive roots and where ay = /k +g, and the 
other generators can be written as: 


E_a(z) = B-a(z) + a> Npo¥p(2)B—o(2) (7.8.12) 
Also, the energy-momentum tensor can be written as: 


| ees G . rankG 


T(z) = YB ada ~ 5 > (96'(2)P — 2d pPdg'(z) (7.8.13) 


aceG 


where p’ is half the sum of the positive roots. 
Furthermore, we can write the free representation of the coset energy- 
momentum tensor: 


if a2) Oye) = [8e(2)[? - + — 2 b(z 


: Hn ~ hoe pn d4(2)} 


(7.8.14) 
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In addition, this method easily generalizes to the N = 1 and N = 2 super- 
conformal cases. 

Next, we study the Landau-Ginzburg approach, which begins with the 
observation that a theory with the potential: 


Leg ii d?z G2P-1) (7.8.15) 


is not usually conformally invariant except at criticality. At this point, 
however, it must equal one of the classes of conformal field theories that has 
been proposed. Specifically, the potential 62-1) at criticality corresponds 
to the unitary minimal model with c = 1 —6/p(p+ 1). 

To see the relationship between a Landau—Ginzburg potential at criti- 
cality and a standard conformal field theory, take the fusion relations for a 
minimal model: 


b2,2nm ~ XW [bntimst ++] (7.8.16) 
k,l 


and compare them to the operator product expansion of the Landau— 
Ginzburg theory. By examining these relations, we can show the corre- 
spondence between conformal field theories and Landau—Ginzburg models: 


GF: k=0,1,...,p—2 
; > Pk+1,kt1; 1p (7.8.17) 
:@ > Pk—pt2,k—pt3> hp lepyp 2p 4 


Similarly, we can analyze the N = 2 theory and find the relationship: 
eye eae kano — 2 (7.8.18) 


The situation for the N = 2 theories, however, is more complicated. 
First, we have the fact that, by defining a Ug operator, one can smoothly 
transform the generators from NS to R: 


Uy Lave = i, SP Ou, oP 507 8n0 


Cc 


Sil <i 
Ug Ino = Jn + 3 06n,0 (7.8.19) 
Up-Grte— G4 
Ug G,Ue= Gr 
where the U(1) charge and dimension change as: 
0/3 
Caan 13) (7.8.20) 


h > h+ 6q + (c6?/6) 


where @ will determine the spectral flow of the theory. 
We define a primary field as one that satisfies: 
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Gay rjalt) = Gh y41/2l6) = 0 (7.8.21) 


in analogy with the usual definition of primary fields for bosonic fields. 
What is interesting is that the algebra formed by these chiral primaries 
forms a closed ring. The strategy is then to find the equivalence between this 
chiral ring Reniral and the algebra formed by a Landau-Ginzburg potential. 

Given a Landau-Ginzburg potential, we can form the ring that is cre- 
ated by taking all possible monomials of the fields, divided by all possible 
derivatives of the potential, that is, 


_ The 
ie (a, (7.8.22) 


The object is to establish the relationship: 
Rehiral = Ric (7.8.23) 


For example, the simplest representation of the chiral ring is in terms of a 
free boson defined on a circle. We can represent the N = 2 generators as: 


Ca etiv3er. (a= etiv3or 


= a 7.8.24 
JI(z) = (i/V3)0¢; — -H(z) = —(4/V3) O¢ 


The only primary chiral states are the vacuum and the state that has 
hy = q./2 = hr = qr/2 = 1/6, which we denote by X. The chiral ring of 
this superconformal model is simple: 


lige ae XX =0 (7.8.25) 
Now, compare this chiral ring with the Landau-Ginzburg potential: 
W=2? : (7.8.26) 


where « is a chiral superfield. The Landau-Ginzburg ring is formed by 
taking all possible products of 1 and x, modulo all possible derivatives of 
z, that is, modulo z?. But, this leaves only two elements in the ring, 1 and 
x; SO, 
Rug = {1,2}; ol (7.8327) 
Notice we are back to the same ring structure as the chiral ring, Reniral = 
Ric. 
A more systematic search for the equivalences between Renira) and Ric 
involves analyzing the scaling property of the potential: 


W(A"'x,) = OW (a) (7.8.28) 


However, this equation is also the defining equation for a class of catas- 
trophes that has been studied by mathematicians. Thus, systematic study 
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of catastrophes (which have been cataloged) may give us insight into the 
classification of these types of superconformal field theories. 

Last, we analyze the possibility that various conformal field theories 
may flow into others via the renormalization group equations. This may give 
us a clue as to the nature of the true string vacuum. When the transition 
is made between one conformal field theory and another, the theory goes 
off criticality, so it is important to reanalyze the energy-momentum tensor 
when scale invariance is violated and it has a nonzero trace, denoted by T 
and T. With a nonzero trace, the conservation of the energy-momentum 
tensor becomes: 


1 
OxT + 5 0,0 = 0 (7.8.29) 


Now, let us take the correlation function between the equation of mo- 
tion and T(0,0) or O(0,0), that is, 


1 
( (ar ae i2°) T(0, 0) = 0 (7.8.30) 
We then find two equations: 


F+ iG — 3G) =0 
= (7.8.31) 
G-G+5(H —2H) =0 


where we have defined F’ = zZF"(zz). 
Now, we can define the function C’, which reduces to the central term 
c at criticality: 


C=2F-G- oH (7.8.32) 
which obeys the equation: : 
C = — 3H (7.8.33) 


By reflection positivity, we know that H > 0, so that C’ is a nondecreasing 
function of R = V2zz. 

In a theory with coupling constants {g;}, we can write a renormaliza- 
tion group equation for C(r, {g}) as follows: 


O 6) 
Tia 2 Bil{g}) ag C({gi}, R) =0 (7.8.34) 


In summary, we have defined a new function C’, which equals the usual 
c when we are sitting at criticality, which generalizes the concept of a cen- 
tral charge for off-critical systems. Then the c theorem tells us that C 
must decrease monotonically along the path connecting two conformal field 
theories. Thus, via the c-theorem, we have established an important link be- 
tween different conformal field theories, that is, the renormalization group 
flows connecting them have decreasing central charge. 
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Chapter 8 


Knot Theory and Quantum Groups 


8.1. Chern—Simons Approach to Conformal Field 
Theory 


In the previous chapters, we analyzed the various schemes that have been 
proposed to catalog large numbers of conformal field theories, especially 
the rational ones with a finite number of primary fields. In this chapter, 
we will explore the most ambitious one, which is the use of Chern—Simons 
gauge theory [1] to classify conformal field theories. In the process, we will 
uncover a deep but unexpected relationship between conformal field theories 
and knot theory. Surprisingly, we will be able to use quantum field theory 
to generate new knot polynomials and analytic expressions for them. Knot 
theory, in turn, will be a tool by which we study conformal field theories and 
statistical mechanics, giving us a topological meaning to the Yang-Baxter 
relation. 

In contrast to the previous approaches to classifying conformal field 
theories, which were all completely defined in two-dimensions, our starting 
point will be the Yang-Mills theory formulated as a pure Chern—Simons 
term in three dimensions. Our philosophy will be that the “miracles” that 
occur in conformal field theory are by-products of simpler structures that 
exist in three dimensions. Viewed from the perspective of “flatland,” many 
puzzling relationships may have no obvious origin. However, once we “leave 
flatland,” as Atiyah and Witten have suggested, the origin of these relations 
can be seen transparently. The basic premise, therefore, is to see gauge 
symmetry and general covariance as the origin of the fortunate “accidents” 
appearing in conformal field theory. 

Our starting point will be the action [1]: 


Ee 2 
L= = deci Tr | As(0) = 04 A;) ar 3 AilAs, Ax] (8.1.1) 


There are several unusual features to this action. First, the integrand is 
a total derivative, that is, it is a topological term that can be written as 
the integral of a derivative. With the usual boundary conditions at infinity, 
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the Chern-Simons action is zero. However, if the fields do not vanish at 
infinity so rapidly, one can show that the action does not vanish. The action 
is invariant under gauge transformations that contain the identity, but it 
is not invariant under gauge transformations that have nonzero “winding 
numbers.” In fact, under such a gauge transformation, the action changes 
by an integer: 

L — L+constant m (8.1.2) 


The second unusual feature of this action is that it is generally covariant 
without the presence of a metric tensor. For decades, physicists have viewed 
this symmetry as a result of integrating over all possible metric tensors in 
the functional integral. 

However, because the constant tensor <J* transforms as a true density 
under coordinate transformations, we see that the Chern-Simons action 
is actually a generally covariant object, even if it lacks any metric tensor. 
There is no need to insert the determinant of the metric tensor /—g into 
the action to form scalar densities. This leads to the unusual conclusion that 
the observables of the theory must be independent of the parameterization, 
that is, they must be topological objects, with finite degrees of freedom. 

Topological field theories of this type are very strange when viewed 
from the point of view of ordinary quantum field theory. For example, even 
a point particle field theory, the simplest possible quantum field theory, 
has an infinite number of degrees of freedom. These topological theories, 
because they only have a finite number of degrees of freedom, describe 
topological objects and are not physical in the strict sense of the word. In 
fact, we will see that the space of observables consists of pure numbers, for 
example, topological invariants associated with knots. 

The observables are gauge invariant and independent of the back- 
ground metric (that is, they are topological) and consist of Wilson loops: 


Wr(C) = Tr Pexpi / Ajdz* ; (8.1.3) 
Cc 


where we take the path-ordered P product of exponentials around a knot 
loop or knot C' and trace over the R representation of the Lie group. The 
object that we wish to study is the functional average of these Wilson 
loops defined over knots C; (which are closed) or a series of “links,” which 
intertwine several closed knots: ~° ‘ 


(1 Wa.) ee | PAcxtin) II Wr, (Ci) (8.1.4) 


This object must be a topological object, that is, by changing the 
background metric, the correlation function remains the same. The topo- 
logical invariants of knot theory are called “knot invariants,” so we now 
have an analytic way in which to generate knot invariants via quantum 
field theory. (However, it should be emphasized that the string itself moves 
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in 26-dimensional space and does not form knots. In fact, in four and higher 
dimensions, it can be shown that knots formed by the string can be untied 
or unraveled. Knots, consisting of one-dimensional lines, only exist in three 
dimensions. To create higher dimensional knots, one has to twist planes 
and solids.) 

The next step is to quantize the theory. There are two ways in which 
to perform quantization. 
1. One may impose the constraints first and then quantize the theory 
in the reduced system, as in Coulomb gauge quantization. This has 
the advantage of working directly with the reduced space, which will 
turn out to be finite dimensional. If we work in the Coulomb gauge, 
we define the fields along a slice in three-dimensional space. Along 
the two-dimensional slice, we can, in turn, rewrite the coordinates in 
terms of z and Z coordinates, that is, in terms of holomorphic and 
antiholomorphic coordinates. 
One may alternatively quantize the system first and then impose the 
constraint (Gauss’s law) on the Fock space, as in Gupta—Bleuler quan- 
tization. In this way, we work with the full infinite dimensional space 
spanned by A%, and only at the end, do we see the finite dimensional 
space emerge. 


i) 


Let us analyze the first case. As in ordinary gauge theory, the constraint 
is the coefficient of the Lagrange multiplier Ap in the action. In our case, 
however, the constraint is qualitatively different from that found in ordinary 
gauge theory: 

ey = (8.1.5) 


Gauss’s law tells us that the space M spanned by the connections A? 
must be reduced to the space of flat (that is, zero curvature) connections, 
modulo gauge transformations. 

Naively, having zero curvature means that the connection is a pure 
gauge field, and hence, the theory is empty. In our case, the meaning of this 
strange constraint is that an infinite dimensional system, labeled by A?, has 
been reduced to a system with only a finite number of degrees of freedom. 
The constraint destroys an infinite number of degrees of freedom, but it 
leaves a finite dimensional system intact, spanned by topological objects. 

The space of flat connections modulo gauge transformation has already 
been classified by mathematicians, and it is the space of conformal blocks 
[1-3]. Thus, conformal field theory enters at the level of the Hilbert space 
of the theory after quantization. 

Flat connections, in turn, are characterized by their holonomies (that 
is, Wilson loops) around closed paths. These paths, unlike the situation 
in ordinary gauge theory, are topologically defined; if one distorts them 
continuously, then the holonomy remains the same. 

That the Wilson loops are topologically defined can be seen by pinching 
off a small circular deformation in a path ordered product. The change in 
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holonomy around this small loop will be proportional to the curvature in 
that loop. But, since the curvature is zero, there is no change if we make a 
small deformation in the path. Thus, these paths are defined topologically, 
unlike the usual case in ordinary gauge theory. They depend only on the 
homology cycles on the Riemann surface, that is, the a and 6 cycles. The 
dimension of the conformal blocks on this genus g Riemann surface for a 
Lie group G is finite and is given by: 


2(g — 1) dimG; gol (8.1.6) 


The situation differs slightly if we quantize in the presence of a knot or 
Wilson loop defined in this space. When one slices a knot by taking equal 
time slices, one see charges distributed along the surface, so the constraint 
equation becomes: 


wel FS = Se (x — P,)T@) (8.1.7) 


where the sources are located at. points P,. Then, the physical space of 
the theory describes the conformal blocks for an r point function for fields 
defined in various representations of the algebra. 

Let us analyze this quantization more carefully. Before gauge fixing, let 
us split the three-dimensional space into Y = X’@ R, a Riemann surface Y’ 
times the time direction R. Let us use the language of forms for convenience. 
Then, the exterior derivative d and the gauge field A split up as: 


d=dtd/at+d, A=A,+A (8.1.8) 

With this splitting the action becomes: 
5 el ee +5 [ td + 4) 8.1.9 
— An Y Ot 20 Y c ( a ) 


Since the last term fixes the curvature to be zero, we can solve this to give: 
A=-—(du)u— (8.1.10) 


which has zero curvature. Assuming © is bounded, we can plug this into 
the original action and find 


S=kSwzw = xf Tr(U~*0,U U~*8,)d¢ dt + Tall Tr(U  dliye 
4a ay 127 Y 


8.1.11 
where ¢ is an angular variable defined around the perimeter of . 
We see that the Chern—-Simons action has become a version of the 
WZW action, which we know is. conformally invariant. Here, we see how 
the full Kac-Moody algebra emerges from the Chern-Simons theory, as well 
as conformal field theory. Likewise, we can define the theory on cosets and 
retrieve all the results of the GKO coset construction. 
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Another way of viewing these results is to quantize first and then apply 
the constraints on the wave function later. In this scheme, A? still has an 
infinite number of degrees of freedom, which become finite only when one 
applies the constraints. The quantization is carried out by postulating the 
commutation relations: 


[A2(z), A2(w)] = oT 9982 —w) (8.1.12) 


where we have converted the coordinates on 2 into holomorphic and anti- 
holomorphic coordinates. 

We now postulate the existence of a wave functional ¥(A,), where the 
field A, has an infinite number of degrees of freedom. We wish to impose 
Gauss’s law constraint directly onto this wave functional, thereby reduc- 
ing the number of degrees of freedom of the system. This wave functional 
transforms under a gauge transformation labeled by g as: 


word (Az) = et 59-42) y( Ag) (8.1.13) 


where S is the WZW action. If we apply the constraint onto W(A,), it 
means that the wave function must be gauge invariant. Thus, the physical 
wave function is given by [2]: 


Vory(Az) = f Dge'*S(04) (a2) (6.1.14 


Our task is to show that Wp, depends only on a finite number of degrees 
of freedom because it is invariant under the gauge constraint, while the 
original W depends on an infinite number of degrees of freedom. 

In contrast to ordinary gauge theory, in the Chern-Simons theory, we 
have the freedom of gauging A, to a constant a in the Cartan subalgebra, 
that is, 

As = gag! = flap (8.1.15) 


so AY can be replaced by a constant a. Thus, the wave function’s infinite 
degrees of freedom have been reduced. However, the remaining Wpny still has 
a finite number of degrees of freedom. For example, let 2’ equal the torus 
Then Wony is a function of the modular parameter 7 and a. We can 
power expand the wave function in a complete set of states which have the 
correct boundary conditions for T?, which are the characters y(7, a). This 
is equivalent to writing Wpny as a trace over the torus and then inserting 
a complete set of operators that belong to a Verma module into the trace. 
We get: 

Wane (Ga) = 2 Arnal T,a) (8.1.16) 


Thus, the wave function, defined on a torus, can be expanded in the space of 
characters defined on the torus, which in turn can be written as a Weyl-Kac 
character formula. 
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Likewise, the same reasoning can be applied when » equals a disk. 
Again, we see that a gauge transformation on W can reduce the infinite 
degrees of freedom contained within A,, leaving only a function depending 
on the parameters of the disk and the value of the constant a. We then 
expand the remaining wave function, which is now power expanded in terms 
of a complete set of functions defined on the disk, that is, conformal blocks. 
In this way, conformal blocks enter the theory using the wave functional 
method. 

In summary, we find a large set of correspondences between the Chern— 
Simons theory and conformal field theory that allow us to classify the latter 
via the gauge group G .and the coupling constant of the Chern-Simons 
theory. Specifically, we found that 


1. the space of flat connections modulo gauge transformations is equiva- 
lent to the space of conformal blocks; 

2. the space of states of the wave function defined on a torus is equivalent 
to the space of Weyl—Kac character functions; 

3. when we choose the gauge group G with a subgroup H, we can con- 
struct the apparatus of the GKO coset method; and 

4. asystem with an infinite number of degrees of freedom is reduced, after 
quantization, to a space with a finite number of degrees of freedom, 
related to the invariant holonomies one can construct on Y with genus 
g. 


A systematic study shows that all known rational conformal field the- 
ories can be constructed in this way. This is remarkable, because we have 
only assumed general covariance and gauge invariance, that is, we have 
derived the results of conformal field theory using much simpler structures. 


8.2. Elementary Knot Theory 


The next step is to calculate the correlation functions of the theory, which 
are matrix elements of Wilson loops. To understand how knot invariants 
arise from these correlation function, it will be useful to review the de- 
velopments in knot theory [4, 5]. Historically, knot theory has, over the 
decades, been a stagnant area of mathematics. The central problem of knot 
theory, the complete classification of all possible knots, has consistently 
eluded mathematicians. The problem is to construct certain expressions, 
called knot invariants, that can be placed in one-to-one correspondence 
with topologically distinct knots. 

The problem is an exceedingly difficult one because knots, even if they 
have only a small number of loops, become quickly snarled and entangled, 
making it difficult to decide which ones are really distinct and which ones 
can be deformed into each other without cutting the knot. 
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Let us make a few simple definitions. To be more specific, we say a 
knot is a single strand or line that is closed, that is, if we cut the knot, it 
unravels into a single strand. Then, we define the unknot as a knot which 
can be topologically deformed into a circle, without cutting. Also, define a 
link as a series of knots that are intertwined and cannot be separated. If we 
cut N distinct strands that form a link, then it reduces to N independent 
single strands. 

The first major topological invariant in knot theory was found by 
Gauss; it is called the linking number and is defined as: 


&(C2,Cr) = ae dx‘ Wp deci cine OnE (8.2.1) 
where dz’ are defined along the knot. 

The Gauss linking number is an analytic expression defined on a link 
that is topologically invariant. By performing the integration around the 
stands, one can, in principle, determine the degree to which several closed 
loops are linked together. Notice that the linking number remains invariant 
even if one smoothly deforms the contour, as long as one does not move 
contours past each other or cut them. Thus, this expression must be a 
topological invariant. 

In the 19th century, Tait and Little began the arduous task of beginning 
a classification of topologically distinct knots. In 1970, Conway pushed the 
classification to 10 double points [6]. 

One fundamental advance was made in 1928 by Alexander [7], who 
showed that it was possible to associate a polynomial, called the Alexander 
polynomial, with each knot. If two knots had different polynomials, then 
they were topologically distinct. This made it possible to take two com- 
plicated knots, calculate their Alexander polynomial, and rapidly decide 
whether they were topologically distinct or not. 

For example, the circle is a trivial knot and has an Alexander polyno- 
mial given by the number one. The clover leaf knot, shown in Fig. 8.1a, has 
the Alexander polynomial given by: 


clover leaf: A=t?-t+1 (8-2-2) 


Another example is the figure eight knot, shown in Fig. 8.1b, with an 
Alexander polynomial given by: 


figure eight: A=t?—3t+1 (8.2.3) 


A more complicated knot is called the Stevedore’s knot, shown in Fig. 8.1c, 
with an Alexander polynomial given by: 


Stevedore’s knot: A = 2t? —5t+2 (8.2.4) 


The Alexander polynomials A, furthermore, can be shown to obey the 
following identity. Let a L4, L_, and Lo be three links that are completely 
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Fig. 8.1. 


identical, except that, at one juncture, they have the topology as shown in 
Fig. 8.2. Then, the Alexander polynomial, for these three different links, 
satisfies the following relation: 


Ay A= (vi =1/v ) Ag, (8.2.5) 


which is called the “skein relation.” 


However, Alexander polynomials have an important defect; they are 
not powerful enough to distinguish between all topologically distinct knots. 
In fact, they often fail to distinguish between elementary knots. For exam- 
ple, both the granny knot and the square knot have the same Alexander 
polynomial, but they are topologically distinct. Also, the Alexander poly- 
nomial cannot distinguish between knots that are mirror reflections of each 
other. 
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Fig. 8.2. 


Another important development in knot theory was Artin’s theory of 
braids [8]. Because knots are such difficult objects to manipulate, Artin 
introduced a much simpler system by which to analyze knots. A braid 
begins as a series of parallel strands with equal length arranged in a definite 
sequence. We are allowed to cross one strand over another by a braiding 
operator. Let U; be the braiding operator that moves the ith line across 
the ( + 1)th line. Then, Artin showed that these braiding operators form 
a group: 

U,U; =U;U;; li—j| > 2 
braid group : (8.2.6) 
OU p41 Us = Ui UVia1 


In Fig. 8.3, we have an example of a braid specified by the U operation. 

The advantage of using the braid group is that we can form knots and 
links out of these braids. If we identify the two sets of endpoints of the 
braid, then the lines close on themselves and we get a link. For example, n 
parallel lines forming a braid, when wrapped in this fashion, make n closed 
loops, or unknots. All knots and links can be generated by wrapping a 
braid. (However, the power of this technique is limited because two different 
braids, when wrapped, may yield the same knot or link.) 

After years of slow progress in knot theory, two recent breakthroughs 
in this area came quite suddenly, within the last few years. The first break- 
through, after an interval of almost 60 years, was the development of the 
Jones polynomial in 1985 [9, 10], which associated a new polynomial to 
every knot, more powerful than the earlier Alexander polynomial. With 
the Jones polynomial, the classification of all possible knots was suddenly 
within reach. The origin of the Jones polynomial, however, was quite ob- 
scure. Also, the Jones polynomial still was not powerful enough to generate 
a one-to-one relation between a polynomial and a knot. 

The second development, which we will soon discuss, came from an 
entirely unexpected area, two- and three-dimensional quantum field theories 
that could be written in terms of knots. In fact, it became possible to 
rederive the Jones polynomial from physics and to create infinitely many 
more polynomials. Eventually, with this new generation of knot invariants 
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coming from physics, it may be possible to find a one-to-one description of 
knots in terms of polynomials, although this is still not certain. 

8.3. Jones Polynomial and the Braid Group 

Jones made the following observation [9]. In mathematics, there is the von 


Neumann algebra Ap, a finite dimensional algebra whose elements e; obey 
the following relations: 


oe Se €; = & 
€j€;41€; = [¢/( + t)* le; (8.3.1) 
eye; = €7€i, ji—g| >2 


Jones noticed the similarity between the von Neumann algebra A,, and 
Artin’s braid group B,. Specifically, one can make the following correspon- 
dence between the two algebras: 


U;,o vi [tes —(1—e)| (8.3.2) 


Although this correspondence between two seemingly unrelated algebras 
appears to have no consequence, there is an important difference: on the 
von Neumann algebra (in contrast to the Artin algebra), it is possible to 
define the trace operation, which sends elements of A, into a complex 
number, such that: 


Tr(ab) = Tr(ba) 
Tr(wensi) = [t/(1+t)*]Trw if wisin A, (8.3.3) 
Tr(a’a) > 0 if ao 
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and Tr(1) = 1. Because an invariant trace is defined on the von Neumann 
algebra and a correspondence can be made between the generators of the 
von Neumann algebra and the generators of the Artin algebra, we can now 
define the invariant trace operation on the Artin algebra: 


v(t) = [-¢+1)/vi]” BfrL()] (8.3.4) 


where r; is the operation that sends generators of one algebra into the other. 
This invariant polynomial Vz(t) is called the Jones polynomial. Like 
the Alexander polynomial, it also satisfies a skein relationship: 


Un Se (vi a =) Vig (8.3.5) 


(Via the skein relation, one can recursively generate the Jones polynomials. 
One starts with the unknot, which has the knot polynomial 1, and then 
successively applies the skein relation to get the polynomial of increasingly 
more complicated knots.) 

The advantage of the Jones polynomial is that it reveals elegant re- 
lations between knots and other types of algebras, as well as being much 
more powerful than the Alexander polynomial. Topologically distinct knots, 
which have the same Alexander polynomial, can be shown to have different 
Jones polynomials. (However, the Jones polynomial, as we mentioned, fails 
to establish a one-to-one relationship between a polynomial and a knot, 
that is, two topologically distinct knots may have the same Jones polyno- 
mial.) After the initial discovery ofthe Jones polynomial, several other, 
more powerful polynomials were then discovered. 

To analyze these higher polynomials, let us make a few definitions. 
If two links LZ, and Lz are topologically equivalent, we say that they are 
ambient isotopic. It has been shown that two links are ambient isotopic if 
and only if there is a finite sequence of moves (called Reidemeister moves) 
that can deform L; into Lz. These moves, which come in three types, are 
shown in Fig. 8.4. 

However, there is also a second concept, called regular isotopy. Two 
links are regular isotopic if one can be deformed into the other by using 
only type II and type III moves. 

Regular isotopic links have a simple interpretation. Let us temporarily 
replace each strand in a knot by a long, flat ribbon, which makes a “framed 
knot.” An ordinary knot and a framed knot are topologically distinct be- 
cause twisting a ribbon within a framed knot produces a new configuration, 
while twisting a strand of a knot does nothing. 

Notice that type I Reidemeister moves are not allowed for two-dimen- 
sional or framed knots. If we execute the Reidemeister type I move for 
ribbons, we find that they are equivalent to twisted ribbons when they are 


straightened out. 
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Let us now introduce the Hoste, Ocneanu, Millet, Freyd, Lickorish, 
Yetter HOMFLY polynomial P,(t, z) [11], which is more powerful than the 
Jones polynomial, which is a finite Laurent polynomial in two variables. If 
two links are ambient isotopic, then they have the same HOMELY polyno- 
mial. These HOMFLY polynomials are defined via: 


(Pea ee — 2 ae : (8.3.6) 


where L4 and Lo were defined in Fig. 8.2. 

The HOMELY polynomials are defined recursively. If we set the un- 
knotted knot as Pp = 1, then, by successively knotting various parts of the 
line via L4 and Lo, we can gradually build up knots and links of arbitrary 
complexity. 

Both the Alexander polynomial and the Jones polynomial can be rep- 
resented as special cases of the HOMFLY polynomial. From Eqs. (8.2.5) 
and (8.3.5), we see: 


Pi(t=1,z=Vvt-1 /Vt) = Alexander polynomial 


8.3.7 
Pi(t,z =—vVt+ 1/Vt) = Jones polynomial ( ) 
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The deficiency of the HOMFLY polynomial, however, is that it is not pow- 
erful enough to distinguish between all topologically distinct links, that is, 
like the Jones polynomial, it is possible to construct two that which are 
ambient isotopically distinct but have the same HOMFLY polynomial. 

Notice that the Alexander, Jones, and HOMFLY polynomials share 
the property of categorizing links that are ambient isotopically the same. 
However, it is possible to introduce another polynomial, the Kauffman poly- 
nomial [12], that is used to analyze links which are only regular isotopically 
the same (that is, for framed links or ribbons). 

The Kauffman polynomial Ry is defined by: 


Ry, — Rp. = zhi (8.3.8) 
with the additional condition: 
Ry, =oR;,, Rg =a 'R;, (8.3.9) 


where the (oe and Lo are given in Fig. 8.5. Because the HOMFLY and 
Kauffman polynomials are related to ambient and regular isotopy, they 
cannot, of course, be directly related to each other via an ambient isotopic 
equation. However, it is possible to write the following relationship, which 
is defined only up to regular isotopy: 


P(t = a,z) =a”) Ry (a, z) (8.3.10) 


where w(L), called the wraith, is given by: 


w(L) =,)— e(p) - (8.3.11) 


and e(L+) = +1. The important point is that the wraith is only a regular 
isotopic invariant, and hence, there is no contradiction in the above equa- 
tion. The distinction between the ambient isotopically defined HOMFLY 
polynomial and the regular isotopically defined Kauffman polynomial will 
soon become important when we use quantum field theory to generate these 
knot invariants. 


8.4. Quantum Field Theory and Knot Invariants 


The remarkable feature about the Chern-Simons field theory is that the 
correlation functions must be topological (since the metric never appears 
in the action), and hence, it reproduces the known invariants of topology 
and generates entirely new classes of invariants as well. For example, take 
the matrix element between two gauge fields: 


a a a abe ( * y)? 
(Ai (@)AL(y)) = 5" ewe — 8 (8.4.1) 
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Notice that the two-point function in a Chern-Simons theory is not the 
usual propagator, with a well-defined light cone and propagation of states. 
Also, notice that the Chern—Simons theory is linear in derivatives. 

Next, let us power expand the Wilson loop as follows [13, 14]: 


w(c)= Ta +ig dom Ay - face [ Fee OAV 


wif dat fay? [i ae? Age A, (y) Ay(2) 
+ fat iP ay iF as iN dw? Aj(w)Ap(z)Av(y)Au(z) ++: 


(8.4.2) 
The advantage of this power expansion is that we can now take the matrix 
element of the Wilson loop and calculate the topological invariants of knot 
theory. However, there are some ambiguities that have to be clarified. 
Expanding in powers of 1/k, we find that the first term in the correla- 
tion function is: 


(W(C)), =dim R (8.4.3) 


where R° are the generators of the group. To the next order in 1/k, we 
have: 


(W(C)), = TERRY) fd fay” (ALy) AB(2)) 


= -2 dim R c2(R)¢(C) 


(8.4.4) 
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where co(R)1 = R°R* and: 


=afh da" dy" ep — os weus (8.4.5) 


— yl? 


Notice that the above expression is actually ambiguous when z — y. 
Oddly enough, the answer is dependent on how we regularize the correlation 
function. There are many ways to regularize this function when x and y 
are coincident, and the correlation function changes with each one. (This is 
actually reasonable, because the regularization dependent terms are phases, 
which drop out when calculating the squares of amplitudes.) 

The most common procedure is to introduce a framing for each contour, 
that is, expand each line into a flat, two-dimensional ribbon. We can frame 
a knot by introducing a vector n” that is orthogonal to C’, that is, we can 
replace the contour C' via a framing contour C's defined as: 


a(t) > y*(t) + en*(t) (8.4.6) 


for small «. Thus, we have now reproduced a result from classical mathe- 
matics, the Gauss winding number for a knot from quantum field theory. 
We can do better than just rederive known topological invariants; in 
fact, we can derive analytical expressions for knot invariants that are only 
known abstractly to mathematicians. 
For example, taking the next order in 1/k, we find an analytical ex- 
pression for the second coefficient of the Alexander polynomial [13, 14]: 


(W(C)2) = (2n/k)? dim R ae) + ee) (8.4.7) 


where p(C) is p1 + p2 and: 


p(C) =—s53 sp dat [ dy” i dz? Ve noc€upr€pyr 7” 


w— 2)? (w— w—z)" 
1 (e,y,2) = [ws IP ( y)* ( 


Jw — /3|w — yl? lw — 2/% 


p2(C) = aa ft | dy” i = dw? 


(w —y)*(2-2)? 
x Covatoub — yls|z —a|> 


(8.4.8) 
and: 


(8.4.9) 


In this way, we can obviously continue and obtain analytic expressions for 
knots of arbitrary complexity. However, we now would like to make contact 
with the Jones polynomial and the Kauffman polynomials. 

The essential point is that the matrix elements of Wilson lines are ill 
defined when two points coincide, and hence we must introduce framed 
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links. Thus, the knot invariants that arise from quantum field theory must 
be regular isotopically defined links. 

Now, let us derive the knot invariants for arbitrary links via quantum 
field theory. We will find it convenient to introduce yet another invariant, 
called Sz(a,@,z), which is a function of three variables and is defined for 
regularly isotopic links. 

This new knot invariant satisfies [13}; 14]: 


Sp. =a 1S; (8.4.10) 


We can relate this new knot invariant to the HOMFLY invariant via: 
P(t = a8, z) = a7" $1 (a, B,z) (8.4.11) 


If we define Sp = 1 for the unknot, then we can, via these generalized skein 
relations, gradually build up links of arbitrary complexity. 

The whole point of introducing yet another knot invariant is that cor- 
relation functions of the Wilson loop generate S;, which in turn can be 
related to HOMFLY, Kauffman, and Jones polynomials. To prove this, we 
will show that (W(C)) satisfies these skein relations, which will be suffi- 
cient to show that the correlation functions equal S; for a link of arbitrary 
complexity. We will demonstrate that the correlation functions of Wilson 
loops satisfy these generalized skein relations by explicit calculation. 

Let us analyze the difference between [4 and Lo from the quantum 
field point of view. We see that the only difference between these three con- 
figurations is the insertion of a loop, which can be taken to be infinitesimally 
small. Our task, therefore, is to see how a quantum correlation function 
changes when we insert a small loop into a Wilson line. 

We begin by defining a Wilson line from 2; to x2 and then inserting 
an infinitesimally small loop at point x, which lies between the endpoints. 
Since the line integral around a small loop generates the curvature tensor, 
the Wilson line operator U(x, 22) becomes: 


U{ay, By) = Ua) oe ae) (8.4.12) 


where: 

We — eed ee (8.4.13) 
is the area tensor characterizing the small loop and R® is a generator of the 
algebra. 


Fortunately, the insertion of F,,, inside a correlation function is equiv- 
alent to taking the functional derivative of e“S with respect to the field. We 
can then integrate by parts to obtain the following: 
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_ a —i4 tS 
(F2,0102:--) =Z t [vas (=*) eras 0102 


where we have integrated by parts. The next step is to take the derivative 
of the various O;, which pulls down an R, so the insertion of F'l, generates 
the insertion of: 


An 
—1 @ i ) S@— vers dy x (---U (1,2) )_ R*R*U(y,22)--+) 


(8.4.15) 

Thus, we see that the insertion of a small loop at point x yields the 

insertion of the curvature tensor, which in turn generates a factor propor- 
tional to: 

8 (x — yep pd” dy” (8.4.16) 


which is a volume element oriented along the tangent to the Wilson line. 
We can normalize v to be 0 or +1, depending on the orientation of ¥,,,. 
Thus, the change in the correlation function by inserting a small loop along 
the Wilson loop is: 


d(W(L)) = F(i4a0/k)co( R)(W(L )) (8.4.17) 


Now, compare this to the first of the two generalized skein relations. 


We see that we can now set: 
Wey se 5) (8.4.18) 
(W(L_)) =a~*(W(Lo)) 


where we now have an explicit quantum theoretic expression for a: 


co(R) +O (zs : ) (8.4.19) 


©) 


=, 
a aac 


k2 


Now, to prove the last of the skein relations, we repeat the same steps as 
before, except for the configurations L4 and Lo. 

In order to reduce the skein relations to the insertion of small loops, 
we must analyze the crossing of two Wilson lines. Notice that the crossing 
of L4 can be deformed into the crossing of L_ if we insert a small loop at 
the precise point of the crossing. For example, if the Wilson line U (21,22) 
passes over the line U(x3, a4) at point 2, then the insertion of a loop into 
U(a1,22) at the crossing point x changes the topology: now, U(x1,22) 
passes under U(x3, 24). Concretely, we see that we can pass from L_ to Ly 
by the insertion of this loop: 


(W(L4)) =(W(L_)) + (---U (a1, 2)i 5” Fi, RU (2, 22) ++ U(w3,04)-+-) 
(8.4.20) 
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Repeating the same steps as before, we find that the insertion of the 
curvature tensor is equivalent to taking the derivative with respect to the 
field, which in turn pulls down an R*. However, it is important to realize 
that the R® factors no longer occur at the same point along the Wilson 
loop: 


(W(L+)) = (W(E-)) 
= ida dU Gi, 2) RU, za) o8 -U(x3,2)R°U (a, x4) : =) 


(8.4.21) 
Because the R° matrices are defined at different points along the path, 
we must use the Fierz identity on the sum: 


Ry R3, 5682 — oa Ba off (8.4.22) 


Notice that this Fierz identity, inserted at the crossing point 2, has the 
effect of changing the SU(N) topology of the graph, so that the Wilson 
loop defined at [4 spins off terms related to L_ and Lp as follows: 
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(Wits) = (1+ Fe) (WL) = (W(Lo)) 84.28) 


Putting everything together, we find that we can satisfy the last of the 
generalized skein relations {1, 13, 14]: 


B(W(Ls)) — 6-(W(L_)) = 2(W(Lo)) (8.4.24) 
where: : F 
bala 40/= 

os (; ) (8.4.25) 


_ tan 1 : 
F+0(8) 


All three of the generalized skein relations { Eq. (8.4.10)] are now satisfied, 
so that we have a precise relationship (at least to order 1/k”) between 
correlation functions of Wilson loops and knot polynomials. 

In surmmary, we have been able to obtain new knot invariants, unite the 
old ones, and generate analytic expressions for them by using Chern—Simons 
theory. Because this theory is generally covariant without the presence of 
a metric, its states must be topological and gauge invariants, that is, knot 
polynomials. 
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8.5. Knots and Conformal Field Theory 


It is also possible to use knot theory to analyze conformal field theories 
directly, without having to use a three-dimensional theory. This reveals yet 
another application of knot theory to physics and gives us a powerful tool 
by which to analyze the properties of conformal field theories, such as their 
correlation functions. 

The braid group of Artin emerges quite naturally if one views the 
monodromy properties of N-point functions in conformal field theory, that 
is, taking points z; of an N-point function and then moving them around 
loops or interchanging them. If, for example, we interchange two points z; 
and z; in an N-point function, this is mathematically equivalent to braiding 
the ith string with the jth string. Thus, the N-point functions of conformal 
field theory, via monodromy relations, give us a representation of the braid 
group. 

For example, consider the Knizhnik—-Zamolodchikov relations derived 
earlier for the Kac—Moody algebra in Eq. (3.4.8): 


Kav =) + (8.5.1) 


Let us say that there are / solutions to this equation. If we interchange the 
ith and (i + 1)th point, then we find a linear combination of these same 
solutions [15], that is, 


l 
Wr(21, eee Si4-1, 2) Fae) = y ByVy(a, +629 24) Si41)- een) (8.5.2) 
J=1 


Because the B/ operation simply interchanges the location of two points, 
it can be shown that the matrices B? form representations of the braid 
group. 

Let us now be concrete about our discussion of the properties of cor- 
relation functions, by writing everything in terms of conformal blocks. We 
recall from Chapter 3 that there are two operations that we can perform 
on these conformal blocks, called B (corresponding to braiding or inter- 
changing two points) and F’ (corresponding to pinching the graph, that is, 
making an s-channel graph into a t-channel graph). 

On the space of conformal blocks, we wrote a representation of the 
B-twist operation on a four-point function, representing the interaction of 
conformal fields labeled by i,j,k, 1: 


Bi, (2)Oh(22) = Ba |? [| thedela) (853) 


It is easy to see that the effect of the B operation is to interchange z, and 
zg, that is, it is a braiding operator. 
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Now we wish to relate the Yang—Baxter relationship and knot theory 
directly to conformal field theory. First, we note the similarity between Fig. 
8.4 and Fig. 6.3, which represents the Yang—Baxter relationship. In fact, we 
see that they are the same. This means that the Yang—Baxter relationship 
is a specific realization of the braid group. 

Next, we notice that the Yang—Baxter relationship can be rewritten as 
a series of braiding operations on conformal blocks, that is, conformal field 
theory gives us a representation of the Yang—Baxter relationship in terms 
of the braiding matrix of conformal field theory. It is now a simple matter 
to represent the Yang-Baxter relationship on the space of braiding matrices 
by labeling all of the legs and singling out each braiding operation. At the 
end of the calculation, we’ will set the two equations equal to each other. 

By carefully following the strands making up the Yang—Baxter rela- 
tionship in Fig. 8.6 and isolating the braiding matrices, we easily find [16]: 


Deaeloe |. Cieeale ole 
i _ - (8.5.4) 
= CBr [2 Hf] Ban [FF] Om [2 2] 


je Js Gil 98 95 


In summary, we see here the tight relationship between knot theory, the 
Yang-Baxter relationship, and the braiding matrices of rational conformal 
field theory. We have used the equivalent topology of all three theories to 
write an explicit representation of the Yang—Baxter relation in terms of the 
braiding matrices of rational conformal field theory. Knot theory has thus 
proven to a powerful tool in which to analyze conformal field theory. It 
should be no surprise, therefore, that knot theory should also be a useful 
tool in which to analyze statistical mechanical systems. Specifically, we will 
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show that knot theory gives us a new way in which to view the Yang—Baxter 
relations, which we saw was the basis for integrability of two-dimensional 
statistical mechanical systems. To see how knot theory gives us a way in 
which to reanalyze statistical mechanical systems, recall that in Chapter 6, 
we found that there were two large classes of models, the vertex models and 
the IRF models, and that the essence of commuting transfer matrices was 
the Yang—Baxter relationship. Now, let us probe the topological structure 
of the Yang—Baxter relationship. Because the Yang—Baxter relationship is a 
tangle of indices, it helps to introduce operators that are defined in the space 
of lattice indices, such that the tangle of indices disappears. Let us now 
introduce a Yang-Baxter operator X;(u), which we will show is identical 
to the braid operator. We will define this operator as a generalization of 
the Boltzmann matrix shown above, operating on the space of the lattice. 
Thus, it will consist of the Boltzmann matrix multiplied by the unit matrix 
defined on the lattice. For the vertex model, written in terms of the S 
matrix, this operator is explicitly: 


Xu) = SD Sku) LO @---@6Y BOLT? @ IH?) @.-.—™ (8.5.5) 
k,l,m,p 
where I“) is the identity matrix at the 7th position, and (6nk)ab = bnabdxo- 


For the IRF representation, the Yang-Baxter operator is also a series of 
delta functions multiplied by the Boltzmann weight: 


{X;(u) evens re - [eet WU eet, De, i 1, U TI 6(p5,1;) (8.5.6) 


j=i+l 


(In other words, X; consists of a Scat of delta functions. except for the 
ith entry, which consists of the w matrix.) 
Then, the Yang-Baxter operator satisfies the relations: 


Xi(u)Xj(v) = Xj(v) Xiu), i 5] 22 
X;(u)Xigi(u + v)Xi(v) = Xigi(v)Xi(u + v)Xe41 (u) 


For u = u+v = 4, we find precisely the braid group relations of Artin. 
We will, in fact, take the limit u,v — oo and set: 


U; = lim X;(u)/p(u), pe ee 
U;} = lim X;(—u)/p(—u), Ue eet 


t uU—>CO 


(8.5.7) 


(8.5.8) 


so, we arrive at: 


UU; = UU;, j| 22 


WU UU 


(8.5.9) 


Notice that these relations form Artin’s braid group found earlier in Eq. 
(82220) 
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Thus, the Yang—Baxter relationship has now been reduced to the re- 
lations of braid group theory, which have proven to be one of the essential 
ingredients in the study of knots. 


8.6. New Knot Invariants from Physics 


The Jones polynomial, after its discovery, quickly led to other proposals for 
new knot polynomials. There exists, however, a powerful way of generating 
new knot polynomials that comes from statistical mechanics. In fact, an 
infinite number of new knot polynomials can be generated in this fashion 
(1%, Lie 

The key to this program is the use of Markov moves [19]. If two closed 
braids represent the same link, then it is possible to deform one link into 
the other link by a succession of these Markov moves. Let A and B be 
elements in Artin’s braid group By. Then equivalent braids expressing the 
same link can be mutually transformed by successive applications of two 
types of operations, called type I and type II moves: 


typeI: AB—BA 


8.6.1 
typeII: A— AU,, A Se ( ) 


for A, B and products with U, defined to exist within the braid group. 

Given Markov moves on equivalent braids, we now have sufficient in- 
formation to construct the desired link polynomial. For a link polynomial 
to be a topological invariant, it must be obey the relationships created by 
Markov moves. Thus, any link polynomial, to be a topological invariant, 
must satisfy the following properties: 


a(AB) = a(BA) 


a(AUn) = a(AUZ) = a(A) (8.6.2) 


The important point is to notice that any nontrivial function a, which 
obeys these rules, via Markov moves, is guaranteed to be a topological 
invariant. If two links have different values of a, then they must, by con- 
struction, be topologically invariant. (However, as before, the converse may 
not be true, that is, this is still not powerful enough to establish that the 
correspondence between classes of topologically equivalent knots and topo- 
logical invariants is one-to-one.) 

The next step is to notice that Artin’s braid relation has precisely the 
same topology as the Yang—Baxter relationship. Thus, the transfer matrices 
of statistical mechanics, because they have the same topological structure 
as the braid group, can be used to define new knot polynomials. The key 
step is to define, as with the Jones polynomial, a trace operation on the 
transfer matrices that obey the braid relations. Then, by construction, this 
trace must be the basis of a new knot polynomial. 
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Let us define, for the moment, a linear functional ¢ that satisfies: 
¢(AB) = o(BA) 
@(AU,) = 7G(A) (8.6.3) 
$(AU,, *) = 74(A) 
where the constants 7 and 7 are given by: 
7=0(U;), 7=¢(U;*) forall i (8.6.4) 
Then, the desired value of the knot polynomial is given by [17]: 
aA) = (17) D2 (rz)? 4A) (8.6.5) 


where e(A) is equal to the sum of the exponents appearing in the braid 
representation of A. 

Our goal, therefore, is to find a solution for the trace operation in 
terms of two dimensional quantum systems. The key to this will be the 
Yang—Baxter relationship. 

We now have an explicit representation of braid operators in terms of 
Yang-Baxter operators for the N-state vertex model. This, in turn, allows us 
to introduce the ¢ trace operator, which will allow us to create a polynomial 
that is invariant under Markov moves. 

The last step is filled by noticing that ¢ can be represented by the 
ordinary trace over the transfer matrix: 


$(A)=Tr(HA); AE Bn (8.6.6) 
for: 
H=hY @h% @---@h™ (8.6.7) 
where: , 
(h)pg = t?Sbpq/ ( SS . (8.6.8) 
k=—s 
where p,q = (—s,—s + 1,...,s) and 7 and 7 can be fixed as: 


Isl 
z(t) = Tr(HU;) = | So 
am (8.6.9) 


-—1 


N-1 
z(t) = Tr(HU;+) =t%* | Soe 
jal 


Thus, the final value of the invariant knot polynomial, in terms of transfer 
matrices, is given by [17]: 


1) eee a feN-00/2)°) Ty A) (8.6.10) 
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Our strategy is now simple. The trace operation in Eq. (8.6.10) is 
guaranteed to generate knot invariants, by construction. Our task is to 
simply look up the various S matrices that have been computed in the past 
for various two-dimensional statistical models and insert them into Eq. 
(8.5.5), giving us the generators X;(u) of the braid group constructed out 
of the S matrix. Then, we select a particular knot, reexpress it in terms of 
braiding operators, and insert them into the trace operation in Eq. (8.6.10). 
In this way, we are using the S matrices found in statistical mechanics as a 
way in which to generate braiding operators with a trace operation defined 
on them. 

For example, for the N = 2 model, (corresponding to the six-vertex 
model), we find the following S matrix: 


gi/2 1/2 (a) _ sinh(A =“) 


eae sinh() (8.6.11) 
1/2 
Soi /2 1/2 1 


Inserting this S matrix into Eq. (8.5.5) and then inserting the resulting 
braiding operators into Eq. (8.6.10), we find that we can rederive the old 
Jones polynomials. 

The great advantage of using this statistical mechanical construction, 
- however, is that there are an infinite number of such models, labeled by N, 
that allow us to generate new knot polynomials beyond the Jones polyno- 
mial. For example, for N = 3 (corresponding to the 19-vertex model), we 
find: 


_ sinh(\ — u) sinh(2A — u) 


Ss sinh A sinh(2)) , Siu) =1 
inh(u) sinh(A — u) sinh(A — u) 
ig) 10 (ys SAS Aigo? 
BOS ny OS aa —_! 
929(u) = sinh 4 sinh 2A — sinh usinh(\ — u) 


: sinh A sinh 2 


The power of this infinite set of knot polynomials is that they can 
distinguish between knots where the Jones polynomial fails. For example, 
Birman has shown that the two knots given in F ig. 8.7 by Artin’s braid 
relations have the same Jones polynomial: 

A= (Ulery U, “tue 


8.6.1; 
Bes oo 


The Jones polynomial for both these knots is given by: 


Va = Ve = tS (418 — 417 4 9416 _ 3715 4 4pl4 _ 5918 4 gy 12 
— 6t"* + 67° — 64° + 648 — 5t” + 64% — 4¢5 4 at — 343 4 222 — 4 4 1) 
(8.6.14) 
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However, for N = 3, these two knots have different knot invariants. Specif- 
ically [17], 


iA) 2 UL A), 2 SS eT aye i a a, 
16, —8, —9, 14, —4, ~8, 11, —3, —7, 12, —5, —7, 13, —7, —6, 14, —7, 
— 9, 16,—3, —10, 10,1, —5, 4, -1, -1,4, —4, -1,5, —2, —2,3,0, —1, 1) 
o(B) =t~7(i, -1,0, 2, 2, —1, 4, —3, —2,6, —4, -2, 8, 4, —4, 10, 
— 6, —5, 12, —7, —5, 12, —7, —5, 13, —7, —5, 12, —7, —5, 12, 
= 6, —6, 1275 oe 40,02 6, 
8, —2, —5,6, —1, —3, 4,0, —2, 2,0, -1, 1) 

(8.6.15) 
where we only present the coefficients of each power of t, beginning with 
t54 for knots A and B. In summary, we have succeeded in using the S 
matrix found in vertex models in statistical mechanics to generate braiding 
operators and a trace operation, out of which an invariant knot polynomial 


can be constructed that gives us an infinite family of invariants beyond the 
Jones polynomial. 


8.7. Knots and Quantum Groups 


So far, our discussion of the Yang—Baxter relation has been rather ad hoc 
and not very systematic. In studying the symmetry properties of the Yang— 
Baxter equation and knots, one feels that there must be a deeper, underlying 
group theoretical origin to many of the relations miraculous properties. In 
fact, there is indeed a rich mathematical structure, called quantum groups 
[20-24], that accounts for many of the properties of the Yang—Baxter rela- 
tion and gives us a systematic way in which to analyze them. It also give us 
explicit representations of the polynomial 67 equations studied in Chapter 
a 

The name “quantum group” comes from the very specific way in which 
the Yang—Baxter relationship is realized. We recall that the Yang-Baxter 
relationship can be written as: 


Rye (u) Ri3(u = v) Ro3(v) = Ro3(v) Ri3(u = v) Ri2(u) (S.7e)) 


where R, of course, is a matrix, and we have suppressed indices. Because the 
Yang—Baxter relation gives solutions to complex two-dimensional quantum 
mechanical systems, it will be a function of Planck’s constant. Therefore, 
sometimes the previous relationship is called the quantum Yang—Bazter 
relation. 

In the limit of small h, however, one should be able to obtain the 
classical limit of the relation. Let us, therefore, power expand the R matrix 
in terms of Planck’s constant: 
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B 
A 
Fig. 8.7. 
Rij(u) = I = thrij(u) (8.7.2) 


Then, as a function of the r matrix, the Yang—Baxter relationship reduces 
to: 3 


[ri2(u), ris(u — v)] + [ria(u), r23(v)] + [rig(u — v),r23(v)] =0 (8.7.3) 


This latter relationship is called the classical Yang—Bazter relation. In the 
limit that h goes to zero, the quantum and the classical Yang-Baxter rela- 
tions become equivalent. 

The important thing to notice is that the classical Yang-Baxter re- 
lationship is expressed in terms of ordinary commutators. In fact, we see 
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that the classical Yang—Baxter relation can be expressed as the Jacobi iden- 
tity associated with some Lie algebra. Thus, a classification of the classical 
Yang~-Baxter equations in terms of standard Lie algebras is possible. 

The full quantum Yang—Baxter relation [| Eq. (8.7.11)], however, can- 
not be written in terms of commutators and is therefore considerably more 
complicated. Lie algebras cannot express the full quantum Yang—Baxter 
equation written in terms of R. However, because the limit h — 0 exists, 
one suspects that a generalization, or deformation, of a Lie algebra-type 
structure must exist for the full quantum Yang—Baxter relation, which re- 
duces to the usual one in the limit as h — 0. 

It turns out that this conjecture is correct, and the generalization of the 
Lie group is the quantum group. The quantum group is to the quantum 
Yang—Baxter relation as the classical Lie group is to the classical Yang— 
Baxter equation: 

Lie group — classical Yang — Baxter AeA 

quantum group — quantum Yang — Baxter Ce 

Notice that the quantum group is necessarily a function of h, and hence, 

possesses a smooth limit in which it reduces back to the usual classical 

Lie group. We will find it convenient to introduce a parameter qg, which is 
proportional to h, so that: 

lim quantum group = Lie group (8.7.5) 

A quantum group must share many similarities with an ordinary clas- 
sical Lie group, but it must also differ from the Lie group in subtle but 
important ways. There are at least two intuitive ways in which to see these 
differences. 

First, we notice that the conformal field theory formed out of a Kac— 
Moody algebra is based entirely on its primary fields and its fusion rules. 
The primary fields, in turn, are labeled by the irreducible representations of 
the ordinary classical Lie group. Thus, much of the information and detail 
contained within the Kac-Moody algebra is actually washed out in the pro- 
cess of constructing the conformal field theory. We only see remnants of the 
full Kac-Moody algebra in the fusion rules. Thus, at the conformal field 
theory level, the resulting group structure resembles that of an ordinary 
Lie group in many ways. However, the resemblance cannot be exact be- 
cause the original Kac-Moody algebra depended on central charges, while 
ordinary Lie algebras are not compatible with central charges, that is, the 
Jacobi identity of a classical Lie algebra cannot accomodate the c-number 
term. Because the conformal field theory associated with a Kac-Moody al- 
gebra depends on k and c in important ways, the reduced system cannot, 
therefore, define a classical Lie group. Although most of the structure of 
a Kac-Moody algebra is lost in the transition to the fusion rules, the cen- 
tral charges still make their presence felt in many important ways in the 
conformal field theory. 
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Second, another way to see the subtle difference between classical and 
quantum groups is to notice that their braiding operations differ in a small 
but important way. For a classical Lie group, the braiding operation simply 
interchanges the representations forming the tensor product of two repre- 
sentations. The braiding operation thus picks up factors of +1 or —1, de- 
pending on whether we have symmetric or antisymmetric combinations of 
the two representations. For example, tensor products can be constructed 
on the basis of the Young tableau, where composite representations are 
based on symmetrization or antisymmetrization. However, for a quantum 
group, the braiding operation picks up crucial phase factors. In Eq. (3.5.13), 
we recall, the braiding operator {2 applied to the tensor product of two 
primary fields picked up phase factors, which were functions of the con- 
formal weights of the various representations. Because of the presence of 
these crucial phase factors, we know that the group structure underlying 
the conformal field theory of a Kac-Moody algebra cannot be an ordinary 
classical Lie group. 

Now that we have established the differences and similarities between 
classical and quantum groups, let us be specific. Let us take the deforma- 
tion of the algebra of SZ(2)g and show how it is related to the quantum 
Yang—Baxter relation and how it may generate solutions to the polynomial 
equations. The commutators of SL(2), are given by the following: 


er eee) == se 00, (Fee "| (8.7.6) 
where, by convention, the brackets in [J3] mean: 


gry? — go/2 
[A] = qaqa (8.7.7) 

The algebra of the quantum group SL(2), reduces to the usual algebra 
in the limit g — 1. This limit corresponds to taking Planck’s constant to 
zero. This also gives us a powerful way to see intuitively how quantum 
groups differ from classical ones. 

The representation of any quantum group necessarily mimics many 
of the properties of the usual group. In fact, many of the corresponding 
representations for the quantum group are usually found by taking the 
usual representation and replacing all c numbers by their quantum analog 
given by the brackets. 

For example, the irreducible representations of SL(2), are labeled by 
integers or half-integers 7 and have dimensions 27 + 1. The representation 
space of the group is spanned by |j,m), just as in the ordinary case, and: 


J+|J,m) = Jj Fm] [7 m+ 1]|j,m +1) (8.7.8) 


In fact, if we label the various representations by V%, then the usual 
Clebsch-Gordan tensor product decomposition remains the same: 
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jitje 
Wise SV? (8.7.9) 


J=\j1—Jal 


For these representations, V’, we will now introduce two operations 
that have their direct analog in the usual Lie group theory. Let the operator 
K;*”* project the jth representation out of the tensor product of the 7, and 
j2 Tepresentations. In other words: 


KEP > VA @ V2 vie (8.7.10) 


This is the counterpart of the usual Clebsch—Gordan coefficient. 
Similarly, let us introduce the operator R313? to be the braiding oper- 
ator that interchanges 1 and 2: 


R222, VI @V2 = V2 @VI (8.7.11) 


As we mentioned-.earlier, the quantum braiding operator differs from the 
usual braiding operator found in classical Lie group theory because it picks 
up important phase factors when acting on tensor products. 

We now wish to construct identities for the K and R operators. We 
define: 


Ri132 Rj133 Rj233 — Pj2Js PjvI3 R32 
EEG TIENT 1 (8.7.12) 
Sid2 pj2j1 — (_1)\5192—-5 (3 -€3, ~ C3) /2 fo d2d 
i 2 Riz. — ( 1)9192 J g\5~ Si ~ Ma Ge is 


i 
We recognize the first relation as the Yang—Baxter equation. The first two 
relations are operator expressions acting on the tensor product of three 


representations: ; 
Vit @ V32 @ V5 (8.7.13) 


The last relation can be understood by examining it graphically, that is, it 
represents the twisting of the two legs of a three-vertex. 

The advantage of using quantum groups is that they give us an explicit 
expression for the “universal R matrix”: 


=i 
R = g(2®49)/4 (ha gon 1)/4gnJs/4( 7, ) @ g-™3/4(7_)" 
[n]! 
n>0 
(8.7.14) 
The R132 matrix can be defined in terms of the universal R matrix by 
evaluating it on the tensor product V2! @ V2? (and permuting indices). 
Let us compare these relations for the K operation with the twist of 
two legs of a three-point function. In the WZW model SU(2)x, we find that 
twisting two legs yields a phase factor: 


(—1)2+92-9 exp[2ai(A; — Aj, — Aj,)] (8.7.15) 
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where the conformal weight of the primary field is given by: 


pe) 8.7.16 
aa 0 cae) 


Comparing the two expressions for twisting the legs of the three-point 
function for SL(2), in Eq. (8.7.12) and the WZW model in Eq. (8.7.15), 
we are then led to postulate that they are the same, provided we make the 
identification: 


qe erm i/(h+2) (8.7.17) 


In fact, by examining other identities as well, we can show that the 
braiding properties of the WZW model at level k are determined by the 
representation theory of quantum groups if we make the above correspon- 
dence. As we mentioned, the presence of the crucial phase factors in the 
braiding operation in Eq. (8.7.12) separates a quantum group from an or- 
dinary Lie group. 

We can also make a trivial check on the relationship between quantum 
groups and SU(2),. . If we take the limit g — 1, the quantum group reduces 
to an ordinary group. For the WZW model, we find from Eq. (8.7.17) that 
the corresponding limit is k — oo, which is also the limit in which a Kac— 
Moody algebra reduces to an ordinary one. 

This relationship is quite remarkable, and once again it reveals the 
richness of conformal systems. On the left is the parameter labeling the 
quantum group SL(2),, and on the right, we have an expression labeling 
the level number k of SU(2),. Apparently, there is a deep relationship 
between these two, which enables us to compute the values of the B and F 
matrices exactly. ; 

In fact, with a bit of work, we can find the exact numerical value of the 
B and F matrices for $L(2)q. In this way, we can make a correspondence 
between the B and F matrices of SU(2), and the 37 and 67 coefficients for 
SL(2)q. For example, it is possible to show that the B and the F matrices 
can be represented exactly as follows: 


My E i = E je i 
Wii oo . en . . 7 

Ji ja dB Taf 

= . sleao ((8a018) 
By E 35] = (aap dtcteglen tenmermey J2 J. 4, 

Hh fal JS AW 


where the matrices on the right are the deformed analog of the usual 37 
and 67 symbols found in ordinary quantum mechanics. Specifically, these 
deformed 37 and 67 symbols can be written as (24): 
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cE j2 | = 2j12 + 1)[2jo3 + 1] (—1)21432-I- hia 


jz J 323 
x A(j1,J2; 512) A(j3, 9, 512) ACH, J, 323) ACs, Je, J23) 
x SU(-1)?lz+ I! lz = 9 =e ea roll (8.7.19) 
z>0 


x [z— 51 — j — jea])![z — 33 — Jo — jos]! [91 + jo + 33 +5 — 2]! 
=i 
x [j1 + 93 + jo3 — z]![Go +9 + jie + joa — z\!} 


where: 


A(a,b,c) = /[-a+b+e]![a — 6+ c]!/lat+b+c+1|! (8.7.20) 


Thus, it seems near miraculous that the deformation of the 37 and 67 
symbols found in ordinary quantum mechanics can provide us with explicit 
representations of the B and F matrices found in conformal field theory. 

We have tried to present a discussion of quantum groups that stresses 
the intuitive relationship between them and Kac—Moody algebras. However, 
before concluding our remarks about quantum groups, let us generalize 
some of our previous statements. 

The algebra of a quantum group is a special case of a larger class of 
algebras, that is, an associative Hopf algebra A, which has three operations 
that generalize the usual operations of multiplication and of taking the 
inverse. 


1. The relation A (comultiplication) maps: 


A: A—+A@A;  A(ab) = A(a)A(b) (8.7.21) 


Here, A is the generalization of the addition of angular momentum. 
This rule defines the associativity of comultiplication. 
2. The relation y (antipode) maps: 


y: A >A; y(ab) = (b)¥(a) (3.7,22) 
This rule defines the antipode, which is the generalization of the in- 
verse. 
3. The relation ¢ (co-unit) maps: 
e: AC; e(ab) = e(a)e(b) (8.7.23) 
where a,b € A. 


These three relations satisfy the following: 
(id @ A)A(a) = (A @ id)A(a) 
m(id ® y)A(a) = m(7 @ id) A(a) = e(a)1 (8.7.24) 
(€ @ id) A(a) = (id ®@ €)A(a) =a 
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where m is the multiplication in the algebra. This general Hopf algebra, 

based on these multiplication rules, becomes a “quasi-triangular Yang— 

Baxter algebra” if we make a few more restrictions on these operations. 
Let o represent the permutation map: 


o(z@y)=y@z (8.7.25) 


Then, we realize that A’ and o : A are two different comultiplication oper- 
ators. First, we define the universal R as the operator that establishes the 
link between A’ and o - A by conjugation: 


ENG) = TINGE (8.7.26) 
Second, we impose the following conditions: 
(id ® A)(R) = Ri3Ri9; (A ® id)(R) = Ry3Ro3 
(7 @id)(R) = R™ 


[that is, (id @ A)(R) € A@ A®@A, so that Rz3 acts as the identity on the 
second factor and R in the first and third factors.] 

These definitions, of course, exist independent of conformal field the- 
ory and were introduced because they generalize the usual definitions of 
multiplication, etc. Their application to conformal field theory arises as 
follows. In ordinary Lie group theory, when taking the tensor product of 
a large number of representations, we would like to know when the re- 
sulting product yields irreducible representations and how many copies of 
each irreducible representation appear. In general, this is a difficult ques- 
tion. However, one ccnvenient way in which to analyze this question is to 
construct the “centralizer.” 

If we are taking tensor products of representations V', then let A 
and B be two algebras that act on these spaces and map V > V. Then, 
roughly speaking, B is the centralizer of the action of A if it commutes with 
the action of A [24]. For ordinary Lie groups, this usually means that the 
centralizer B is the set of braiding operations generated by permutations on 
the factors appearing in the tensor product V@ V@V@®.---. The important 
point is that the irreducible representations appearing in this large tensor 
product are labeled by the irreducible representations of B. This gives us a 
convenient way in which quickly see the irreducible representations arising 
from this tensor product. 

Now, let us reanalyze Eq. (8.7.26) from this perspective. For our pur- 
poses, we notice that R is the centralizer of the quantum group because 
it commutes with the comultiplication A. This gives us a general way in 
which to extract the quantum group associated with a conformal field the- 
ory. Given the fusion rules of any conformal field theory, the tensor products 
obey certain braiding operations. By treating the braiding operator R as 


the centralizer of an algebra, we can construct the quantum group via Eq. 
(8.7.26). 


(8.7.27) 
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The braiding operator R, however, obeys certain complicated relations 
given by the 67 rules. This hexagon and pentagon rules must also be part 
of the definition of the quantum group. In this light, we can reanalyze 
Eq. (8.7.27), which we now recognize as containing the information of the 
hexagon graphs. 

In sum, by using the theory of centralizers appearing in ordinary clas- 
sical Lie group theory, we are led to define the braiding operator R as the 
centralizer of the quantum group since R commutes with the comultipli- 
cation operation defining the quantum group in Eq. (8.7.26). Second, the 
67 polynomial equations found in Chapter 3 are now reinterpreted as Eq. 
(Sn0,20)e 

There still remains one last step. We have to show that the Eqs. (8.7.26) 
and (8.7.27), which restrict the Hopf algebra, generate the Yang-Baxter 
relation. This can be accomplished in a few steps. Let us define the R 
operator as: 


R=) a,b; (8.7.28) 


Let the R operator become R,; when it acts on the specific represen- 
tations 2 and 7. We are interested in its action on the tensor product of 
three representations V!, V?, and V°. For example, we have the following 
identity [24]: 

Ri3R23 = >) > a; @ a; ® bib; (8.7.29) 
@ g 
(Since the index 3 appears twice on the left-hand side, we notice that the 
third factor in the product contains the ordinary product of two b’s.) 

Now, let us construct the following sequence of operations, using only 

the definitions appearing in the Hopf algebra: 


(o -A® id)R = S- A’(ai) @ b; 


= Se Ry2A(ai) Rip @ b; 
w 


8.7.30 
= Rio De A(ai) @ Rip 
= R12(A @ id(R)) Ri, 
= Ry2Ri3R3Rjy 

But, we also know: 
(o - A @id)(R) = o12[(4 @ id)(R)] (8.7.31) 


= 012(Ri3Ro3) = Ro3 13 
By equating these two expressions, we now have: 


Ry2Ri3Reg = Rog hi3zhRi2 (8.7.32) 
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which is the Yang-Baxter relation. 

In summary, given a conformal field theory, we can always define the 
braiding operator as the universal R matrix and R,;. Treating the braiding 
operator as a centralizer, we can then construct the quantum group by 
the statement that R commutes with the comultiplication defined on the 
quantum group; ;;, in turn, satisfies the Yang-Baxter relation. 


Example: SU(2)4q 


Some examples will help to clarify these rather arbitrary definitions, 
which were originally motived by examining integrable systems. For SU (2)q, 
for example, on the generators of the algebra: 


Xt Re =(H, [A x=) Sox (8.7.33) 
we can define the comultiplication, antipode, and co-unit operations: 
A(H) =H®14+1@H 
A(XF) = XF Bgl + BM @ XF 
e(H) = «(X*) =0; c(t 
OED ie CE eg 


(8.7.34) 


We can show that the universal R matrix given earlier satisfies Eqs. (8.7.26) 
and (8.7.27) if we choose the above rules for the comultiplication, antipode, 
and co-unit operations. 


8.8. Hecke and Temperley-Lieb Algebras 


So far, we have seen that the Yang-Baxter relation, in various forms, appears 
at the very heart of knot theory, the polynomial equations of conformal field 
theory, quantum groups, etc. 

However, it turns out that the generators that we have been studying 
actually obey additional relations beyond those which define the Yang- 
Baxter relation. 

In this section, we will try to investigate these additional constraints 
and rigorize some our discussion of the Yang-Baxter relation by introducing 
the Hecke and the Temperley-Lieb algebras, which allow us to systemati- 
cally explore the mathematical structure of these various formulations. This 
will allow us to tie the various loose ends and link up the various themes 
that we have stressed in the past, two chapters. 


A Hecke algebra is one in which the generators p; obey the following 
relation: 
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PiPit1Pi = Pit1PiPit1 
Hecke algebra : PiPj = Pj Pi (8.8.1) 
pi =(1—4)pi +4 
We immediately recognize that the first relation is equivalent to the 
Yang-Baxter relation. The first two relations, in fact, are nothing but the 
braid relations. However, the third relation places a new constraint on the 
generators beyond the usual braid relations. 
We will find it useful to construct yet another algebra out of the Hecke 
algebra, called the Temperley-Lieb algebra. 
We start with the generators p; of the Hecke algebra and then impose 
one more additional constraint: 


PiPi+1Pi — PiPi+1 — Pitipi + pit pi41 —1=0 (8.8.2) 


Let us define the generators e; of the Temperley-Lieb algebra as follows: 


1— p; 
a oF (8.8.3) 

With this new constraint and definition, we can show that these new 
generators e; satisfy: 

Cen ee, ey 2 2 
Temperley — Lieb algebra : C=; (8.8.4) 
eveiti1e; = Be; 
where G@=2+q+q71. 

The advantage of introducing the Hecke and Temperley-Lieb algebras 
is that we can now rigorously isolate the mathematical form that the Yang- 
Baxter and braid relations take in conformal field theory, quantum groups, 
and knot theory. 

Let us now recast our previous discussion of quantum groups in terms of 
the Hecke and Temperley-Lieb algebras. If we study SL(N)4q, for example, 
we find that the R matrix commutes with the comultiplication operator 
A, that is, the Yang-Baxter operators are the centralizers of SL(N),. More 
precisely, the centralizer of SL(V),q is given by the Hecke generators p; with 
parameter gq. 

To see this, let us find an explicit representation of this algebra. We 
introduce the symbol e;;, which is a N x N matrix such that the only non- 
vanishing element is equal to 1 and is located in the 7,7 position in the 
matrix. Because e;; actually has four sets of indices, we will suppress the 
N x N indices. Now define the R matrix as: 


ioe i ej Bei tq? a en ®@ ev + (q? —q ”) SS ej; Bex (8.8.5) 


ikj i tSj 
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(Notice that R is the tensor product of two separate NxN matrix 
spaces.) Now define the multiplication operation on R such that the two 
individual tensor spaces multiply separately, so that R? lies in the same 
space as R. 

Then it is an easy matter to show the following: 


R? =(¢/?—¢q/7)R+1 (8.8.6) 


Now define the p; matrix as follows: 


pi = —(q)'71@---@ R41 @---@1 (8.8.7) 


where the indices 2,1+ 1 indicate the spaces in the tensor product where p; 
acts non-trivially. 

Then, by explicit calculation, we can show that the p; satisfy the defin- 
ing relations of the Hecke algebra. Thus, the Hecke algebra and quantum 
groups are related in the most intimate way via the centralizer. 

However, there is one additional constraint that we must impose if we 
wish to study SU(N)q. The irreducible representations of SU(N) have 
the same Young tableaux as the representations of the classical Lie group 
SU(N). The difference, however, between the two sets of Young tableaux 
is that they have different operators which symmetrize the indices of the 
tableaux. For an ordinary Lie group, ordinary transpositions can sym- 
metrize the indices, which form the symmetric group S,,. However, for the 
quantum group, the symmetrizer is given by the braiding operator which 
interchanges the indices. In other words, the symmetrizer is given by a 
generator of the Hecke algebra. However, we know from ordinary classical 
group theory that the Young tableaux can have at most N rows. In other 
words the N + 1 row antisymmetrizer vanishes. Since manipulations of the 
Young tableaux are given by the generators of the Hecke algebra, this in 
turn, gives us an additional constraint on the generators. 

Written out explicitly, we find that the extra constraint on the genera- 
tors is given precisely by Eq. (8.8.2). But this extra constraint allows us to 
re-write the Hecke generators in terms of the Temperley-Lieb generators. 
Thus, the algebra of the centralizers that we have been studying in this 
chapter for SU(N), is actually the Temperley-Lieb algebra [24]. 

Another example where the Hecke and Temperley-Lieb algebras play 
an important role is in knot theory, where the Hecke relations are equiv- 
alent to the skein relations. We recall that the skein relations express a 
relationship between knot invariants defined for L4 and Lo. Let us call the 
knots Kz and Ko formed by from Ly and Lo by tieing opposite pairs of 
strings together (such that K4 consists of a link, Ko consists of two sepa- 
rate unknots, and Ko reduces to-a single unknot). Then these three knots 
are related to each other by the following operations: Koo hee and 
Ko = 0, K_. Now let us examine the skein relation, defined in terms of the 
knot polynomials and the variable t. Therefore we have the relation: 
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Keke = (q=1)Ko (8.8.8) 


which, in turn, is equivalent to the relation o? = (q — 1)o, +q. This re- 


lation, in turn, is identical to the constraint found in the Hecke algebra 
in Eq. (8.8.1). In this way, starting from the skein relation, we recover the 
constraint which defines the Hecke algebra. This shows the relation between 
these two formalisms. 

In statistical mechanics, we also see the importance of these algebras. 
Previously, we were able to show that the vertex models could be written 
in terms of an S-matrix S7j and that the IRF models could be written in 
terms of w(p,q|r, s). Both these operators, in turn, could be expressed in 
terms of X;(u), which in turn obeyed the braid relations. 

However, these X;(u) operators can be shown to obey the Temperley- 
Lieb relations. We recall that these operators obeyed the braid relations: 


X;(u)X;(v) = X;j(v) Xi(u); [@—-3g| 22 


Xi (u)Xi4i(u -++- v)X;(v) = Xi4i(v)Xi(u +- v)Xi41 (u) ) 
Now let us re-define: 
X;(u) = 1+ 6/7 {sin u/ sin(A — u) Je; (8.8.10) 


where e; obey the Temperley-Lieb relation, and where r = 4cos? \. Thus, 
the operators of the IRF models obey the Temperley-Lieb algebra. 

Let us now summarize the results of the last few chapters and isolate 
once again the remarkable relationship between the Yang-Baxter relation 
(or more specifically, the Hecke and Temperley-Lieb algebras) and a bewil- 
dering variety of quantum systems, such as conformal field theory, quantum 
groups, knot theory, soliton theory, and statistical mechanics. 

First, we first encountered these relations when we studied rational 
conformal field theories for c < 1 and then constructed their conformal 
blocks, which are the building blocks for the theory. These conformal blocks, 
in turn, obeyed certain identities when we twisted or pinched internal lines. 
These identities were called the polynomial equations, such as the pentagon 
and hexagon relation. The algebra obeyed by these twisting and pinching 
operations, in turn, were equivalent to the Yang-Baxter relation. 

Second, we investigated various statistical mechanical models, such as 
the Ising model or the RSOS model. We found that the partition function 
for these models could all be expressed in terms of the transfer matrix. The 
essential feature which allowed us to solve these models exactly was that 
the transfer matrices commuted. The algebraic statement of commuting 
transfer matrices, in turn, was the Yang-Baxter relation. 

Third, we studied soliton theory, which are exactly solvable, topologi- 
cally stable non-linear solutions of two dimensional wave equations. Again, 
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we found that the dynamics of their evolution could be governed by a trans- 
fer matrix, and that the essential feature which made the system solvable 
was commuting transfer matrices. Expressed mathematically, this gave us 
the Yang-Baxter relation. 

Fourth, we investigated knot theory. The essential step in knot theory 
was to cut the knot and form a braid. Then we could systematically deform 
the topology of the knot by braiding the strands, that is, using the braid 
relations of Artin. Defining a trace operation on the braid relations, in turn, 
gave us the various knot polynomials, such as the Jones, HOMFLY, and 
Kauffman polynomials. These braid relations, in turn, were identical to the 
Yang-Baxter relation. 

Fifth, we investigated quantum groups, which differ from ordinary Lie 
groups by a continuous parameter g. The relation to the Yang-Baxter rela- 
tion could be established in a number of ways. Crudely, we could say that 
the Jacobi relation found in ordinary classical group theory corresponds 
to the Yang-Baxter relation for quantum groups. We also saw that the 
Clebsch-Gordan coefficients created by taking tensor products of various 
representations obeyed certain braiding relations when we twisted lines, 
which gave us a one-to-one correspondence between these coefficients and 
conformal blocks. We also found that from the generators, we could define 
a comultiplication operator A. We found that the R matrix commutes with 
A: RA = AR. We say that the Temperley-Lieb algebra is the centralizer 
of the quantum group. 

In summary, we find that the essential reason why these various two 
dimensional systems are exactly solvable is because they are ultimately 
based on the Yang-Baxter relation, or, more precisely, either the Hecke 
algebra or the Temperley-Lieb algebra. We summarize this by: 


conformal field theory — polynomial equations > Yang — Baxter 
statistical mechanics — commuting T matrices > Yang — Baxter 
soliton theory —+> commuting T matrices > Yang — Baxter 
knot theory — braid relation — Yang — Baxter 


quantum groups — centralizer — Yang — Baxter 
(8.8.11) 


8.9. Summary 


The latest method by which to categorize conformal field theories is the use 

of Chern-Simons gauge theory and knot theory. It is the only method that 

tries to explain conformal field theory by starting with simpler structures 

in three dimensions to explain the “accidents” of two-dimensional physics. 
Our starting point is the action: 
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k Py 2 
L= an J IKTy [Assay = On A;) ap AlAs, Au (8.9.1) 
which is generally covariant without introducing a metric tensor (because 
e4* transforms as a tensor density). The physical states will then be com- 
posed of Wilson loops: 


Wr(C) = Tr Pexpi if A; da’ (8.9.2) 
Cc 


and the correlation functions consist of invariants defined with the topology 
of knots and links: 


(I Wa.) a i DAexp(iL) iH Wr, (Ci) (8.9.3) 


To quantize the system, in the Coulomb gauge, we can impose the 
gauge constraint: 
ee, = () (8.9.4) 


which shows that the physical space is spanned by the moduli of flat cur- 
vatures modulo gauge transformations. This space is well known to math- 
ematicians, and it is the space of conformal blocks. 

If we take a time slice of a three-dimensional space, the resulting surface 
has a complex structure, and the Hilbert space consists of conformal blocks. 
Thus, we have made a transition from a theory of infinite degrees of freedom 
to a topological system of finite degrees of freedom. ; 

We can also make the link to the WZW model by solving the gauge 
constraint. A solution is given by: 


A=-—(du)ju" (8.9.5) 


which has zero curvature. Assuming 2 is bounded, we can plug this into 
the original action and find 


k ~ 
Se are = Bal Tr(U~* OgU U~* O)dd dt + =| Tr» dt)? 


A JOY 
(8.9.6) 
where ¢ is an angular variable defined around the perimeter of 2’. This is 
a version of the WZW action. Thus, all the previous results on conformal 
field theory, including a complete representation of the rational conformal 
field theories, emerge from Chern-Simons gauge theory. 
Because the states are completely generally covariant, the correlation 
functions must be topological invariants defined on knots and links. The 
classical Gauss linking number: 


tle 4 j (a ink y)* 
— 7 [nce ea 
MOnO)= a fe [wow ys 9 
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(which tells us the degree to which a series of knots is intertwined) emerges 
when we compute correlation functions. 

The goal of knot theory is to find a set of invariants (polynomials) 
that are in one-to-one correspondence with topologically distinct knots. 
The classical Alexander polynomial A, for example, is defined recursively 
via the skein relations: 


Ape Aqe=t/t — 1 Ane (8.9.8) 


A series of knot polynomials has been discovered within the last few 
years, beginning with the celebrated Jones polynomial, which satisfies 


(1/t)Vi_ —tVi, = (vé-1/vE) Vio (8.9.9) 


The HOMPFLY polynomial contains both the Jones and Alexander polyno- 
mials as subsets and satisfies: 


Wop =e i. = ei (8.9.10) 


where L4 and Lo are defined in Fig. 8.2. The Kauffman polynomial Ry is 
actually defined on knots made of ribbons (framed knots) and satisfies: 


ttre Rr 2hr, (8.9.11) 
with the additional condition: 
i; ah, 9k; en ne (8.9.12) 


where the L4 and Lo are given in Fig. 8.5. Fortunately, quantum field 
theory can generate all these knot invariants (and give analytic expressions 
for all of them) and infinite classes of new ones. 

If we quantize the Chern—-Simons theory covariantly, we-have: 


a b = v ab. (x as We 
(An @)AL(Y)) = 58 ue — oe (8.9.13) 


so we can, by brute force, power expand the Wilson loops and take the 
matrix elements of the power series. We find, to first order in 1 /k, 


(W(C)) = —Tr(R°R?) f dx" / 4 dy” (A? (y) A(a)) 


ie (8.9.14) 
ae dim R co(R)¢(C) 
where co(R)1 = R°R® and: 
1 (x -y)? 
=— ¢ doy oe 
co) An f zL ¢ Y Eu Pp |x ie y|3 (8.9.15) 
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So, the Gauss linking number comes out of the 1/k expansion of the Chern— 
Simons correlation functions over Wilson loops. 

The complete correlation functions over Wilson loops can be shown to 
satisfy: 


(8.9.16) 
I. ane a> Sines = £916 


which, in turn, generate a new knot invariant. We can relate this new knot 
invariant to the HOMFLY invariant via: 


P(t = a, 8,2) = a "4 S$; (a, 8, z) (8.9.17) 


(This new knot invariant is defined only on ribbons, or framed knots, be- 
cause quantum field theory is ambiguous when two strands are defined at 
the same point.) 

An even larger class of knot invariants can be constructed via conformal 
field theory. We first note that the correlation functions of conformal field 
theory obey certain relations when we change the order of the points z;: 


I 
Win perm eels 2a Nn S- BV s (a1, 1-42, 2a ZN) (89-18) 
j=l 


These B matrices, in turn, form a representation of Artin’s braid group. 
(Braids can be turned into knots by wrapping the ends of the various strands 
together.) In addition, by examining the 67 transformation rules of rational 
conformal field theory, we can generate a representation of the Yang—Baxter 
relation. Let the B matrix correspond to twisting two external lines of a 
four-point correlation function, and let F represent the matrix correspond- 
ing to fusing two legs (so an s-channel graph turns into a t-channel graph). 
Then, these matrices satisfy: 


j2 J jaja ja0e4 
; S| Bees rally Bema ae 
Bie ie a I7I9 eG | PJs a al 
2 (8.9.19) 


js ja ja ja j2 Js 
ey B; . . B; ; . B ,, E 3 
2 oe ie js it i 8) oe Jeane 


which is the Yang—Baxter relation. 

Notice that the topology of the Yang—Baxter relationship has precisely 
the topology found in Artin’s braid group representation. Thus, we suspect 
that a representation of the knot invariants should be possible via statistical 
mechanics. 

To show this, we note that if two closed braids represent the same link, 
then it is possible to deform one link into the other link by a succession 
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of Markov moves. Thus, a knot invariant must necessarily remain invariant 
under these Markov moves: 


a(AB) = a(BA) 


(8.9.20) 
a(AUn) = a(AU,') = a(A) 


The problem, therefore, is to find an object in statistical mechanics 
that is invariant under these Markov moves. However, we notice that the 
matrices found in statistical mechanics obey precisely the relations of the 
braid group because they satisfy the Yang—Baxter relations. Thus, given a 
braid A in this representation, the knot invariant associated with A is given 
by a trace: 


oA) = [eX -9/2]"1 1-002) Tee A) (8.9.21) 


One advantage of this formalism is that we have a vast number of 
statistical mechanical models obeying the Yang—Baxter relationship and, 
hence, forming a representation of the braid group. By forming the appro- 
priate traces over these braid matrices, we can generate all the known link 
polynomials, as well as infinite classes of new link polynomials. 

Last, we note that when constructing modular invariants out of Kac— 
Moody algebras in terms of primary fields, much of the information con- 
cerning the structure of the group is lost in the process. We only need to 
manipulate the primary fields and their infinite descendants in order to 
construct these characters. However, we are not reducing the Kac-Moody 
algebras to ordinary Lie algebras, because the latter is not compatible with 
the central charge. Thus, the reduction process cannot yield the usual Lie 
algebras, but something more general. These are the quantum groups, which 
were originally discovered by examining the Yang—Baxter relation. 

The defining relation of the quantum group SU (2), is 


(is, — oe [J J) = ele (8.9.22) 


where the brackets in [J3] mean: 


pie ag 
[A] = DP a le (8.9.23) 


Because only the last commutator is changed, much of the representation of 
the quantum groups is identical to the usual representation of the classical 
groups. Notice that in the limit of q —> 1, we retrieve the usual classical 
theory. 

Last, by examining the “Clebsch-Gordan” coefficients generated by 
these algebras, one can make an association between the q found in quantum 
groups and the k found in Kac—Moody algebras: 


OP sys) (8.9.24) 
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Part I 


Nonperturbative Methods 


Chapter 9 
Beyond the Planck Length 


9.1. Need for a Nonperturbative Approach 


In the previous chapters, we have treated string theory as primarily a way 
in which to analyze perturbative, low-energy phenomena at everyday ener- 
gies. In this regard, string theory not only gives us a way of renormalizing 
graviton interactions, but it also gives us constraints on what the low-energy 
symmetries should be. The success of this perturbative approach is that, 
with rather mild assumptions, one can effortlessly reproduce certain fea- 
tures of the our low-energy world that are quite difficult to duplicate using 
standard GUTs. 

For example, in Kaluza—Klein theory, it is difficult, if not impossible, 
to create a theory with left-handed fermions that contains the standard 
group SU(3) @ SU(2) @U(1). However, the heterotic string naturally solves 
this problem. Furthermore, standard GUTs fail to provide any solutions 
to the problems of (1) fermion generations, (2) quark masses, (3) hierar- 
chy of energy scales, and (4) and consistent coupling to gravitons. Rather 
miraculously, superstring theory solves all of these. 

However, let us also describe the failings of superstring theory, which 
lead us to conclude that nonperturbative effects, as in QCD, are decisive. 
Some of the problems with the perturbative approach include the following. 


1. The dimension of space-time is perfectly stable perturbatively, so the 
process of compactification to four physical dimensions must be dy- 
namical. 

2. Supersymmetry is preserved to ail orders in perturbation theory, but 
in our low-energy world, supersymmetry is obviously broken. Thus, 
supersymmetry must also be broken nonperturbatively. 

3. Although many of the general features of our low-energy world are 
rather easy to deduce as a conformal field theory, getting the precise 
description of the universe is quite difficult. In particular, a completely 
satisfactory conformal field theory that has the precise low-energy sym- 
metry, the exact number of generations, and a satisfactory proton life- 
time and can eliminate all extraneous factors, such as extra U(1)’s, 


286 Chapter 9. Beyond the Planck Length 


does not yet exist. Thus, we cannot say that we have constructed a 
conformal field theory that is phenomenologically perfect. 

4. The low-energy mass spectrum is still wrong (for example, the zero 
mass dilaton field). 

5. Most important, the theory cannot select the true vacuum from among 
the millions or billions of possible conformal field theories. 


Thus, although superstring theory has produced a wealth of phe- 
nomenological information, the big disappointment is that it has failed 
to give us any hint as to which vacuum the theory prefers, which prob- 
ably can only be decided. by analyzing the nonperturbative behavior of the 
theory. Out of the millions or perhaps billions of possible conformal field 
theories, we do not have the slightest notion of which vacuum the theory 
really prefers. 

The origin of this problem is that, in string theory, the breaking of 
the original 10-dimensional string down to our 4-dimensional world took 
place at Planck distances and energies. Thus, the “natural home” for string 
theory is not everyday energies, but the mysterious region beyond the 
Planck length itself. By studying conformal field theories near our low- 
energy world, we are stretching the perturbative approach to its very limits, 
where we expect it to fail. Even by intensely studying all possible conformal 
field theories, we are in some sense probing the broken phase of the theory, 
rather than concentrating on unlocking the secrets of the unbroken theory. 

One analogy might be QCD, where its low-energy behavior yields the 
string-like resonances of hadron physics. However; studying low energy 
gluon condensation and resonances will never allow us to probe the nat- 
ural home of QCD, which is the realm of point particle gauge connections. 

In a similar way, our emphasis in the future should be to probe the 
natural home of string theory, which is physics beyond the Planck length, 
where we find new, unexpected features emerging. In this regard, in this 
chapter, we will first describe several observations concerning superstring 
physics beyond the Planck energy. 


1. If we assume that conformal field theories are good approximations 
beyond the Planck scale, then a new phenomenon appears, called “du- 
ality,” which indicates that the Big Bang may not have been a singular 
event after all. 

2. There is perhaps a phase transition in string theory near the Hagedorn 
temperature. 

3. One can show that new relations arise between different string ampli- 
tudes in the limit of a — oo, indicating the emergence of a powerful 
new symmetry beyond the Planck scale. 

4. One can show that bosonic perturbation theory is not Borel summable, 
which indicates that one should abandon perturbative string theory 
altogether and make a concerted assault on the nonperturbative theory. 
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Assuming the last step is valid, then perhaps we are forced to consider 
the various nonperturbative proposals seriously. Perhaps Riemann surfaces 
are unstable near the Planck scale, so that an entirely new, nonconformal 
approach is warranted. 

Last, in this chapter, we will begin an analysis of the various nonper- 
turbative formalisms advanced so far, beginning with the renormalization 
group approach. In the succeeding chapters, we will discuss string field 
theory and matrix models. 


9.2. Duality at the Planck Scale 


For the moment, let us assume that the conformal field theory picture is 
still valid at energies far beyond the Planck scale. Momentarily ignoring 
quantum corrections (which are bound to be large at that energy scale), we 
find a surprising new symmetry emerging, which is sometimes called “du- 
ality.” (This “duality” should not be confused with the traditional duality 
associated with the Veneziano model.) 

Normally, when we compactify a space, the momentum associated with 
the compactified direction becomes quantized. If we assume that a field 
exists on this compactified space, then: 


o(2) = o(z + 27R) (O24) 


If we expand the field in eigenfunctions: 
Ne) = Sy Ge (9.2.2) 


then the momentum p must be quantized in order for the field to be single 
valued: 


p=n/R (9.2.3) 


Now, let us generalize to the open string living on a compactified space. 
Then, the harmonic oscillator decomposition: 


X'(o,7) =z" + 2a'p't + ) = ary, cosnae *"* (9.2.4) 
n#0 


is altered by the fact that the momentum is quantized: 
p' = M;/R: (9.2.5) 


Then, the masses of the states are also changed by the following: 
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Be 10—D 
a'm? = R2 SS M? +N 
= 2.6 
coo D (9 ) 
vad drat net 
(jal dil 


where WN is the mass operator. 

An interesting feature emerges, however, if we have a closed string vi- 
brating in this compactified space. Unlike the open string, the closed string 
has the possibility of wrapping itself completely around the compactified 
direction an integer number of times. For the free string, this means that 
these modes correspond to solitons, because it is impossible to unravel these 
states without breaking the string. 

For the compactified closed string, the masses are shifted by the fol- 
lowing: 


1 2M; RN? : 
Pie es yy (: A a SN eel (9.2.7) 


The important point is to observe that the mass operator is invariant under 
the transformation: 


MON; R/V oVvo'/R (9.2.8) 


This symmetry is quite unusual. If correct, the emergence of this new 
symmetry seems to give us a new picture of the Big Bang. Traditionally, 
one views the Big Bang (or the Big Crunch in an oscillating universe) as 
a violent explosion or contraction. However, the emergence of this duality 
seems to indicate that they may have been soft, that is, no singularity was 
ever reached. 

For example, assume that the expansion of our universe is gradually 
reversed over tens of billions of years, and space-time once again contracts 
back to the Planck scale. As the size of the universe becomes smaller than 
the Planck scale, we find that the universe is equivalent to the universe 
where R is substituted for 1/R [1-3]. Thus, there is a smooth “bounce,” 
as a collapsing universe becomes mathematically interchangeable with an 
expanding universe. The universe never reaches a singularity, but smoothly 
reverses its contraction and reemerges as an expanding universe. 

This curious effect also has philosophical implications. It means that 
the Planck length, in some sense, is the smallest distance that one can 
study via high-energy probes, that is, a new Heisenberg uncertainty princi- 
ple seems to be emerging. Because of the uncertainty principle, increasing 
the momentum of a probe decreases the uncertainty in distance, that is, 
high-energy probes can peer into smaller and smaller distances. However, 
if duality is correct, this means that the Heisenberg uncertainty principle 
fails at the Planck length and a new principle emerges. This means that a 
hypothetical beam of high-energy particles, whose energies exceed that of 
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the Planck length, will no longer be able to probe within the Planck length. 
Increasing the energy only increases the uncertainty in position, making the 
world within the Planck scale impossible to probe. 

Although this picture is attractive from an aesthetic point of view, it 
is likely that quantum corrections will completely destroy it. The confor- 
mal field theories that exhibit duality may be unstable beyond the Planck 
length, meaning that our equations are quite useless, and it is premature 
to draw any conclusions about the possibility of duality. 


9.3. Possible Phase Transition at the Hagedorn 
Temperature 


Ever since the early days of string theory, when it was called the dual 
resonance model of hadron physics, it was recognized that the theory set a 
maximum temperature that could be achieved, no matter how much energy 
was supplied to a system. The origin of this strange behavior is easy to 
understand. If we have a box of vibrating strings or resonances and add more 
energy into it, the extra energy is translated into creating more resonances. 
The strings break repeatedly, meaning that we have increased the number of 
particles in the box. Because the number of resonances that can be excited 
increases exponentially with the energy, it is not surprising that eventually 
a maximum temperature is reached, such that the addition of more energy 
does not lead to an increase in temperature but an increase in the number 
of particles. This temperature is called the Hagedorn temperature [4]. 

To determine this maximum temperature, we perform a simple calcu- 
lation of the number of resonance states at large energies. The partition 
function is: 


fo(z) = JJ @-2")?= > Pp(n)x” (9.331) 
mi n=0 


where Pp(n) is the number of states at level n. The asymptotic behavior 
of Pp(n) for large n is related to the z ~ 1 limit for fp(z) and can be 
calculated via the saddle point method. Let us write: 


i fo(z)dz 
ee 9.3.2 
Po(n) 2n1 Bea. ( ) 
Near z — 1, we have: 
2 
ee ee en 
fo(z) ~ A(L—2)"" exp laa = =| (9.3.3) 


and 


Peay exp (2n./nD /6) (9.3.4) 


For n ~ a’m?, we find the asymptotic number of states per unit mass is: 
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D(m) ~ m7 (P+) /2em/mo (9.3.5) 


il 3 
ly 9.3.6 
yas a V 2a’D ( ) 


where mo (in suitable units) can be interpreted as the maximum possible 
temperature of hadronic matter. 

Hagedorn, even before the birth of dual models, was then led to cal- 
culate the maximum temperature, given an exponential rise in the number 
of states with temperature, and found that the maximum temperature was 
160 MeV for a hadronic system. From gauge theories, we know that the 
interactions of the Higgs sector, in the limit of high temperature, changes 
so that the broken symmetries are restored, indicating a phase transition. 
The same reasoning might apply to the string model, where an unknown 
symmetry is restored at high temperatures. In this framework, we should 
no longer view the Hagedorn temperature as the maximum temperature, 
but instead view it as an indication of a phase transition. 

The results are rather surprising. Usually, in point particle theory in 
D dimensions, the contribution to the free energy, in the limit of high 
temperature, goes as T‘?-1). We therefore expect that in string theory the 
free energy will go as T?>. However, this is not the case. In fact, we find that 
in the high-temperature limit the free energy goes as T’, indicating that the 
theory in this phase has fewer degrees of freedom than any point particle 
theory! Thus, we may conclude that, beyond the limiting temperature, a 
new phase of string theory opens up that has fewer ae of freedom than 
any known quantum theory [5]. 

The quantity we wish to calculate is the free energy F’, which is given 
in terms of the partition function Z: 


F=-kTlnZ (9.3.7) 


= | DX exp (-ige fw fee) (9.3.8) 
ig J, iS 


where G = 1/kT (we will take k = 1) and the time direction is wrapped 
into a circle with circumference h@. Thus, we will consider string motions 
in the space R?> x St. 

Let us consider the one-loop contribution to the free energy and then 
the multiloop contribution. We wish to perform the loop integral over the 
space R® x $1, since the time direction has been compactified. On the 
compactified torus, the string variable Xo becomes: 


where: 


where: 


Xo = 29+ Bno, + Bmog+--- (9.3.9) 


where the ellipses are oscillator terms that will not contribute in the high- 
temperature limit, and n and m are integers that indicate the winding 
modes of solitons that wrap around the torus. 
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Let us insert this contribution into the expression for the free energy. 
We find: 


F 1 1 ‘ 2 -14 4nImr|,/,20i7\|—48 
ae 0 | ee d*r(Imr) ““e A ene) (9.3.10) 


where the temperature dependence is contained within G(T), which is de- 
fined: 


Gio e (9.3.11) 
nym 
where S(n,m) is the soliton contribution to the action: 
SaaS eae ee +n?|r|? — 2(Rer)nm) (9.3.12) 
Ana! Imt 


This expression, in fact, can actually be evaluated to all loop orders. We 
recall that the period matrix 7 generalizes to the hx h matrix 92;; for the 
Riemann surface of genus h. 

Let us take the line integral around each of the a and 6 cycles, which 
are defined on a torus of genus h: 


g CC on, f dX° = Bm; (9.3.13) 
az bj 


If w; are the first Abelian differentials that are defined on the genus g 
surface, then we can always power expand dX in terms of these differentials: 


dX° =0X° + 0X° ; (9.3.14) 
where: 
h h 5 
i= Vea 


where we have split the differential dXo into holomorphic and antiholo- 
morphic pieces. Performing the integrals, we can solve for the coefficients 
rj 1 

Aj = 5B (CEs (Qyura — mx) (9.3.16) 
where we have split the period matrix in terms of its real and imaginary 


parts: 2 = 92; +7822. 
Let us now insert all this into the action: 


a do 4X9 OX = = | AX AIX 
Ara! ama! 
e . (9.3.17) 
* os = ih 
= Frat nim — m)(Qz "ag (Rise — ms) = GGN AN 
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Lee 9.3.18 
ely oo 


d Rs SA 
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—I25 °° 901 125 


The result that we want is an expression for G(T) for higher loops. We find: 


2 
(sO) = 3 ee = exp (- Q NT AN) 
N N 


Ara! 
(9.3.20) 


where we have summed over N in the first step of the calculation. 

By direct calculation, we can show that the determinant of A is equal 
to one, so the period matrix makes no contribution to the final result. This 
greatly simplifies the calculation, and yields the answer: 


Fy, 4n*a’'T oa 
ee See Ane 


“ (03,21) 
Vie h h 
where Aj, is the genus / contribution to the cosmological constant. 

To take the high-temperature limit of the free energy, we must take 
into account that the effective coupling constant geg is also a function of 
the temperature. We impose: 

ENG PE aA ofl? 
ge = gan (9.3.22) 
so in the high-temperature limit, we keep g?T? fixed. (In QCD, by analogy, 
we keep g?T fixed at high energy.) Thus, we are left with the final result 
5]: 
I F/VT ~T (9.3.23) 
as desired. ; 

This calculation, however, made a large number of assumptions that 
may invalidate the result. We must be cautious in interpreting these results 
because the very definition of high temperature at Planck times may be 
ambiguous. (For example, at the Planck length, we do not expect space— 
time to be flat, and the R*° x S! space that we have been considering 
may not be realistic. For that matter, even the definitions of “time” and 
“temperature” at Planck energies may not exist.) 

However, if the main features of the calculation survive, then the in- 
terpretation is quite interesting. It means that the Hagedorn temperature 
may be reinterpreted as indicating a phase transition and that the theory 
in the high-temperature phase must possess fewer degrees of freedom than 
even a point particle theory. One example of such a system is topological 
field theory, which will be fully discussed in Chapter 14. 
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9.4. New Symmetries at High Energy 


Usually in string theory, when we want to make comparisons with point 
particle theory, we take the zero slope limit a’ — O. In this limit, the 
Regge trajectories become horizontal, and massive particles begin to have 
infinite mass (that is, they decouple from the theory). In this limit, we only 
have massless particles surviving, for example, supergravity theory in 10 
dimensions. 

However, as we have stressed, the natural home for string theory is in 
the opposite direction, in the a’ — oo limit. In this limit, the trajectories 
become vertical. We will find that, at these enormous energies, a remarkable 
symmetry among string amplitudes emerges [6, 7|, once again indicating 
that beautiful but mysterious things might have happened during the early 
universe. 

We know that, even at the four-point level, string theory differs 
markedly from ordinary point particle theory. For example, the high-energy 
limit of the four-string scattering amplitude is: 


Ag~ Gress S=slns+tlnt+ulnu (9.4.1) 


which exhibits remarkably soft exponential behavior, unlike ordinary point 
particle theory. 

Let us generalize this discussion to higher loops by considering the 
string scattering amplitude over the genus h surface: 


Dga 
An(pi) = / ie [[ Vix? Ps) 
: (9.4.2) 


me 
x exp (s / evga. Ogee anX, | 
wT 
where V; is the vertex for the ath particle carrying momentum P;: 
V(P;) = / dE: /G exp [ia’ P, - X (&)| V[X"(&), Fi) (9.4.3) 


Using saddle point methods, we will integrate this expression and take the 
high-energy limit. (We will not be concerned about infrared divergences, 
since these take place in the boundary of moduli space, while the saddle 
point method picks out points away from the boundary.) 

Equation (9.4.2) is dominated by the contribution at a point €; on the 
world sheet with moduli m;, generalizing Bq. (1.3.3). We can write: 


oe iy PeGae ,)+0 (=) (9.4.4) 


a 


where G' is the multiloop Green’s function defined on the Riemann surface. 
Consequently, we can approximate Eq. (9.4.2) as: 
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where I}, contains factors arising from the saddle point method, which 


behaves as: 
ew [a'/4(n+1)] 8 (9.4.6) 


The important fact, however, is that all dependence on the external 
particles is concentrated in the vertex function] ], V;. All other dependences 
on the external particles have been washed out in the high-energy limit. 
Thus, we can also write the following relationship between any two N- 
point scattering amplitudes with different external particles a; or 6; but 
with the same momenta: 


II, Va, Ge) 
IT; Vs,(X& 


As it stands, this equation is still useless because it only holds at a given 
loop order h in perturbation theory. However, it is possible to remove this 
restriction by carefully analyzing the dependence of the vertices on N = 
eae ll. 

The problem is that the vertex V is a function of X ’ Which in turn 
behaves at the saddle point as: 


Ae AP (P;) [1 + O(a’)| (9.4.7) 


a 
1 
KG a in| ~ ai] +0 (5) (9.4.8) 


c— 


We wish to remove the 1/N dependence occurring here. To do this, we 
define an operator D as: 


eA a 
De (<5) Bs aE: (9.4.9) 


By analyzing the effect that this operator has on factors such as e~®’S/ a 
we see that we can replace 1/N by D in the vertex function. The operator 
D simply pulls down factors of 1/N. Making this replacement, we find: 


Ul Vp, (X4D, P,) AY (P,) = II Va,(X4D, P;)A*(P,) (1+ O(a’)] (9.4.10) 


The important point is that this equation is valid independent of the 
genus h. Since the equation holds, order by order, in perturbation theory, 
we can argue that it must also hold for the complete amplitude as well (bar- 
ring unforeseen nonperturbative effects). In this case, we find the following 
relationship for the entire amplitude [6, 7]; 


Aa; (Pi) = II Va,(X4D, P:)Atachyon(Pi)[1 + O(o’)) (9.4.11) 
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This is the desired result, which shows the remarkable symmetry that 
emerges in the high-energy limit, linking different scattering amplitudes 
in unexpected ways. If we knew, for exaniple, just the dilaton scattering 
amplitude, then we could in principle determine all scattering amplitudes 
for all particles. This points to the power of this new symmetry emerging 
at high energy. One possibility for this new symmetry is exact general co- 
variance, which may indicate that a topological phase exists beyond the 
Planck length. This possibility will be further discussed in Chapter 14. 


9.5. Is String Theory Borel Summable? 


Ever since the original proposal of KSV to expand the Veneziano function 
as the Born term for a perturbation series, there was speculation as to 
whether the series was summable. Even after the divergence structure of 
the multiloop graphs was first calculated, it was known that the divergence 
structure of the higher loop amplitudes would correspond to topological 
deformations of the Riemann surface. 

However, it was recently noticed that, at least for the bosonic string, 
the string perturbation series appears not to be Borel summable, that is, 
genus h terms diverge as h! [8]: 


A(g) ~ S_ g"h! (9.5.1) 
h 


which may have a great impact on how we view the whole perturbation 
theory of strings. If true, it may mean that perturbation theory may be the 
wrong framework in which to find the true vacuum of the string. 

It was also conjectured that the non-Borel summability of the bosonic 
string is unrelated to the presence of the tachyon. If this is true, then per- 
haps superstring theory is also non-Borel summable. However, this may ac- 
tually be a blessing in disguise. If perturbation theory was Borel summable, 
it would mean that many features found to hold order by order in pertur- 
bation theory would also hold to all orders. Thus, the millions of supersym- 
metric vacuums found in conformal field theory would be perfectly stable. 
This would mean that there were millions of allowable, self-consistent uni- 
verses, the overwhelming majority having little resemblance to our physical 
universe. This, in turn, would be quite an embarrassment for string theory. 

Let us begin our discussion of the question of Borel summability by 
reminding ourselves that, even if a series: 


A(g) = as g" fh (9.5.2) 
h 


formally diverges, we can still define its Borel transform: 
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ABorel(g Sa oe (9.5.3) 
We could then recover the original function by taking the inverse transform: 


oe) 
A(g) = i, ABporei(gt)e” ‘dt (9.5.4) 
0 


However, if the series is not Borel summable, that is, if f, ~ hA!, then 
the Borel transform function Apgore) is singular along the real axis, and 
hence we cannot take the inverse Borel transform without additional (that 
is, nonperturbative) information concerning the integration near the singu- 
larity. We will how show that this actually occurs for bosonic string theory 
for the simplest case, the partition function. 

The partition function for genus h in string theory is given by: 


/ diuweg 4(2)Z (1) *° (9.5.5) 


where WP stands for the Weil-Petersson measure on the moduli space of 
genus / graphs, and Z(s) stands for the Selberg 7 function, 


Z (yr det (Ay) (9.5.6) 


where A is the Laplacian defined on the two-dimensional Riemann sur- 
face. (The prime means that we remove the zero eigenvalue.) The ghost 
contribution gives us 7(2), while the usual bosonic part gives us Z’(1)~}3. 

The calculation comes in two parts. First, we have to give a lower 
bound on the contributions coming from the Z functions, showing that the 
integrand does not behave like 1/h! for a large genus h. Second, we have to 
show that the measure does grow as h!. Multiplying the two, we then have 
the partition function diverging as h!, thus spoiling Borel summability. 

We will calculate both contiiburiene on a negative curvature metric 
(that is, R = —1). On such a surface, the area of a genus h surface is: 


Ae gy 7) (9.5.7) 


We will find it convenient to write te Selberg function via the McKean 
formula: 


Fy = 0) / dt exp[—s(s — 1)][0(t) — Ak(2)) (9.5.8) 
where 


Vents ie eo 1 i 


fer = ee ee 
(Ant)3/2 jy (coshb—1)1/2 dnt 120 


k(t) = +O(t) (9.5.9) 


and: 
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for small t. 
Let us integrate the expression for Z. We find: 


d Z(s pa 
Been gf rou -101F 


d “sy dt 
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P (9.5.11) 
where 0(t) = 0(t) — 1 and: 
1G) SI) = Ga = Sele) (9.5.12) 
Setting Z(oo) = 1, we can determine the constants Ga Os 
We finally arrive at: 
Z(s) Tis a oe 
fp eee ts(s—1) =i} ik 
See [ le f(t)t+e (9.5.13) 


Because the ghost (string) Z function lies in the numerator (denominator), 
we wish to calculate the lower (upper) bound of these Z functions. 
The previous equation implies: 


Ob 

Z (1) = exp ‘-/ - [6() — Ak(t) + | } (9.5.14) 
) 

This, in turn, allows us to calculate 5 lower bound on Z(1). The key is to 


observe that the dependence on / does not appear in 6 and that: 


at 


Z'(1) < e® exp \-/ = [a(e) — Ak(t) + | } 


~ c4 exp |- ia 410) 


Since 6 > 0, we find that the total contribution of the genus h to the lower 
bound comes in the form of a constant raised to the h power, which can be 
absorbed into the coupling constant. 

Similarly, we can repeat the analysis for the ghost contribution 7(2). 
Putting everything together, we find: 


GOs Wai A (yee (9.5.16) 


(9.5.15) 


which is the desired result. Thus, the measure terms cannot give us 1/h! 


terms. 
Second, we now have to show that the Weil-Petersson metric duwp 


does, in fact, grow as h!. 
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If we have a closed string that smoothly breaks up into two other 
closed strings, we have a three-string vertex that has the topology of a pair 
of pants. Let us introduce coordinates at the base of each leg of the pants. 
Let | represent the geodesic circumference around each leg and @ a twist 
angle. Then, the Weil—Petersson measure is given by: 


w= Solidi ado (9.5.17) 


Since there are two coordinates per pants leg, we find 6 coordinates per 
loop, which is the correct number. This means that the Weil—Petersson vol- 
ume of a small annulus in moduli space goes as c®"—%, where c is a constant 
depending only on the length of the shortest geodesic in the annulus and 
the thickness of the annulus. (Weil-Petersson coordinates do not correctly 
triangulate moduli space. They yield an infinite over-cover due to the map- 
ping class group or the modular group. However, they correctly express the 
invariant measure on Teichmiiller space. So, keeping in mind that we must 
eventually divide out by the effect of the mapping class group, we can use 
the Weil—Petersson measure.) 

There is a theorem due to Bollobas, which states that the number 
of isomorphism classes of trivalent graphs (that is, graphs with three legs 
in a vertex, as in the Weil—Petersson case) without loops or multiple edges 
increases factorially with the genus. Putting both contributions to the Weil— 
Petersson measure together, we find that it grows as [8]: 


Caan! (9.5.18) 


which completes the second half of the proof. Multiplying the first half of 
the proof with the second, we find that the partition function grows as h!, 
which makes it non-Borel summable. 

One essential feature of this proof is that we avoided the region of 
moduli space that gives rise to the infrared divergence associated with the 
tachyon. By making the effective cutoff the minimum length of the geodesic, 
we have introduced a genus-independent regulator to control the infrared 
contribution of the tachyon. Thus, this makes us suspect that the super- 
string (which has no tachyon) will also be non-Borel summable (although 
this is still conjectural). There is, therefore, compelling (but not rigorous) 
reasons for believing that all string theories are not Borel summable. 

This feature of non-Borel summability is actually a familiar one that 
is found in ordinary gauge theory, which is also non-Borel summable. Nor- 
mally, this question poses no problem for gauge theories. For example, we 
can always use the perturbation theory as an asymptotic theory, which 
approximates the true theory only for low orders. 

Also, the failure of Borel summability means that nonperturbative ef- 
fects become important, such as 


1. the presence of instantons, where instantons give us the mixing of vac- 
uums; 
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2. the presence of Euclidean bounces, meaning that the naive vacuum 
decays into the true vacuum; and 
3. the presence of renormalons, which are linked to ultraviolet problems. 


In summary, we may take the non-Borel summability of the perturba- 
tion series as a blessing in disguise. It means that the millions of conformal 
field theories that have been discovered may be unstable and may decay 
into the true vacuum, where supersymmetry is broken and the low-energy 
behavior looks quite different from what perturbation theory tells us. 


9.6. Nonperturbative Approaches 


There are compelling, although not rigorous, grounds for believing that en- 
tirely new features will emerge in the nonperturbative regime, which makes 
it crucial to develop a consistent approach to a nonperturbative formulation 
of string theory. Nonperturbative methods, however, are notoriously diffi- 
cult to formulate, much less solve. In the second half of this book, we will 
concentrate on several approaches that have been advocated. However, each 
has its own drawbacks, and none of them have been able to come close to 
selecting the true vacuum. However, there are grounds to believe that one 
or more of these methods will eventually give us insight into how the super- 
string selects its true vacuum. We will discuss the merits and faults of the 
following nonperturbative approaches that have appeared in the literature. 
f 

Universal Moduli Space 

This approach [9] tries to fully exploit the beautiful modular proper- 
ties of the Riemann surfaces appearing in the perturbation series. Usually, 
extraordinary symmetries must be present in a perturbation series in order 
for “miracles” to appear. Point particle Feynman graphs possess no such 
symmetries (except trivial Ward identities). However, string perturbation 
graphs do possess a powerful symmetry — invariance. 

The modular properties that Riemann surfaces must obey are quite 
restrictive. Although it is prohibitive to sum the series, one can study the 
modular properties of Riemann surfaces with arbitrary, even infinite, genus, 
in hopes of being able to make quantitative statements about the nonpertur- 
bative behavior of perturbation theory. However, at present, this approach 
has proven to be prohibitively difficult. One approach to universal moduli 
space is to use Grassmannians, where a Riemann surface of genus g cor- 
responds to a point in this space. One problem facing the Grassmannian 
approach, however, is the Schottky problem, which develops when one tries 
to use the period matrix as moduli parameters. (‘The Schottky problem was 
recently solved by mathematicians. However, the solution is so nonlinear 
that we do not, as yet, have any handle on the problem.) Thus, universal 
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moduli space, although potentially a powerful formalism, is still too ill de- 
fined to make any definite statements about the nonperturbative behavior 
of strings. 


Renormalization Group 

The renormalization group method [10-19] in gauge theory has proven 
to be one of the most powerful approaches to analyzing the nonperturbative 
behavior of the theory. The new renormalization group approach to string 
theory is to postulate the existence of a new space, called “theory space,” or 
the space of all quantum theories. In this theory space, conformal invariance 
may not be exact. However, the renormalization group flows in this theory 
space converge on fixed points, which may indicate the true vacuum of 
the theory. Thus, the equation of motion of the theory, instead of being 
parameterized in space-time, is now parameterized in theory space. In other 
words, the counterpart of the equations of motion of this approach is: 


(=) (9.6.1) 


that is, the renormalization group flows in theory space prefer conformal 
field theories. 

Although this approach is quite novel, at present only the tree diagrams 
of the bosonic string have been reproduced. There is still much work to be 
done in the renormalization group approach, which will be explained in this 
chapter. 


String Field Theory 

String field theory [20, 21] is the most “conservative” of all the ap- 
proaches made for nonperturbative string theory. The advantage of this 
approach is that it can effortlessly reproduce the entire perturbation theory, 
including loops. In a simple Lagrangian, one can express the entire infor- 
mation content of string theory. However, because it is so conservative, it 
may not be “crazy enough” for us to calculate nonperturbative effects. At 
present, the string field theory approach has failed to give us any reliable 
information about the nonperturbative regime of string theory, which is a 
big disappointment. 


Matrix Models 

The last approach we will explore is the matrix model approach [21], 
which has the great advantage of being the first theory that has successfully 
yielded nonperturbative information. In fact, matrix models can be solved 
exactly for a large array of actions. 

The problem with matrix models, however, is that they only describe 
string theory in less than one dimension, that is, two-dimensional gravity 
coupled to c < 1 conformal matter. In dimensions less than one, in fact, 
one finds that the theory has finite degrees of freedom, which is the origin 
of why these models are exactly solvable. Efforts to push this limit beyond 
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c > 1 show that there are probably an infinite number of degrees of freedom 
and that a phase transition may occur. 

Thus, the very feature that makes matrix models so attractive (exact 
solvability) is due to their finite degrees of freedom, which is also its main 
detraction. For higher dimensions, we expect that there are an infinite num- 
ber of degrees of freedom, and hence, the model is once again unsolvable 
(except perhaps on computer). 

Because matrix models have finite degrees of freedom, we can compare 
them with other models that also have finite degrees of freedom, such as 
topological field theories. In fact, one can formally show the equivalence 
between the matrix elements of matrix models and certain topological field 
theories. 


9.7. Renormalization Group Approach 


We will discuss the renormalization group approach in two parts. First, we 
will show how the renormalization group methods are useful in determin- 
ing the background fields of string theory, treated as a sigma model on 
the sphere or plane. Second, we will try to generalize the approach into a 
program includes higher order interactions. 

To actually perform the calculation of the @ function to determine 
where it vanishes, we must make a power expansion. However, a power ex- 
pansion in general relativity is not generally covariant. A Taylor expansion 
in fields, for example, gives an infinite series of derivatives, not covariant 
derivatives or curvatures. Thus, in order to preserve general covariance, we 
will use a particular choice of coordinates, called Riemann normal coordi- 
nates [10-12]. 

We wish to make the power expansion of the string variable around 
the classical co-ordinate X“, which satisfies the equations of motion. This 
is called the background field method, which is used extensively in relativity 
and gauge theories. We will use the expansion around the classical solution 
DES 

X* + oh + EFt+... (9.7.1) 


where t parameterizes the power expansion. We will then treat the resulting 
action as a quantum particle €“ moving in a classical background, given by 
X*". Thus, 
Ke Oa", eae (9.7.2) 
Let X“(t) lie along a geodesic, so that it satisfies the equation: 


CX era? 


a pipe otal 9.7.3 
dt? as “8 dt dt ( ) 


where IY’, are the Christoffel symbols: 
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il 
yg = ee re | oan + GuB,a — Gee) (9.7.4) 


where the comma denotes an ordinary derivative. Physically, this means 
that €“ is a vector pointing along the tangent vector at X to the geodesic 
passing through the points X and X + &. 

If we plug the power expansion in ¢t into the geodesic equation, we find, 
order by order in ¢: 


1 
et eae ee te sue Fett? + (9.7.5) 
where: 
n= = Oa ae a dE ees LS = = Veal oras (9.7.6) 


be = : 
| ee = Ven lasasaas etc. 


Notice that our equations are not necessarily covariant. To make the calcula- 
tion easier, let us go into a specific frame in which the expansion coefficients 
vanish when symmetrized with respect to their lower indices: 

oe 0 CS IeTe 


(a1 ,Q2,.-.,On 


The point of going into this frame is that the Riemann tensor becomes 
simpler, which in turn allows us to write all our expressions in fully covariant 
form. For example, the curvature tensor: 


Reap = Gal yg — O80 by + Piel Ny — PTs (9.7.8) 

can now be written as: 
eae = Bray, a Oly se 

ls 3 (9.7.9) 
Et 
Oy a= = 3 a Uisewe a Rove) 
Similarly, we can always write the higher derivatives in terms of covariant 
derivatives of the curvature: 


1 
(er Paz ies a3V) a — 5 Por Reaves 


; (9.7.10) 
Oa: Paz On, le = an [Dias Dox Rasa =F a RE Se 


The advantage of this expansion is that we can now covariantly expand the 
metric tensor g,,, in terms of the small deviation £#: 


1 1 ga 1 
pv (@ ) i Jur (z) = 3 uarvars ae a 3] Par Ryarvage E97 E" 
sod 16 
+ Fi | 6Do, Daz Ryasvas ae = “g Raves Fibs 
x COLE 22 Cae 


(9.7.11) 
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Given this power expansion, we can now perform the integration over 


€", which yields a series of loop diagrams. A few of the terms that appear 
in the action after the power expansion are: 


So(x) + [team Ona De 


1 
+5 ay, dx Ge Daf" D°€” + Ryorarve 2? Og" Ox” 

; (9.7.12) 
+ Pas Ryazasy Cee FO a! Oa” 

4 a Qa (oa a 
+ 3 Rrorarasé"€ Dag Oa" +--+) 

where: 
Den — 0,8 le One" (9.7.13) 


In this fashion, any first quantized string action can be power expanded 
around classical fields X"“, treating 4 as the quantum field for which we 
must calculate the Feynman diagrams. Notice that the resulting action can 
be treated as a standard vector field €“ propagating in two dimensions 
(where the index can be compared to “isospin” ). 

So far, our discussion has been rather general, which can be applied 
to any sigma model. Now, let us specifically apply these methods to string 
theory. Let us begin with the first quantized action, where the string coor- 
dinate X” moves in a space that is curved [13-15]: 


1 
~~ Ara’ 
Pe Bi Oy NOOK” — aafg R9(X)] 


Pz] JG 9"°G(X) Oa X "OX" 
(9.7.14) 


The background metric is no longer flat, but is now curved via the 
symmetric space-time metric G(X )#”, as well as the antisymmetric field 
B(X)*” and the dilaton field (X). We will only treat the massless fields 
of the string theory in the background (in principle, we could have massive 
fields as well as part of the background). 

The point is to treat this action as a standard o model and then per- 
form fluctuations around a curved background to calculate the G functions 
(one for each background field) associated with breaking scale invariance. 
To reestablish scale invariance, we must then set each of these G functions 
for each background field to zero. This establishes constraints on the back- 
ground fields. 

The trace of the energy-momentum tensor will become: 


itn 6G On ks Onn 


(9.7.15) 
+ 6%, oe. KO, x” age /g R'*) 
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where 6?, seen Be represent the deviation from scale invariance. Using 
background field methods with Riemann normal coordinates, we find [14, 
15): 


1 
6S, = be = qin’ Hyre + 2V,,V, + O(a’) 


pv 

BB, = VaH}, — 2(V) Hp, + O(a’) (9.7.16) 
® — 1 

Saige) 29 + : 4(V6)? — 4V?6 — R+ =H?! + O(a’) 


as DAB? | 167? 1D 


(If we compare this result. with the standard commutation relations between 
components of the energy-momentum tensor, we find that the central term c 
is equal to G?. This may appear a bit surprising, because @ can be operator 
valued, while the central term c is a constant. However, these equations are 
consistent because, using the Bianchi identities on the other 6 functions, 
we find: 

aa 


1 
0= Vt (Bye — =H? + 2v,.V,8 


(9.7.17) 
=, [-2.v9) +2V°644R- | 
2 24 
Thus, it is consistent to treat 6% as a c number constant. This probably 
persists to higher loop levels.) 
To make the meaning of these equations more transparent, let us 


rescale by: 
Cee ae Ce (9.7.18) 


then the equations take on the familiar form: 
1 
Riees = 5G R iy eee =) 
V6 + 50 e/(O- H2 =0 , (9.7.19) 
T gee? aes =f 
where: 


Tee = (a = 3Om Ht?) e  8P/(D—2) 
(9.7.20) 


+55 (7 .9)(0.0) - 5Cu(Vo)| 


We recognize the meaning of these equations immediately. The first equa- 
tion is the usual Einstein equation, in the presence of matter fields. The 
second and third equations guarantee the conservation of the energy- 
momentum tensor. As a consequence, we can compactly generate all three 
equations from a single action (14, 15]: 
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4 il 
/ dPaVG E = oo kal = oo (De?) 7? (9.7.21) 


In summary, we have found the remarkable fact that the conditions 
for conformal invariance are precisely the classical equation of motion for 
these background fields. This testifies to the enormous self-consistency of 
string theory, that it can only self-consistently propagate in backgrounds 
that satisfy the correct equations of motion. 

Although the renormalization group approach shows great self-consis- 
tency, so far we have only examined the free part of the string, that is, 
the free string as it moves on a simple Riemann surface. Now, we wish to 
formulate a more powerful approach in which one may derive interactions 
and, perhaps, the complete theory. The goal is to formulate a version of 
the renormalization group equations in “theory space,” that is, the space 
of all theories, and then use the constraint @ = 0 as an equation of motion. 
Although the formalism is far from achieving this ambitious goal, it can, in 
principle, reproduce many of the simpler results of string field theory. 

Our approach follows point particle theory. In ordinary ¢* theory, for 
example, we can use the Kadanoff—Wilson “block spin” formalism to derive 
the proper renormalization group equations. The idea behind this is simple. 
Consider the ¢* theory with some cutoff, such as: 


1 2 , 2 2 
Da(p?) = Pas ee (5) ; i= ve 2 : a (9.7.22) 
The fundamental idea is that the theory should be independent of the cutoff. 
Specifically, if we lower the cutoff and then integrate out all modes in ¢ 
between the two cutoffs, the resulting equations should have the same form 
as the original equations, that is, the generating functional Z7(J) should 
obey: 
dZ (J) 
dA 


where J is the source term. Explicitly, the generating functional is: 
d*p 1 : 2 2 
a(t) = | ad exv{ [ 5; |-500)0(-n) 0? +m?) 
p? 
x K* (2) + sp)o(-p)| + Lin(@) 


=0 (9.7.23) 


(9.7.24) 


where Lint is an interaction Lagrangian given by: 


Lin = fae { —3(6m")6%(0) - 512 -1)[2,6(8)]” - 3 °8"(@)| 
(9.7.25) 


Now, let us investigate how the generating functional varies with re- 
spect to the cutoff. (We will replace Lint with a more general L. Although 
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we might have started initially with L = Lint at cutoff A, at lower en- 
ergy scales, the L may become quite complicated.) By differentiation with 
respect to A, we find: 


aG = fast f a Zr) ov) 0? +m) 
=| OL 
OA 


(9.7.26) 


Now, let us make the key assumption. We assume that the general L ap- 
pearing in the above equation obeys the following: 


OK 
Az ==5 | d'p(2n)*(p? +m? yA — aii 
aL aL 721, (9.7.27) 
« lasiay B00 * Bae 
Inserting this into the general expression, we find [16]: 
dZ 1.0K 
AG = | tease ib 55 
i i, ne Be (9.7.28) 
{lon efor 


Notice that the expression is equal to zero if the interaction term L obeys 
the previous assumption in Eq. (9.7.27). 

The meaning of all this is that, if L obeys the tastes Eq. (9.7.27) 
that we postulated, the generating functional is indeed independent of the 
cutoff, so the N-point functions are left unchanged. In this sense, the as- 
sumption Eq. (9.7.27) we made for L can be taken as the “equation of 
motion” for L. : 

Similarly, we can take this formalism and carry it over to the o model 
approach to string theory. As in the point particle theory case, we might 
begin with the action [17]: 


S= i CON MIE G \eOK iS (9.7.29) 


where K—' is a smooth function that vanishes at infinite momentum and 
equals one below the cutoff for p < 1/e. 

As before, we demand that the generating functional for strings be in- 
dependent of the cutoff 1/e. We can generalize Eq. (9.7.27). The generating 
functional is cutoff independent if we make the following assumption: 


OSint One 6? Sint 
bX (z) 6X#(w) " 6X,,(z)bX#(w) 
(9.7.30) 


O: Sint = f @adPw AG: - w) 
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where ¢t = Ine and G is Green’s function for the kinetic energy operator 
€2 Q? K( e On 
However, since the fields transform under a scale transformation as: 
X(z)p > (1/6) X(z/e) (9.7.31) 


we must also add the following to the right-hand side of the previous equa- 
tion: 
1 Cotati 
je: (-5a+ :0) Ge) 5x, (9.7.32) 
Let us now try to solve some of these equations, at least in lowest order, to 


see if they agree with string field theory. 
We choose a specific form for the propagator: 


G(z1, 22) = —In|z — z2|?6(jz — 22)? =) (9.7.33) 


where 6 is a smeared step function. It is 0 for gr enmciits less than —5 1 and 
rises smoothly to 1 for arguments greater than 4 a 

We will parameterize the Wey] invariance of the theory with a param- 
eter v(z), so that: 


ian = pica) Oaty + Opa = bap 0+ (9.7.34) 


where the last condition is required for conformal invariance. 

The point is to take the lowest order approximation to the theory. If 
we only take linear terms in Sinz, then we can solve the system and compare 
it with string field theory. If we make a change of variables to z + ev(z), 
then the propagator changes as: 


6G = [eo vtea} 26 he, 6(1 —|z1 — zal?) (9.7.35) 


and the linearized equations for Eq. (9.7.30) become: 


on 20, Z 
pen d* zo pS ON) v(za) BOS Ota Sint 5 + f dzu(s)ax ODint 


Zoi = BD) OX (z1) OX (z2 OX (z) 
(9.7.36) 
Now expand these terms in terms of a Taylor series: 
ylr) or 
vz) = > 7 
(9.7.37) 
Xz n 
X 4 (z) = S - n! 
Performing the integration, we have rewritten Eq. (9.7.36) as 
OS; 8? Sint 
(m) yn+1 int (m+n+1) in - 7 
as E NO real aeeamee Oe 88) 


nim 
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But, if we write: 


) Om 


= (my _ ee 7 
In =>) x ™ sea oe PEO (9.7.39) 

then our equations reduce to [18]: 
ie Se 0 (9.7.40) 


which are the free field equations of string field theory. 

The previous results may also be generalized to include ghosts as well 
as tree interactions, yielding roughly the same results as string field theory. 
The renormalization group method thus reproduces known results, espe- 
cially those of string field theory, but.has the defect that it cannot, as yet, 
go beyond known perturbative results. Furthermore, a considerable appara- 
tus must be erected before we can reproduce results that are almost trivial 
in string field theory. Although the applications of this method have been 
primitive, the true power of this method has not yet been fully exploited. 


9.8. Summary 


In the first half of this book, we stressed that the perturbative vacuum 
of string theory was conformally invariant, and we developed an extensive 
list of exactly solvable conformal field theories. However, despite enormous 
progress, there are severe problems with the perturbative approach. 


1. The perturbative expansion cannot break supersymmetry, which must 
be broken at low energies. 

2. The dimension of space-time is perfectly stable. Perturbation theory 
cannot generate compactification. 

3. The low-energy perturbative spectrum has problems (that is, dilaton 
mass). 

4. Phenomenologically, although it is easy to get the 27 fermion repre- 
sentation of g, no one has yet found a conformal field theory that has 
all the desired properties of our low-energy world. 


Thus, we now turn to a discussion of physics beyond the Planck scale, 
which, in some sense, is the “true home” of string theory. Several observa- 
tions can be made about this remote region: 


1. We can stretch the perturbative approach to the limit and examine 
compactified vacuums beyond the Planck length. Then, we discover 
a phenomenon called “duality,” meaning that the classical solution is 
invariant under: 


R/ Vol = Vol /R (9.8.1) 
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Philosophically, this means that a rapidly contracting universe, which 
has collapsed within the Planck length, is indistinguishable from an 
expanding universe. Thus, the Big Bang or Big Crunch can be viewed 
as a smooth event. Moreover, it means that there is a new Heisen- 
berg uncertainty principle at work, stating that we cannot penetrate 
beyond the Planck scale. However, it is almost certain that nonper- 
turbative quantum corrections will destroy this elegant picture at such 
high energies. 

We can examine string theory in the high-temperature limit, where 
symmetry restoration occurs. At high temperatures, it is well known 
that the number of string states increases exponentially, giving us a 
limiting value of the temperature (Hagedorn temperature). This means 
that if we try to add energy to increase the temperature, the extra 
energies goes into making more particles, and hence, the temperature 
remains fixed. We can determine the proliferation of states at high 
energy by examining the partition function, which obeys: 


Pp(n) ~ A'n-™(P+3)/4 exp (20 4/nD/6) (9.8.2) 


so that the limiting temperature becomes, in mass units, 


laf # 
= —,/—— 9.8.3 
ey mV 2a'D ( ) 


We will examine the free energy beyond the Planck scale: 


Pe air thn (9.8.4) 


RB 
= jpex exp (-ide | dr f a? 1) (9.8.5) 
0 


We can calculate this to arbitrary orders in perturbation theory. If we 
expand the integration variable in terms of Abelian differentials w;: 


where: 


dea Xe Oe (9.8.6) 
where: 
9g = g . 
ae On =) 1a; (9.8.7) 
(eal 2—l 


then the free energy becomes: 


(9.8.8) 


Fy _ 4n?a'T ( g°T?4n?0' a, 
VT Ah h : 


Simplifying the expression, we find: 
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DAs (9.8.9) 


This is a remarkable result, because it shows that the free energy grows 
slower than ordinary point particle field theory, where we expect the 
free energy to grow as T?—!. This indicates that, at high temperatures, 
there is a phase transition to a new region that has fewer degrees of 
freedom than even a scalar particle theory, that is, finite degrees of 
freedom, which are typical of topological theories. 

We can also take the approach of examining the high-energy limit of 
the theory a’ — oo, where we also expect to see symmetries restored. 
If we evaluate the first quantized path integral for higher genus, then 
the functional is dominated by: 


DONG) = oe PP Gia(E, &) +O (=) (9.8.10) 


a 


where G is the multiloop Green’s function defined on the Riemann 
surface. : 
Inserting the previous expression into the path integral, we find: 


* ~ * 1 
AP) = 9 7T(Prrby 6) TT V(X", 6, R)+0(—) (9.8.12) 


Taking the saddle point limit, our final result is: 


Ag; (P;) = I] Os Cae iP Avechyon (Gy [1 =a O(a’) (9.8.12) 


7 


This is also remarkable, because it points to an infinite symmetry 
among all N-point scattering amplitudes that holds to any order in 
perturbation theory. It means that there must be a new symmetry at 
work that can link all amplitudes in terms of just one amplitude (for 
example, dilaton scattering). Thus, an enormous symmetry seems to 
opening at energies beyond the Planck scale. 

We can also take the approach that perturbation theory is not only 
the wrong path and unreliable, but that it is also inherently unstable, 
that is, it is not Borel sumraable. If we look at the large genus h limit 
of the path integral: 


s 


/ duwp gh2(2)Z"(1)-8 (9.8.13) 


we can evaluate the integral as a function of h by showing that the 
partition functions have a lower bound: 


Z(2) > ZO a ie! (9.8.14) 


and that the Weil-Petersson measure duwp grows as h! Multiplying 
them together, we find that the amplitudes grow as: 
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eran! (9.8.15) 


so the theory is not Borel summable. (This calculation was done inde- 
pendent of the tachyon, so it is likely, but not proven, that superstring 
theory will also not be Borel summable.) This negative result could be 
a blessing in disguise, because it would eliminate the embarrassing pos- 
sibility of millions upon billions of fully self-consistent perturbatively 
stable vacuums for strings. 


Given the urgent necessity of a nonperturbative approach to string 


theory, let us list the various nonperturbative approaches that have been 
developed so far. 


ie 


Universal moduli space is one of the more ambitious programs. It tries 
to fully exploit the modular properties of the perturbation series. The 
idea is to develop the theory of Riemann surfaces of an arbitrary and 
even infinite number of loops. One concrete approach is the Grass- 
mannian formulation, in which a surface of genus g is represented as a 
single point in Grassmannian space. However, the mathematics of this 
approach is so difficult that real progress in this area has been slow. 
The renormalization group approach exploits the fact that the string 
can move self-consistently only in backgrounds that satisfy the correct 
equations of motion. The idea is to start in “theory space” (that is, 
the space of all possible theories) and treat the statement of conformal 
invariance 

Gest) : (9.8.16) 

; 
as an equation of motion. Thus, the theory will, via renormalization 
group flows, tend toward the correct vacuum. To see how this works 
to lowest order, let us treat string theory as a o model and calculate 
the multiloop contributions to G. We make the expansion around a 
classical background: 


dG. Sedx? dX? 


Te =f a0 de (9.8.17) 
where IY, are the usual Christoffel symbols: 
ioe = 5a" (Geass + 9vB,a — Gane) (9.8.18) 
Expanded, we have: 
X*#(t) = ah + €4t — = Tap” C= are oe (98,19) 


The action then becomes: 
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+ [Pe ( gu DagrDre” + Rigvasve (6 ene oere 
. (9.8.20) 


1 Vv 
+ 3 Do Ruarasy EEE Jaa! Oa 


= = Ruarorase€"* Da™ O%xr" +... ) 


where: 
Doce iir' ene. ane. (9.8.21) 


The Feynman rules can be read directly off the Lagrangian. 
Now, let us apply this expansion to the following first quantized system, 
where the string moves in a background field specified by: 


== / dz |G 9° G(X) wv OaX" OX” 


(9.8.22) 
+B Ag X¥ AX” — a’ /g R0(X)] 
Treating this as an ordinary two-dimensional theory, we can calculate 
the multiloops, and the expression for @ becomes: 
a 
i Je = qh Hyyo + 2V,,V 6 + O(a’) 
Bi, = VrH, — 2(V)9) HA, + O(0’) 
6? mwD-26 1 ; j es t 
— = ——~ + — [4(VE)* — 4V°S - —H O 
a’ —s a 48 rr? us 167? 2) M i IZ re) 
(9.8.23) 
Notice that the equation G = 0 is precisely the same as the usual 
equations of motion for the background fields. Thus, it. is possible to 
construct the effective action for these fields: 


i d?zVG E = Be = ee (9.8.24) 
D—2 12 

This approach, however, is defined only on a surface of genus zero. To 
find a more general approach, let us use the method of “block spin.” 
Start with a renormalizable theory defined at some cutoff A and then 
lower the cutoff. By integrating the fields from the lower cutoff to the 
higher cutoff, we get an effective Lagrangian, such that the N-point 
functions should eventually be all the same. 

In point particle physics, we start with a propagator with an explicit 
cutoff: 


il p : 1 2< A? 
Dip) = ——— k | ag; BE 
A(p*) Fane? (&): kK Ne n> A (9.8.25) 
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We then demand that the generating functional remain invariant under 
changes in the cutoff: 


pas () (9.8.26) 


where J is the source term. In order to make this happen, it means 
that the effective Lagrangian must obey: 


aL 1 
Fa =p | Mvmt + my ta 
‘ | aL ab, ha (9.8.27) 
A¢(—p) A¢(p) A¢(p) A¢(—p) 


This, then, is our starting point, an equation of motion for the effective 
Lagrangian. 

Now apply this to string theory. The effective action for string theory 
must also obey the same equation. Taking into account the transfor- 
mation of the string variable under a scale transformation, we have: 


oem OG: §2S;, 

Fs) Ge = a a2 a G a int int int 
et / 2d aRG ea) 6X,(z) 6X#(w) | 5X,,(z) 6X" (w) 
(9.8.30) 


where G is Green’s function which corresponds to the kinetic energy 
operator term €70? K (707). 

This equation is nonlinear and difficult to solve. However, in the lowest 
approximation, this system can be solved, and we find: 


Ly Sins = 0 (9.8.31) 


Thus, in this approach, the conditions on the Fock space are now rein- 
terpreted as equations of motion for the effective action. Similarly, 
the tree amplitudes can also be generated in this fashion. It is thus 
conjectured that the equations of the renormalization group approach 
reproduce those of string field theory. 

String field theory is the most well-developed nonperturbative formal- 
ism. It is also the most conservative, as its origin lies in extracting 
the second quantized action by examining the perturbation series. Al- 
though a formidable apparatus has been created in this approach, we 
cannot, as yet, extract nonperturbative information about the theory. 
String field theory will be discussed in the next three chapters. 

The matrix models approach is the only one to provide nonperturbative 
information concerning strings and two-dimensional gravity. For D < 
1, in fact, because of the KdV hierarchy, the theory is exactly solvable. 
We can use it in the laboratory to test our ideas about strings, that 
is, it shows that the perturbation theory is not Borel summable at 
D = 1. However, there seemis to be a fundamental block extending this 
approach beyond D = 1. The reason is simple: below D = 1, we have 
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a finite number of degrees of freedom, so the theory is, in some sense, 
topological and hence solvable. However, beyond D = 1, there are an 
infinite number of degrees of freedom, so the model no longer becomes 
exactly solvable. In some sense, the model is exactly solvable because 
it is trivial, that is, it has finite degrees of freedom. Matrix models will 
be described in a later chapter. 
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Chapter 10 
String Field Theory 


10.1. First versus Second Quantization 


Although the methods of conformal field theory have given us a wealth of 
possible string vacuums and a framework in which to begin phenomenol- 
ogy, there are still severe deficiencies in this formulation. First, conformal 
field theory is necessarily a perturbative formulation. It is based on the first 
quantized string model propagating on various compactified manifolds. The 
problem is that the first quantized functional formulation [Eq. (1.3.1)] is 
based on the sum over conformally inequivalent Riemann manifolds of genus 
g, which yields a perturbative series of Feynman diagrams. The success of 
this formulation is that it yields a finite formulation of gravity interacting 
with quarks and leptons. However, its drawback is that millions of con- 
formal field theories can be constructed using the methods presented in 
the previous chapters, and there is absolutely no concrete way in which to 
choose which, if any, of these millions of vacuums ccrresponds to our real 
world. 

What is needed, however, is a second quantized string field theory [1, 2] 
that is not necessarily wedded to the sum over Riemann surfaces. We saw 
that perturbation theory by itself was not sufficient to compactify 10- or 
26-dimensional space-time to a realistic four-dimensional manifold. Thus, 
an entirely new approach is required which allows us to calculate nonper- 
turbative results, which we hope will be able to tell us which of the millions 
upon millions of conformal field theories are stable and which one, if any, 
our universe prefers. 

Second, it is not clear whether the perturbation series makes any sense. 
Investigations of the high-energy behavior of the higher order graphs indi- 
cate that the perturbation series is not Borel summable. Ordinary gauge 
theories, such as QED, QCD, or the electro-weak theory, are also not Borel 
summable, which means that we must treat their perturbation series as 
an asymptotic one. Although QED, for example, rapidly converges to the 
correct value of the S matrix for electron photon processes at low orders 
in the coupling constant, eventually the perturbation series must diverge. 
This is not a problem for gauge theories, because we can always say that 
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they must be embedded into a more realistic theory of the universe, which 
is Borel summable. 

However, since string theory makes the pretense that it is the unifying 
theory of the universe, we cannot take refuge by embedding it into a higher 
theory. The meaning of this is that perturbation theory around conformal 
field theory is a potentially dangerous path and that the final formulation 
of string theory must necessarily be nonperturbative. 

Third, the first quantized string at higher genus g is actually ill defined 
because of a century-old problem, the triangulation of moduli space. When 
we write the “sum over conformally inequivalent surfaces” in the path in- 
tegral, the sum is actually ambiguous because of the problem of finding 
specific moduli for higher genus surfaces. The dimension of moduli space is 
well known, 6g — 6+ 2N, but finding specific coordinates that implement 
this triangulation is exceedingly difficult to solve. For the past century, this 
problem in classical mathematics was unsolved. In the last few years, three 
triangulations of moduli space have been given. 


1. Light cone coordinates: we will discover that the simplest string field 
theory, the light cone theory, solves this century-old problem in a simple 
way, via twists, string lengths, and propagation times [3]. 

2. Harer coordinates: we will find that covariant open string field theory, 
given by Witten, implements this set of coordinates [4]. 

3. Penner coordinates: so far, no string field theory can reproduce this 
set of coordinates [5]. 


In summary, we find that the first quantized functional in Eq. (1.3.1) 
is actually not well defined, but that the second quantized theory gives 
us explicit triangulations of moduli space. In fact, of the three known tri- 
angulations of moduli space in the mathematical literature, two of them 
come from string field theory. (The nonpolynomial theory, to be discussed 
in the next chapter, gives a fourth triangulation of moduli space, but the 
full details have yet to be worked out.) 

At present, there have been various proposals for a nonperturbative 
formulation of string theory, which we will discuss. However, the most de- 
veloped of these formulations is string field theory [1, 2, 6-10], which is a 
second quantized theory of strings. More speculative nonperturbative for- 
mulations will also be presented later. However, one must always stress that 
the nonperturbative theories of strings, in whatever formulation, is still in 
its infancy, and none of them have been able to give us the slightest hint of 
nonperturbative results in four dimensions. None of them can calculate the 
true vacuum of string theory. The problem, apparently, is that we still do 
not understand the underlying geometry of string theory. At present, it still 
resembles a seemingly random collection of folklore and rules of thumb. 

For the general theory of relativity, the equivalence principle enabled 
Einstein to see that general covariance lay at the foundation of any theory 
of gravity. Then, it was straightforward to find the mathematical language 
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in which to formulate the equivalence principle and general covariance. 

At the present time, the string counterparts of the equivalence principle 
and general covariance are still not known, and hence, this is the heart 
of the problem in finding the right framework in which to formulate the 
theory. In this sense, string theory has been evolving backward, ever since 
its accidental discovery in 1968. With these remarks, we now begin with a 
discussion of string field theory, and the difference between first and second 
quantization. 

A first quantized theory is formulated in terms of the coordinates de- 
scribing a particle’s motion. For a point particle, for example, its relativistic 
action is given by the invariant length swept out by its path. Let x,,(r) rep- 
resent a vector that points from the origin to the location of a particle. As 
the particle moves, it sweeps out a line, parameterized by 7. The action is: 


= doy : 
= =m f ary (-S¢) ~ length (10.1.1) 


which is invariant under reparameterizations of the path: 
tT 7T(T) (10.1.2) 


This reparametrization invariance allows us to select a particular gauge 
choice, which we may choose to be: 


«to = T (LGEI3) 


in which case the action assumes the familiar nonrelativistic form in the 
limit of small velocities: 


Sw ja smu} (10.1.4) 


The advantage of this nonrelativistic formulation is that the theory is man- 
ifestly ghost free because all references to xo(7) have been eliminated. 

The scattering amplitudes are defined by imposing, from the outside, 
the set of topologies over which the particle interacts, and then taking the 
Fourier transform: 


An= 3. | duDa,(r)et So e' Dee (10.1.5) 


Topologies 


where the sum over topologies represents a sum over predetermined Feyn- 


man graphs. 
Several conclusions can be immediately drawn from this relatively sim- 


ple example. 


1. The first quantized formulation is necessarily perturbative. We must 
impose from the outside the set of Feynman paths over which to in- 
tegrate, and each set of graphs represents a certain order in the per- 
turbation theory. Nonperturbative phenomena cannot be seen to any 
finite order in perturbation theory. 
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2. The counting and coefficient of each graph is not clear. It is ambiguous 
which weights we assign to the various graphs and which graphs are 
included and which are excluded. 

3. The first quantized formulation is not manifestly unitary. Although the 
free theory, via gauge fixing, can be seen to be totally free of ghosts, it 
is not clear that the final perturbative S matrix is unitary. (Hopefully, 
the constraint of unitarity will eventually fix the counting of all graphs.) 

4. The first quantized formulation is basically on the mass shell. Thus, 
some of the most interesting questions are out of reach of the first 
quantized theory. 


For string theory, there is also an additional complication at the level 
of perturbation theory. In principle, the “sum over all conformally inequiv- 
alent Riemann surfaces” appears to bé an elegant statement of how string 
perturbation theory is constructed. However, it tells us virtually nothing 
about how to set up coordinates for these genus g surfaces. In fact, as we 
mentioned earlier, choosing moduli that can triangulate the higher Rie- 
mann surfaces is a notoriously dificult mathematical problem, dating back 
to the time of Riemann. 

To remedy all these difficulties, we now pass to the second quantized 
theory. The first quantized formulation was based on the coordinates z,, 
which describe the motion of a point particle. The transition to the second 
quantized formulation begins when we introduce a field ¢(x), which is a 
function of the coordinates. 

In contrast to the first quantized string theory, the second quantized 
string field theory has an explicit dependence on @° or higher terms, mean- 
ing that the interactions are all fixed ahead of time. The weights and mea- 
sures are hence uniquely fixed, and unitarity to all orders in perturbation 
theory is almost trivial to show. Because of the presence of explicit interac- 
tion terms, we now have an explicit triangulation of moduli space in terms 
of string field theory. Thus, a century-old mathematics problem, finding the 
correct moduli for genus g Riemann surfaces, is almost trivially solved. 

The second quantized theory is also inherently an off-shell theory, so 
symmetry breaking, in principle, can be investigated by the theory. In ad- 
dition, one does not have to resort to perturbation theory. In fact, quantum 
field theory is the only formalism in which a variety of techniques have been 
developed to handle nonperturbative phenomena. 

In Chapter 1, we stressed that there are at least three ways in which 
a point particle or a string can be quantized, the Gupta—Bleuler approach 
(where Lorentz covariance is maintained and ghosts are allowed to propa- 
gate, but the physical states must be ghost free), the light cone approach 
(where the theory is formulated entirely in terms of ghost-free physical 
states, but Lorentz invariance must be carefully checked), and the BRST 
approach (where covariance and unitarity are maintained by ensuring that 
the physical states are BRST invariant.) 
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We start by trying to compute the canonical momenta correspond- 
ing to Eq. (10.1.1). We find that its momenta are not independent, but 
constrained: 

Py =6L/6%,, pi,+m? =0 (10.1.6) 

In the Gupta—Bleuler approach, we apply the constraint directly on 
the fields: 

(2, +m?) d(x) = 0 (10.1.7) 
which is just the usual Klein—Gordon equation. This equation, in turn, can 
be derived from the standard covariant second quantized action: 


Ss ; (i d*x (x) (0,0" — m?] (2) (10.1.8) 


The next method is the light cone approach, where ghosts are explicitly 
eliminated. We start with the gauge invariant action: 


‘) 
s— fe [ua = 5e(Pi +m?) (10.1.9) 
which is invariant under: 
Olen, in = 20 5, de = d(ee)/dr (10.1.10) 


By calculating the equations of motion for e and p, and then eliminating 
them, we retrieve the usual first quantized action in terms of x, alone. 
Let us now, however, select the light cone gauge: 


EP =e (10.1.11) 
and solve explicitly for p~ via the constraint 
pi +m? =p; — 2p-p* +m? =0 (Oe) 


If we apply the gauge cn the action, we find that the term p~z* be- 
comes p~, that is, p~ is the new Hamiltonian in the light cone gauge. Thus, 
solving the constraint, we find that the Hamiltonian is given by: 


1 
ae = apt Pi +m?) (10.1.13) 


Let us now take the Fourier transform of the field with respect to xz_, so 
that the field becomes ¢,+(x;). Then, the equation of motion for the field, 
which is a function of only transverse fields, becomes: 


ig =H} vps) =; (10.1.4) 


and the new second quantized action is given by the Schrodinger-like equa- 


tion: P 
[v= dp* wl, (wi) ‘ix -} Wpt G,) (10.1.15) 
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Next, we make the transition to the free string and find that there is a 
remarkable correspondence between the point particle and the string ap- 
proach. In fact, at the free level, the equations can be practically trans- 
ported from one to the other. (The major complication, we shall see, comes 
at the level of the interactions, which are highly nontrivial.) 

The field theory of strings is based on #(X), which is a functional, 
that is, it is a function of every point X,,(c) along the string for all possible 
values of o. Thus, the expression ®[X(c)] is actually incorrect. The correct 
functional dependence is given by: 


8(X,,) = 6[X,(01), Xu(02),---, Xy(on)] (10.2.1) 


where we let N — oo. 
We can also decompose this string functional in any basis we wish. The 
most convenient basis contains Hermite polynomials. We can write: 


@(X) = (X|®(a)) (10.2.2) 
where: 
|P (2x0) = $(20)|0) + Au(wo)at"|0) + gurattayt|0)+--- (10.2.3) 


where zo is the usual four vector representing ordinary space-time. Here, we 
see the explicit decomposition of the field functional in terms of the tachyon 
field (zo), the Maxwell field A,,(x9), a massive graviton field Juv (xo), etc. 

Let us now construct free actions for the string field in each of the 
three gauge formalisms that we studied in Chapter 1. In the Gupta—Bleuler 
approach, we wish to impose the following conditions: 


nie ~ 
Prt+—F=0, PX =0 (10.2.4) 


By taking the Fourier moments of these constraints, we arrive at: 
Ln|¢) ae 0, (Lo iar: 1)|¢) = 0 (10.2.5) 


We shall interpret the second of these constraints as the propagator of string 
states, so our action becomes: 


ol [ox ®(X){Lo — 1}6(X) (10.2.6) 
subject to the constraint that L,é(X) = 0, and where: 


DX, = |] |] ¢Xn, = TT] 4x,(0) (10.2.7) 
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Although the Gupta—Bleuler formalism is quite elegant, in actual practice, 
the elimination of the Virasoro constraints requires very difficult projection 
operators, whose complexity precludes their widespread application. 

The light cone gauge, because it has eliminated all ghost modes, does 
not suffer from this difficulty. In the light cone gauge, we start with the 
first quantized action: 


12 


Xx 
S= jar do x — (+3 + *) +p 7.x") (10.2.8) 


As before, by eliminating A, p, and P, via their equations of motion, we 
can show that the action is equal to the area swept out by the string in Eq. 
Glee 
We wish to impose: 
LOE ae (10.2.9) 


While solving explicitly for the constraints [Eq. (10.2.9)], we find that, as 
before, P~ becomes the new Hamiltonian: 


pam, hes 1 ee ce 
=f do P (0) = | a P; es (10.2.10) 


and the equation of motion therefore becomes: 


(: = = 1) cn) 0 (10.2.11) 


and the free action becomes [1]: f 


i DX; dp* 91, (Xi) ( = 2 11) y+ (Xi) (10.2.12) 


To generalize the light cone theory to interactions, however, requires a 
nontrivial extension of our results for the free theory. Some of the pioneers 
in quantum physics, such as Heisenberg and Yukawa, spent years trying 
to devise a nonlocal quantum theory. However, the problem with nonlocal 
theories is that they inevitably violate causality or relativity. When one 
vibrates one point in space, the interactions in these nonlocal theories travel 
faster than the speed of light. 

The light cone theory solves this perplexing question of maintaining 
both causality and relativity. The theory is not a nonlocal theory, in the 
usual sense, but it is a multilocal theory. Interactions do not violate causal- 
ity or Lorentz covariance because strings break instantaneously, and the 
interactions travel down the strings at speeds less than or equal to the 
speed of light. 

The light cone interacting theory is based on the observation that open 
strings interact by breaking instantaneously at one point, or by reforming 
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at their endpoints with other open strings. In Fig. 10.la, for example, we see 
the topology of the scattering of several strings in the light cone gauge, such 
that strings can only break in their interiors or reform at their endpoints. 
To actually see that this yields the usual N-point amplitudes, consider 
the conformal map that takes the upper half plane and maps it into the 
configuration in Fig. 10.1b. 

We take the Mandelstam map [11]: 


N 
ea yes LL a; In(z — 2) (Gals) 


1 Pp tte. er 
a FY 
4 
Z 
OO —— 
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Fig. 10.1. 


Let us now derive this conformal map, which takes us from the upper 
half z plane to the complex p = 7 + io plane. The simplest way is via the 
Schwarz-Christoffel transformation. 

We recall that the Schwarz—Christoffel equation transformations the z 
plane into a polygon. Specifically, we wish to map the real axis onto the 
perimeter of this polygon. 

For an n-sided polygon, let z; be n points along the real z axis. Each 
2; will be mapped to a point p; in the p plane, which corresponds to the 
corners of the polygon. Let a; equal the interior angle of a corner of a 


10.2. Light Cone String Field Theory 323 


polygon at point p;. For a square, for example, this angle is equal to 7/2. 
Then, the map that takes us from the upper half z plane to the complex p 
plane is given by: 

N 


dp(z) 
22 jp _ 4.)0i/a—-l 
re JMke zi) (10.2.14) 
or: 
Z N 
Ne) = k | dz iNtG yj * (10.2.15) 
Zo j=] 
where we have the condition: 
N 
Sai = (N -2)x (10.2.16) 
i=1 


To understand the last condition, let us take the limit as z — oo. In this 
limit, we wish the function p to be finite, therefore the exponent of z in this 
limit must be zero, which explains the previous condition. 

We notice that as z — a;, the mapping becomes 


dp(z)/dz ~ k(z — x)%/"71 (10.2.17) 
Near z;, let us assume that 
Zo eeee (10.2.18) 


for small e. 

We see that a line on the rea! axis that approaches 2;, hops over it via 
a small hemisphere, and then continues along the real axis is mapped into 
a bent line in the p plane and rotated by angle 7(a;/a — 1), which forms 
an interior corner of the polygon with angle a;, as desired. 


Fig. 10.2. 


Next, we will write the interaction Lagrangian for the light cone string 
field theory. For open strings, an examination of Fig. 10.2 shows that strings 
can join at their endpoints (or break at an interior point). The interaction 
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Lagrangian is thus a @° term, with a Dirac delta function sandwiched in 
between [1]: 


3 3 
53 = JTL! DX;6 (xP) 5123 1 (X1)P2(X2) G1 (Xs) + hic. 
- - (10.2.19) 


where: 


6193 =|] I] 6|X3(03) — 0(may — 0) X1(01) — O(o — 7a) X2(02)| 


1— lO <a ams 


Y (10.2.20) 
where the string variables are defined as: 
on =, O<a0< nay, 
02 =0-—7Q4, Tay <o < m(azy + a9) (10.2.21) 
03 =7(a1 +02) —9, O0<o0< x(a + a2) 


with the condition 5° a; = 0. Using the formalism developed by Mandel- 
stam for light cone diagrams, we can then show that the above interaction 
is sufficient to derive most of the interacting amplitudes of string theory 
[WE 

The full open string theory, however, is more complicated than the 
closed string case in the light cone gauge. We necessarily must add four- 
string interactions and higher point interactions to the open string action. 
If we let  (W) represent open (closed) strings, then the interactions for the 
open and closed strings symbolically have the structures [1]: 


Lopen = 2° + 044+ 8'0 +H? + ow 


(10.2.22) 
ileecd = ys 


In other words, the open string vertex function by itself cannot generate 
all string amplitudes, so we must necessarily include closed strings as well. 
Thus, even if we started out with an open string theory without any gravi- 
tons, we find that gravitons necessarily creep back into the theory. There is 
no choice: string theory is by its very nature a theory of quantum gravity. 

There are several ways to see why the open string theory has five 
interactions and the closed string theory is cubic. The most direct way 
is to examine the string amplitudes to see if the postulated interactions 
reproduce the string theory. Let us take the real part of the Mandelstam 
map: 


Rep(z) =a 2 a; In|z — z;| (10:2-23) 
ail 


Notice that lines of equal 7 correspond to equipotential lines created by 
charged sources placed at z; with charges proportional to a;. However, 
lines of equal 7 in the p plane trace the topology of the interacting string. 
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Thus, by graphically examining the equipotential lines formed by charges 
placed on the perimeter of a circle or on the real line, we can trace the 
topology of interacting strings. The real part of the Mandelstam map is a 
map that takes the equipotential lines defined on a disk or the upper half 
plane and maps them into the vertical lines in the p plane. 

By examining Fig. 10.3, we see that all five interactions must be present 
in the interacting string action. It is not hard to write the explicit form for 
all five interactions, since each is given by a Dirac delta function that de- 
scribes the topological change described by the interaction. Thus, there is a 
finite region of moduli space that generates equipotential lines that cannot 
be described by three-string open vertices. This means that the integration 
region of the Koba-Nielsen variables z; cannot be filled completely if we 
use only three-string vertices, that is, there are missing regions of the inte- 
gration region that can only be filled by postulating four-string and higher 
interactions. 

However, the closed string situation is dramatically different. We find 
that with cubic interactions alone, we can completely fill the integration 
region of the Shapiro—Virasoro amplitude. This is highly nontrivial because 
it gives us the first triangulation of moduli space in over a century, thereby 
solving a long-standing mathematical problem dating back to Riemann. The 
amplitudes generated by the light cone string theory have automatically 
subtracted the redundancy due to the mapping class group. 

It may seem strange that the open and closed string light cone in- 
teractions have such different characteristics in string field theory. We will 
see that this situation becomes much more complicated with midpoint in- 
teractions, and that the closed string-theory becomes nonpolynomial. One 
suspects that there must be a deeper, group theoretical reason why open 
and closed interactions have such startling different structures. We will see 
the reason for this in Chapter 12, when we discuss geometric string field 
theory. 
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The third method of passing from a first to a second quantized action is 
via the BRST method. Instead of quantizing the action expressed as the 
length of a point world line, we will quantize the following action instead: 


o= fa (e~ 1a? — em?) (10.3.1) 
which is invariant under reparametrization invariance, given by: 
Of eine be = d(ee)/dr (1022) 


where e is a one-dimensional metric tensor on the world line of a moving 
point particle. We will choose the gauge: 
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e= | (10:3:3) 


and calculate the Faddeev-Popov ghost action that emerges from this 
choice. The Faddeev-Popov determinant is given by: 


Arp = det |d,| = jv D6 expi f dr 0,6 (10.3.4) 

Then, we calculate the BRST operator: 
Q = 0(8,,0" — m*) COZ) 

which must be applied onto physical states: 
Q\9(x,0)) =0 (10.3.6) 


Solving this constraint, one is left once again with only physical states. So, 
a natural choice for the BRST invariant action is given by: 
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/ Dz, d0 dd dQ¢ (10.3.7) 


which is invariant under: 
6|¢) = Q|A) (10.3.8) 


because Q is nilpotent. 
Now, let us generalize our discussion to strings. Let us first take the 
conformal gauge: 
g? = 6% (10.3.9) 


which eliminates reparameterization invariance and also local scale invari- 
ance. The Faddeev—Popov ghost factor can be exponentiated by introducing 
two sets of anticommuting ghosts, b and c. The resulting first quantized ac- 
tion becomes: 


1 : 
L = — (8,Xy0sX" + bdsc + 60,0) (10.3.10) 


which possesses a global BRST symmetry. Its generator is given by Q, so 
that the physical states must satisfy: 


Q|f(X, b,c) =0 (10.3.11) 


At this point, there are two possible BRST actions. The first is the 
straightforward generalization of the Gupta—Bleuler formalism, where we 
have [13-16]: 


L = (G(X, b,c)|(L& + LS” — 1)|6(X, b,c) (10.3.12) 


where we have explicitly split the Lg operator in terms of its string and 
ghost oscillators, and where ®(X, b,c) can have any ghost number. 

However, there is also a second BRST formalism in which the gauge 
invariant is manifest. Let us choose the action [2]: 


c= / DX Db De Db Di QS (10.3.13) 


where @ has fixed ghost number —4. This field is therefore a truncation of 
the field in the previous BRST formalism. 
~The advantage of this second approach is that one can see explicitly 


the gauge invariance of the theory. The theory is invariant under: 
66=QA (10.3.14) 


because @ is nilpotent. 
To analyze the states within |®), let us write the double vacuums |+) 
of the zero modes of the b and c oscillators: 


colt) =0; — bo|-) = 0 (10.3.15) 


where |+) = co|—). Then, the field |) can be decomposed into two pieces: 
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|S) = p|—) + ¢/+) (10.3.16) 


where the 7) and ¢ have no zero modes. 

Let us now gauge fix the BRST gauge invariant theory in order to 
obtain the other two gauge fixed formalisms. We will first show that the 
BRST gauge invariant theory is, in fact, equivalent on shell to the light 
cone theory, which is defined totally in terms of physical transverse states 
[17, 18]. Also, we will discuss covariant gauges as well. 

We begin by noting that any operator EF, that can be written as a 
BRST commutator: 

i — |@) 5 |e @Os.g) 


automatically vanishes on the BRST invariant states of the covariant field 
theory. To see this, we note that a BRST invariant state is one in which: 


Q|e) = 0 


10.3.18 
2) #Q\A), forall |A) ae 

Let us now apply F onto a BRST invariant state: 
E|®) = QS|®) F SQ|®) = QS|®) = Q|A) =0 (10.3.19) 


Thus, F annihilates BRST invariant states, modulo a gauge transformation. 
Now, we use the fact that there exists an operator of this type that 

can be written as: 
E=Ny-—N (10.3.20) 


where Nr is the level number of a transverse state and N is the level 
number. The statement that 


E|6) =0 (10.3.21) 


means that Ny = N on such states or that |®) is purely transverse. Our 
task, therefore, is to explicitly construct operators E and S that satisfy 
both Eqs. (10.3.17) and (10.3.20). 

Let us define the following operators: 


D -$ dz gt 
eae aE i Pl) (10.3.22) 


where P,,(z) = /miz(d/dz)X,,(—7i1nz, 0). Then, it is possible to show the 


following explicit expressions for EF and S: 


E =(Do-1)Lo+ > (DenLn + L-nDn) — Si nlece ee 


S= yo. = 6n,0) 


(10.3.23) 
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One can prove that F can be written in terms of transverse operators, 
as in Eq. (10.3.20), as well as in terms of D,,. Notice that both forms of E 
obey the following commutation relations: 


[Lm E] = —mLm 
[Dm, E] =—mDm (10.3.24) 
La E| =0 


where We is an operator that creates or destroys transverse states. However, 
it can be shown that the {Dm, Im, V,',} is a complete set of operators for 
the Fock space, and hence the two expressions for F in Eqs. (10.3.20) and 
(10.3.23) must be the same. 

To apply this argument to string field theory, we notice that we can 


split the field |) into two pieces: 
|S) = |S)r + |P)i (10.3.25) 


where we have split the field into transverse (T) and longitudinal and ghost 
(L) sectors. By the gauge invariance 6|©) = Q|A), we can (up to states that 
vanish on shell) choose a gauge that removes the longitudinal and ghost 
states |®),. 

Thus, the only part that is left after gauge fixing is: 


/ DX; De? (®_|c°(Lo — 1)r|6)r (10.3.26) 


up to terms that vanish on shell. The integration over the ghost c® is trivial, 
so we are left with the usual light cone action in Eq. (10.2.12). (In the proof, 
we had to throw away pieces that vanished on shell. This means that off 
shell the BRST and light cone theories are actually different. However, this 
makes no difference to our discussion because we only need the equivalence 
on shell. Thus, when we calculate the expectation value between sets of 
BRST invariant asymptotic states at infinity, the actions for the BRST 
and light cone theory are different off shell, but they produce the same on 
shell matrix elements.) 

Last, we wish to show that we can choose a covariant gauge so that 
the gauge invariant BRST action [Eq. (10.3.13)] becomes the gauge-fixed 
BRST action [Eq. (10.3.12)]. Let us choose the Siegel gauge [13]: 


bo|®) = 0 (10.3.27) 


This eliminates about half the states within the field in Eq. (10.3.16). 

However, whenever we fix any local gauge invariance, we must also add 
the Faddeev-Popov determinant factor. The Faddeev-Popov ghost deter- 
minant factor can be written as: 


(A|boQ|A) (10.3.28) 
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which arises from the gauge invariance 6|®) = Q|A). Since |) has ghost 
number —2 and Q has ghost number one, this means that |A) has ghost 
number —$ and (A| has ghost number 3. 

Notice, however, that this ghost action, in turn, has its own gauge 
invariance: 


5|A) = Q|A1) (10.3.29) 


which means that we must add yet another ghost term to the action, with 
ghost number equal to —3. In fact, every gauge fixing, in turn, yields yet 
another ghost action with a gauge invariance. This is the “ghosts-for-ghosts” 
effect, which introduces an infinite number of fields with differing values of 
the ghost number [19] [see Appendix I for a discussion of how to solve this 
problem]. 

The net effect of all of this is simple: we can introduce a single field 
|®), which has arbitrary ghost number, such that the action is [13]: 


(@|(LX + Lb — 1)|6) (10.3.30) 


which is just the gauge fixed action found earlier from Gupta—Bleuler quan- 
tization in Eq. (10.3.12). 


10.4. Interacting BRST String Field Theory 


We have seen the remarkable economy of string field theory at the free 
level. The entire theory of free open bosonic strings can be encapsulated 
into one simple action (6|Q|®). However, the situation with interactions is 
considerably more complicated. As we mentioned, the first quantized string 
theory summed over the set of all conformally inequivalent topologies. This 
conveniently concealed many difficult questions concerning. how to place 
coordinates on Riemann surfaces. The principle problem is that, until re- 
cently, mathematicians have been unable to successfully triangulate moduli 
space for genus g Riemann surfaces, even after a century of experience with 
these surfaces. Remarkably, string field theory gives an exact triangulation 
of moduli space, thus solving a long-standing mathematical problem. 

Let us begin our discussion by first requiring that open string field 
theory be a gauge theory that satisfies the axioms of gauge theory. Specif- 
ically, we need to postulate the existence of a derivative Q and a product 
operation *. We postulate the following five axioms [2]: 


1. the existence of nilpotent derivative Q such that Q? = 0; 
2. The associativity of the * product: 


[Ax B]#C =Ax(|B+C] (10.4.1) 


3. the Leibnitz rule: 
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Q[A* B] =QA*B+(-1)'414«QB (10.4.2) 


4. the product rule: 


pave = (142 f Bs A (10.4.3) 
5. the integration rule: 
/ QA=0 (10.4.4) 
where (—1)!4! is —1 if A is Grassman odd and +1 if A is Grassmann 
even. 


We postulate that the field A has the following transformation rule: 
6A=QA+A*A-A*A (10.4.5) 
Then we can construct a curvature form given by: 
F=QA+AxA (10.4.6) 


such that: 
6F =FxeA—AxF (10.4.7) 


It is easy therefore to show that the following is a total derivative: 
[era [Q[aoasjavaea (10.4.8) 
Therefore, the Chern—Simons form is gauge invariant [2]: 
L=AxQA+AxAWA (10.4.9) 


The Chern-Simons form is preferable to the usual F' form found in ordinary 
gauge theory, because Q already has two derivatives contained within it. 

This formalism works for any gauge theory, not just strings. Our task 
is to find a multiplication operation that satisfies the postulates of the 
product. Then, gauge invariance is automatic, without any more work. 

We notice, first of all, that the * operation is symmetric in all three 
strings. There is only one unique configuration that is symmetrical in all 
three fields, and that is given in Fig. 10.4, where the midpoint of the strings 
has been singled out. 

The multiplication operation: 


|X3) = |X1) *|X2) (10.4.10) 


simply means that we have exchanged the Fock spaces of strings 1 and 2 
for string 3, such that the points along 1 and 2 have been identified with 
points along string 3. In analogy with Eq. (10.2.19) in the light cone theory, 
we will define the triple product (without ghosts) as a delta function: 
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Px Px G = / DX, DX DX3 &(X,)®(X2)O(X3) 


3 
% I] I] 5[Xr,u(or) SVG = or—1)| tes 


Tl Ona. <1 /2 


(10.4.11) 


Fig. 10.4. 


Let us now write the ghost number for all the operators in the theory. 
The c ghost has ghost number 1, the b ghost has ghost number -1, so that 
Q has Meer number 1. This, in turn, fixes the ghost number of the A field 
to be —$, since the action contains a term (A|Q|A), which must have total 
ghost number 0. 

The ghost number of the gauge parameter A and the * operation can 
be fixed by observing the variation of the A field in Eq. (10.4.5). In order 
for the left-hand side (with ghost number —3) to equal pe ghost number 
of the right-hand side, the ghost number of A must be -3 and the ghost 
number of the « operation must be +3. 

Similarly, we can fix the ghost aUtaner of the { operation by demanding 
that the action have total ghost number zero. Putting everything together, 
we have the following set of ghost numbers [2]: 


& 1 * a 
lag =i : = 
Ow / [< (10.4.12) 
il 
2, 


To enforce these ghost numbers poses no problem. On the A field, this 
means taking all possible sums of monomials constructed out of tae c and 
5 oscillators acting on the vacuum and then projecting out the —4 5 ghost 
number part. 
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More difficult is the * operation. In addition to the Dirac delta func- 
tional for the X,, in Eq. (10.4.11), we must also include the ghost part as 
well. The major complication (which becomes more severe as we progress 
to the superstring) is that there must be ghost insertion operators placed 
at the midpoint of the vertex function. This is because there is an anomaly 
in the ghost current. 

There are two ways to correct for this, depending on whether we 
bosonize the ghost fields or not. If we bosonize the ghosts, we must note 
that the energy-momentum tensor for the bosonized field has a screening 
charge. To see this, let us bosonize the b,c ghost system with a weight 0 
field o, with 

C= ee, be ee ¢ (10.4.13) 


Let us calculate the energy-momentum tensor for this field, repeating 
our earlier discussion in Eqs. (3.1.29)-(3.1.33). We have: 


1 
VO) = — 500 00 +k Ao (10.4.14) 


and we take its operator expansion product to calculate its central charge: 


2 
1 eee ee 1+ 12k? 
So, the central charge is: 
C= i pilk (10.4.16) 
The central charge for the b,c system is —26, so we have k? = —%. 


This gives us an imaginary value of k,'which we can rectify by reversing the 
overall sign of the kinetic energy term. Thus, the final energy momentum 
tensor is: 


jg@) = +5 Oo 00 + : ao (10.4.17) 


We have a linear term in the energy-momentum tensor for the ghost field. 
This, in turn, means that the action itself, in terms of the bosonized field, 
must contain a linear term as well. Because we will be concerned with 
world sheets that have curvature singularities in them at the points where 
strings break, we will need the fully generally covariant generalization of 
this formalism. The full energy-momentum tensor of the bosonized ghost 
system, with general covariance put back in, is: 


Tar = ae O40 + Gave) — ~ (Ba 84 — gas 0?)o (10.4.18) 


Our next task is to calculate the action that yields this energy- 
momentum tensor 7T,,, via the definition: 


5s = ; / PE 5g? Tap (10.4.19) 
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The final action is not too difficult to find. We recall from general 
relativity how to take the variation of the curvature tensor: 


g | tegn=— f aesa[(0e5~ amn0%)o} +--- (00.420) 
Therefore, our final result for the action is given by [20]: 


— xf we g?? go Oyo + et E jee Gia / dl ko| (10.4.21) 
an Qn | 2 a 
where we have explicitly added the contribution from the boundary surface 
0 and where k is the extrinsic geodesic curvature of the boundary and dl is 
the line element along this boundary. 
If o is a constant, then this reduces to the Euler number of the surface: 


X= i [5 [eons fa ka| (10.4.22) 
Die || 2 8 


The point of going through this exercise is that the curvature R is zero 
for most of the surface. However, for the breaking point of three strings, 
R has a delta function singularity, and the Euler number is equal to —4. 
Thus, for a self-consistent ghost system, we must insert an extra factor [2]: 


eae (10.4.23) 


into the vertex function precisely at the midpoint. Then, the rest of the 
ghost part of the vertex function is a Dirac delta functional, just as for 
the string variable, representing the continuity across the vertex. The mod- 
ification of Eq. (10.4.11) therefore involves inserting Eq. (10.4.23) at the 
midpoint and multiplying by the Dirac delta functional for the o field (in 
analogy with the three strings). A careful analysis of the resulting vertex 
function shows that it satisfies the correct properties of multiplication and 
that we can successfully reproduce the Veneziano model [21-14]. 


10.5. Four-Point Amplitude 


We now begin a discussion of constructing the four-point Veneziano am- 
plitude in Witten’s string field theory. The four-point scattering amplitude 
will have the geometry as shown in Fig. 10.5. We wish to show that the 
scattering amplitude given by the field theory: 


oo 
Aa(s,t) = [ dr (Vi25|boe 79) |Va34) + (8 <> t) (10.5.1) 
0 
gives us back the familiar Veneziano formula. (Note the insertion of the 


factor bo in the propagator, which arises when we choose the bb) = 0 
gauge.) 
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In order to perform this calculation, we need several ingredients, in- 
cluding: 


1. the conformal map taking us from the upper half plane to the world 
sheet of the string scattering, 

2. the Jacobian of the transformation from 7 to the string world sheet to 
x of the Koba-—Nielsen variables, and 

3. the ghost contribution. 


Fig, 10.5. 


First, let us calculate the conformal map, which will take us from the 
upper half plane to the configuration shown in Fig. 10.5. In contrast to 
the light cone gauge, we need a conformal map that has a Riemann cut, 
as in the case of the three-vertex function. Using the Schwarz-Christoffel 
transformation, we find that the following map has the desired properties 


[20 


336 Chapter 10. String Field Theory 
day a yee Nee (10.5.2) 
1D (ee 
where the Riemann cut goes from i|y| to —i|y| and from +7|6| to -too, as 
shown in the figure. 


Now, let us place boundary conditions on the map so that all external 
strings have equal string lengths. 


1. In order that the strip width at A equal that at B, we demand: 
aB = 76 (10.5.3) 


2. The strip width at A must be a. This gives: 


ae > — z (10.5.4) 
dz z—a@ 
which gives us the normalization of N: 
Ee 
N =20 is (10.5.5) 


Jat + 72 fa? + 62 


3. The segment FE has half the length of the strip at A. This condition 
is a bit more difficult, because it requires us to actually perform the 
integration from (0,77) to (27,76). 

The integral in question requires the theory of first and third elliptic 
integrals. For example, we have the standard definition of a first elliptic 
integral: 


[ dt _ i d6 
ey et re iy a ere 


(10.5.6) 
= i, du=u =sn (yk) =FO¢,k) - 


where y = sing and ¢ = am uy. 
The first complete elliptic integral is given by the definite integral: 


ae d6 : 

K(k) =| ee eee eee ki’? =1—k? (10.5.7 
0 1 — k? sin? 6 = ( 

The-integral of Eq. (10.5.2) for boundary values in (3.) is given by: 


a a oo - pe _ 
2 OE Se Eis 


: | ra (10.5.8) 
1—n?sn2(k,u) 1—nesn2(k,u) 


where: 
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ee ee 2 
Th cis B ae 6 ; 2 k 
uh = §2 8? 4 92? Ne op (10.5.9) 
Performing the integral, the condition reduces to: 
1 
ae Ao(@1, k) — Ao (62, k) (10.5.10) 
where: 
2 2 
9 4. See : oD Os 
sin a; => B24 72? sim A> = eres (10.5.11) 


and where Ag is Heuman’s lambda function given by: 
2 
Ao(8,k) = —[E(k)F(G, k’) + K(k) E(6, k’) — K(k) F(G,k')] (10.5.12) 


The segment DE has length 7. Once again, we must perform the inte- 
gral of Eq. (10.5.2), which yields: 


7/2 = K(k’)[Z(@o, k’) — Z(01,k’)] (10.5.13) 
and the Jacobi Zeta function is given by: 
Z (6, k) = (6, k) — (E/K)F(6,k) (10.5.14) 


We would also like the explicit relationship between the parameters 
in the map and z, the Koba—Nielsen variable that will appear in the 
Veneziano formula. We find: : 


c= € = <;) (10.5.15) 


Also, we want the Jacobian that takes us from dr, defined on the string 
world sheet describing four-string scattering, and the parameters of the 
upper half plane. An explicit calculation gives us: 


ee. (10.5.16) 


G2) /lemaze aaa 


Last, we must add the contribution of the ghosts. Let e~**+ represent 
the bosonized ghost contribution coming from the b ghosts. We find 
that the ghost part of the amplitude Aq is given by: 


Nee | pa Oe r Dd (dA) 04) + D ()b4(2)) 


e 

(10.5.17) 

It is easy to evaluate the contraction over these ghost fields. They are 
given by: 
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(O(j)4(K)) = —5 (In |zj — ze] + Im [25 — 2) 


1 (10.5.18) 
(9(9)b4(2)) = — 5 [In(zj — 2) + Ines - z)| 
Thus, the ghost contribution is given by: 
dz dz i 
om epee (10.5.19) 


. i = Vo +? V/1 + 0? 4?(1 — a*)a~? K(7”) 
vis 


Now, let us put all factors together. Notice that the (77) factor com- 
ing from the ghost cancels precisely the same factor coming from the Ja- 
cobian. In fact, once the contribution from the string itself is included, we 
have the final form of the s-channel graph [21]: 


i<k (10.5.20) 


When we add the t-channel contribution, the line integral goes from 0 to 
1, and we retrieve the four-string Veneziano amplitude [Eq. (1.3.8)], as 
promised. 


10.6. Superstring Field Theory 


Buoyed by the relatively easy successes of the bosonic open string field 
theory, we now wish to generalize our discussion to the case of NS-R su- 
perstring field theory. Unfortunately, the ease with which the bosonic open 
string field theory was constructed rapidly disappears when we begin to 
generalize our discussion to the case of superstrings. Let us review the NS— 
R superstring theory and isolate where the problem lies. 

We saw earlier that the NS-R theory has, in addition to the usual 
fermionic b,c ghost system, a bosonic ghost system (3,¥7 in Eq. (1.4.19). 
The complication arises when we analyze the zero modes of these ghost 
operators. For the sake of convenience, let us combine both sets of ghosts 
into one set b and c, such that ghost Lagrangian becomes [26]: 


1 a 
[= _ | @zbae a. (10.6.1) 


ne 


where the b field has conformal weight \ and the c field has conformal 
weight 1 — A. 
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Then, the energy-momentum tensor is: 
T(z) = —Abdc + (1—A)dbe (10.6.2) 
where we have the normal mode decomposition: 


b(z) = yy oa ore 


n€6—rA+Z 


oe) = a Ee ee 


n€6+rA+Z 


(10.6.3) 


where 6 = 0 for NS and 6 = 1/2 for R boundary conditions. 
For the b,c system, we have \ = 2, and for the G,7 system, we have 
= 3. The ghost number current can be written as: 


j(z) = —be = Dee 


(10.6.4) 
Jn = ~ ECn—_~ Dz 
k 
where € = +1 for Fermi statistics and « = —1 for Bose statistics. 
Alternatively, we can form the ghost: superfields: 
Bo) = 6b 
(2) = Ble) + 6b(2) ales) 
O(z) = e(z) + 0¥(z) 
and the ghost action can be written down as: 
1 ae 
S=— [aed dd BDC +c.c. (10.6.6) 
T 
and the ghost energy momentum is: 
1 a 
T(z) =-COB+ 5 DC DB ao OC B (10.6.7) 
which can be decomposed as: 
a th 
Tr(z) = —c 0B — 50¢8 cee te 
1 i 3 (10.6.8) 
Ta(z) = c0b+20cb — 5798 — 5078 
The BRST current can be written as 
3 
Jarst = DC(C DB - qve B) (10.6.9) 


The problem arises when we try to define the ground state of the theory. 
For example, we have the freedom of defining several possible ground states: 
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bald — 0, eg 


(10.6.10) 
calc) =U n>—eqt+ 


where: . 
jola) = ala) 


Lo|q) = 5ea(@ + @)|q) 


where Q@ = e(1 — 2A) and X = 4(1 — «Q). For the 6,c system, we have 
6 =1,\ =2, Q = —3, and the central term ¢ = —26. For the 8,7 system, 
we have « = —1, A = 3, Q = 2, and c = 11. This is indeed puzzling 
because, in contrast to the usual Fock space associated with the bosonic 
string oscillators a,, we apparently have the disaster of having an infinite 
set of different vacuums, each labeled by ¢! 

For the bosonic string with its Fermi ghosts b, c, the situation is actually 
simple to analyze. By multiplying with various monomials in the oscillators, 
it is possible to show that the various |g) vacuums are actually redundant. 
We recall for the boscnic ghost system that we had two zero mode oscillators 
co and bg, which meant that the vacuum state was degenerate: 


co|+) — 0; bo|—) = (7 
Ae) = all>) 


(10.6.11) 


(10.6.12) 


We notice that there are two vacuums |+) that are related to each other 
by the multiplication of a monomial. 
Now, we can compare the old vacuums with the new ones. We find: 


W@=N)=[-), la=2=1) (10.6.13) 


We can calculate the scalar product between these vacuums by noticing 
that we can place jo between the scalar product of any two states. The 
values of the eigenvalues of jo change on (q| states. This is because we have 

the strange identity: 
i}, = —J—-m — Q6m,o (10.6.14) 
It is now easy to show that the only surviving nonzero scalar product 

is: 

(=e —c\g —0 (10.6.15) 
This means: . 
(2 eal (10.6.16) 
This also means that the other vacuums |g) are actually not independent 


vacuums at all. For example, the vacuums |0) can be written as the product 
of a monomial and the “true” vacuum: 


|0) =b_a|1), 0) = b_4b9{2) (10.6.17) 


Similarly, other “vacuums” can be written in terms of the vacuums 


|+): 
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|4) = Caiie=|2) = coce—1C—2|1) 
|3) = €-3|2) = ege_4|1) (10.6.18) 
| — 1) = b_1b_2|1) = bob_1b_2|2) 
Thus, we can always take the “true vacuum” to be |—), although this choice 
is not unique. 

For the Bose sector, generated by the 3, y ghosts, the situation is much 
more difficult. We find, in fact, that the |q) are actually linearly independent 
and that no combination of monomials constructed from the oscillators can 
convert one vacuum into another. This means that the 6,7 ghost sector of 
the NS—R superstring has an infinite number of vacuums! 

However, the “vacuums” that come closest to the usual definition of 
vacuums can be defined in the NS sector as |g = —1) and in the R sector 
as either |g = —4) or |q = —3). This is because, for the NS sector, we have 
(for half-integer m,n): 

Bm| — 1) = 9; m > 5 
NS: (10.6.19) 
Yn| — 1) = 0; n2 5 


Because these states act on the |—1) vacuum, we will call this the “—1 
picture.” For the R sector, we have (for integral m,n): 


Bm| — 5) = 0; pa) 


(10.6.20) 
In| = 5) = 0; n> 
and 
(Bml|—3y=0; m2] 
R: (10.6.21) 
lesan: n>1 
Their scalar product are as follows: 
Ks —S)=1, (-l]-1)=1 (10.6.22) 


However, we also note that we could equally have taken the “zero picture” 
for the NS states based on the vacuum |q = 0). For the zero picture, we 


have: z 
Gr), 1 ads 
NS: (10.6.23) 
Yn {0}; ee : 

The existence of an infinite number of linearly independent vacuums 
for the Bose G,y ghost sector at first seems like a disaster. However, there 
is a simple resolution for all of this. It is possible to show, on-shell that all 
these vacuums are actually equivalent. We will call these different sectors 
of the theory different pictures, and we can show that, on-shell, all pictures 
are equivalent. 
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10.7. Picture Changing 


The simplest way of showing this is to bosonize the 8,7 system. At first, 
this may seem a bit strange, since 6, y are already bosons, but we can write 
them as the product of two fermions and then bosonize these fermions. This 
can be implemented by the following definitions [25]: 


Baer, y=en (10.7.1) 
Or: 
n= Open, Of caer (10.7.2) 


where we have written the bosons as the product of two fermions. We can 
then, in turn, bosonize once more: 


E=eE*, (ae. (10.7.3) 


At first, this strange bosonization may seem formal and a bit useless. 
But, there are several advantages to this bosonization. First, we can use 
this bosonization to interpolate between the NS and R sectors. Second, we 
can use this to create a fermion vertex function. Third, it will enable us to 
write a “picture changing” operator, which can be used to show that the S 
matrix is independent of the picture we use [26]. 

Notice that, in this formalism: 


J(z) = €O9(z) (10.7.4) 


with the operator product expansion: 


j(z)e?™) ~ 1 g06lu) (10.7.5) 


ve —— 1h) 


and z 
il 
IC ee GAME 56g + Q)(z — w)? + (z-w)*y] e?™ (10.7.6) 
This means that e?? has conformal weight given by: 


509 + Q) (0577) 


Because the states |g) can be defined via their Lo and j eigenvalues and 
because multiplication by e?? can change these eigenvalues, we conclude 
that multiplication by e?% can actually change the eigenvalue q: 


e7#(0)10) = |g) (10.7.8) 


This is a rather remarkable formula. We saw in previous chapters that the 
NS and R sectors were based on distinct Fock spaces. Now, we see that 
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multiplication by e?? can actually change NS vacuums into R vacuums and 
vice versa. 

Now, we would like to rigorize some of these comments concerning 
picture changing. This analysis will be greatly facilitated by the introduc- 
tion of several important operators. First, there is the “picture changing 
operator,” which allows us to go from one picture to another: 


X(z) = {Q, &(z)} 


= seu O, e076 6 O27 — 7b One? = 7 de(bne”*) 
(10.7.9) 
which raises the total ghost number by one and has zero conformal weight 
(and hence may be multiplied with any vertex function without changing 
its conformal weight). 

Notice that X is automatically BRST invariant because it is written 
explicitly as a BRST commutator. (However, we should be careful to note 
that X is not, therefore, BRST trivial. Notice that € is not part of the usual 
Fock space of operators that we have defined, since Eq. (10.7.1) is defined 
only with 0€. Thus, although X is written as a BRST commutator, it is 
not BRST trivial because € is part of a “big algebra” and not part of the 
“small algebra,” which consists of the usual Fock space of operators.) 

This opcrator can also be written as the BRST commutator of a step 
function 0((): 


X(z) = {Q, 0[G{z)]} (10.7.10) 


Once again, we see that X is BRST invariant because it is a BRST 
commutator, but it is not BRST trivial because we have introduced a new 
operator, the step function @, which is not part of the usual small algebra 
of ordinary operators. 

There is also the “inverse picture changing operator” 


Y(z) =4c0,€e~*? (10.7.11) 


which performs the opposite function of X(z), that is, it reduces the ghost 
number by one and also has zero conformal weight. The Y inverse picture 
changing operator can also be written as a Dirac delta function: 


Y (z) = —e(z)6"[y(z)] (10,712) 
Formally, X and Y are inverses because: 


lim X(z)Y(w) ~ 1 (OND reals) 
Zw 
Extreme care, however, must be exercised whenever using products of these 
operators, since they are potentially ill defined, especially when taken at the 
same point. For example, products of these operators are actually infinite 
when taken at the sanie point: 
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jim X(z)X(w) ~ co (10.7.14) 
Products of these picture changing operators are actually only well 
defined on-shell on the physical Fock space, that is, on the cohomology 
class of Q. Products of these operators at the same point still diverge, but 
the divergence is outside the cohomology class of Q. Thus, if we restrict 
all of our manipulations within the cohomology class of Q (the physical 
subspace), then these operators are well defined. 
To see this, we shall introduce the operators: 


iXge f AO, 


7 
10.7.15 
§ dz Y(@) ( ) 
>Yo:=:9— : 
2 
The key identity we want is: 
: Xo :": Yo :"~ 14 [Q, | (10.7.16) 


where € is some operator. Because we restrict all of our comments to the 
cohomology class of Q, we can drop the second term (which may be infinite), 
meaning that we have an infinite number of picture changing operators and 
their inverses. On-shell, however, all these pictures are equivalent. To go 
between any of the various pictures (on-shell), one simply multiplies by 
DAG Ong 

For completeness, we list some more identities involving the ghost op- 


erators: 
n(z) = 2 076[7(z)] 
e~* = 8[4(z)| (10.7.17) 
ef = 6[6(2)] 


which can be proven by showing that the left and right side of the equations 
have the same operator product expansions. 
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Now, let us apply this technology to the superstring action. Let us first 
work in the “—1 picture,” where the A field has ghost number —% as usual, 
and the w field has ghost number zero. 

The only complication we have in counting ghost numbers is the vertex 
function. If we bosonize all the ghosts, then there are three ghost contri- 
butions, given by o,@¢, and x. We can proceed as before, calculating their 
contributions to the energy-momentum tensor and then extrapolating back 
to obtain the final action. Repeating the same steps as for the bosonic ghost, 
we find: 
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1 
S=5- / dE g°” (Oax dex — Jad nd) 
a (10.8.1) 
tae [Ef Perit 26) + faeces 28) 


From this, knowing that the curvature tensor R is zero except at the 
midpoint of three strings, we can read off the ghost contribution at the 
midpoint: 

etbtix/2 (10.8.2) 


Including the ghost contribution from a, this gives us a total ghost number 
of ‘ for a new vertex *. This ghost number, however, causes some technical 
problems with regard to the counting. We can, for example, postulate the 
following variation of fields: 


6A=QA+X(AxA-A* A) +V%x- XV 


(10.8.3) 
60 =Qx + Axx -x* A+X(W*A-AxV) 


Notice that, in order to get the ghost numbers correct, we had to insert a 
new operator X at the midpoint. This operator has ghost number +1 and 
conformal weight 0. Fortunately, such an operator does exist, and it is the 
picture changing operator we met before. 

Similarly, there is now a problem with getting the ghost number of 
the free fermions to come out correctly. Naively, the net ghost number of 
{ ¥ * QW equals +1, so we have to insert yet another operator with ghost 
number -1 at the midpoint. The most likely choice is the inverse picture 
changing operator Y_;. The ghost numbers are: 


i! | 1 
goat ye 5 
1 Nee 32 
AG: "95 ; oe FE (10.8.4) 
es Mg 1 
fae : Wes —1 


With this choice of ghost numbers, the action in the —1 picture be- 
comes [27]: 


1 
saz f AsQats | X(A+aea) 
+5 [ vawxqus [Aven 


It is easy to check that the action is invariant under the postulated trans- 
formations. 

At first, we seem to have a self-consistent field theory with a new 
supergauge invariance. However, this is not true. There is a fundamental 
flaw in the above action, the Wendt anomaly [28]. 


(10.8.5) 
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The problem arises because the picture changing operator X, defined 
at the same point, diverges: 
lim X(z)X(w) ~ co (10.8.6) 
ZIwW 
This divergence does not appear in the action, or in the gauge variation 
of the action, but it appears everywhere else, that is, in the amplitudes, the 
closure of the algebra, and the variation of the equations of motion [28]. 
For example, when calculating the bosonic four-string interaction, we are 
led to construct propagators such as: 


bo 


xX 
Io-1 


oe (10.8.7) 


which are inserted between two vertex functions. By commuting the X 
past the propagator, we find that we can cancel the 1/(Lo — 1) term, in 
which case the two picture changing operators appear on top of each other. 
Similarly, by taking the multiple gauge variation of the fields, we find that 
the X’s appear on top of each other. To remedy the situation, we will go to 
the “O picture” [29, 30], in which case the only changes in the ghost number 
are: 
1 1 

gh(A) > +53 gh(A) > = (10.8.8) 

All other ghost numbers remain the same. In the 0 picture, the new varia- 


tions are: 


6A=QA+A*A-A*A+XWex—-xX*V) 


10.8. 
6W =QX + A*X-KX* AVX A-AsD ne) 


Notice that if we take multiple variations of the fields or if we vary the 
equations of motion we never have the problem with X?. The new action 
in the 0 picture is [29, 30]: : 


1 1 
So=5 f YodxQats | ¥aAeAwA 
: (10.8.10) 


1 
+5/ Yaw «Qu + | Y1A*xWV ew 


The important point is that the collision of two X’s does not occur in the 
0 picture: 

To see this, let us make a gauge variation of the equations of motion 
to see if any divergent operators occur. The equations of motion are: 


QA+AxA+X(Wx«W) =0 


QU +A*xUV+UxA=0 (10.8.11) 


A gauge variation of these equations yields: 
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6(QA+ Ax A+ X(U*D)] =(QA+ Ax A+ X(WxW), Al 
+ X(QU+AxV+WU%A,y| 
5(QU+AxUW+Wx A) =(QU+A*V4+V% A, Al 
+(QA+A*A+X(U*W), x] 


(10.8.12) 


In fact, the only potentially singular operator identity we have when we 
iterate the gauge transformation is 


Wax = ¥4 (10.8.13) 


To complete the zero picture, we need to construct an explicit operator 
expression for Y_2, which satisfies the above equation. There are actually 
several possibilities [29, 30]. The simplest uses a trick introduced in Ref. 
31, that is, we introduce operators defined in the lower half complex plane: 


Y_2 = Y(i)Y(-i) (10.8.14) 


where 7 represents the intersection midpoint of the string, and —i symbol- 
ically represents the point with opposite chirality (that is, it exists in the 
lower half plane). Because the point —i never meets the point i (because 
they are on opposite sides of the real axis), there is never any problem with 
divergent operator expansions. 

However, this is not the only possibility. We can, for example, write all 
possible operators that are BRST invariant (but not BRST trivial), have the 
correct ghost number, and obey the previous expression. There are 15 pos- 
sible operators that have the correct ghost and picture constraints. When 
we demand BRST invariance, this list’ reduces to 5 possible operators (and 
linear combinations of them), which then satisfy all possible constraints. 

At this point, it appears that we have too many possible candidates 
for the operator Y_2 which have all the desired characteristics. Fortunately, 
one can show that all 6 possibilities of y%) (and their combinations) are 
BRST equivalent to the original Y_2, that is, 


YY =Y¥_54+{Q,y} (10.8.15) 


for some operator y“). 

In summary, we have now constructed a large class of open superstring 
field theories, each represented by a particular choice of y®, but all of them 
on-shell equivalent. Thus, the on-shell theory, which is the only physically 
relevant theory, is unique. 
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10.9. Summary 


The first quantized approach suffers from many probiems, including the 

following. 

1. Millions of possible vacuums are known, but the first quantized theory 
cannot choose which, if any, is the correct vacuum. 

2. The first quantized theory cannot break supersymmetry, spontaneously 
compactify from 10 to 4 dimensions, or give us a completely successful 
low-energy phenomenology. 

3. The first quantized approach may not be Borel summable. 

The first quantized approach is not manifestly unitary. 

5. Last, the first quantized path integral is not well defined, because the 
sum over conformally inequivalent surfaces is a classical, unsolved prob- 
lem in Riemann surface theory. — 


= 


Within the last few years, three explicit triangulations of moduli space 
have been discovered, two of them arising from string field theory: 


1. light cone coordinates, found in the light cone string field theory; 

2. Harer coordinates, used in Witten’s string field theory; and 

3. Penner coordinates, which cannot, as yet, be written as a string field 
theory. 


String field theory is the most promising comprehensive method of for- 
mulating string theory nonperturbatively (although it still cannot compute 
the correct nonperturbative vacuum). String field theory is based on defin- 
ing a multilocal field functional simultaneously defined at all points along 
the string: 


9(X) = lim $[X,(01)--- X,(on)] (10.9.1) 


The simplest string field theory is the light cone theory, which begins 
by solving the Virasoro constraints: 
Ae 
Pi+—~=0, P,X’*=0 (10.9.2) 


In the light cone gauge, P~ becomes the new Hamiltonian: 


a 
H= i dare =e =| dle || ae dk = (10.9.3) 


so that the free action reads: 
4 ap pt \<x4 q 5 pt (X;) (10. A) 


To compute interactions, we first use the conformal map between the 
upper half z plane and the string surface: 
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N 
pe De a, In(z — z;) (10.9.5) 


Given all possible maps that one can define in this fashion, we find that 
the structure of light cone string field theory can be symbolically written 
as follows, for open (closed ) string fields represented by &(W): 


Lopen = © + 014+ 679 + 03 + HO 
: (10.9.6) 
Lclosed = 


By contrast, the covariant BRST open string field theory is based on 
the simple observation that Q is nilpotent. Thus, the action: 


Cie / DX Db Dc Db Dé QE (10.9.7) 


where ® has the fixed ghost number —3, is invariant under: 
66=QA (10.9.8) 


The equation of motion Q&é = 0 yields the correct Fock space for the 
string. If we take the gauge: 


bo|®) = 0 (10.9.9) 


then the Faddeev—Popov ghosts have ghosts. In fact, we have an infinite 
sequence of “ghosts-for-ghosts” whose quantization can be best described 
by the Batalin-Vilkovisky (BV) quantization in Appendix 1: The net effect 
of all these Faddeev-Popev ghosts is simple: we simply relax the ghost 
number on @ to include all possible ghost numbers, with the action: 


L = (®(X,b,c)\(LX + 18" — 1)|(X, b, c)) (10.9.10) 


The fully interacting open string field theory can be written in exact 
parallel with the postulates of ordinary gauge theory: 


1. the existence of the nilpotent derivative Q such that Q? = 0; 
2. the associativity of the * product: 


[A+ Ble#C=Ax|(B+C] (10.9.11) 
3. the Leibnitz rule: 
Q[A« B]) =QA*B+(-1)4l4* QB (10.9.12) 


4. the product rule: 
[ass (-1)4l8l [Bx A (10.9.13) 


5. the integration rule: 
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[aa =0 (10.9.14) 


where (—1)!4! is -1 if A is Grassman odd and +1 if it is Grassmann 
even. 


We postulate that the field A has the following transformation rule: 
6A=QA+AxA-—A*¥A (10.9.15) 


So, the Chern—Simons form is gauge invariant: 
; 2 
L=AxQA+ ZA Axa (10.9.16) 


The * multiplication rule is carried out via the Dirac delta function. The 
bosonic vertex (without ghosts) is given by: 


/ DEG DOG IDE ACG) HUG) SCE) 


= [ex DX2 DX3 O(X1)P(X2)B(X3) (10.9.17) 


x Il I] 6|X7u(or) — Xr-1 pla — oi) 


r=1 0<o,<mn/2 


The ghost part of the vertex function is a bit more tricky. The 6,c 
system can be bosonized in terms of a scalar field o,.which has the action: 


2 1 ps st jl f 
s= = fe £g Oa9 Ope + > 5 fe caR+ [ dtko (10.9.18) 


Notice that if the world sheet of the interacting string is flat, there are 
delta function curvature singularities at isolated points (the midpoints). 
This contributes a factor: 

ee (10.9.19) 


at the midpoint of three strings. Thus, the * multiplication rule must have 
a ghost insertion of 3 ghost number at the midpoint. This, then, gives us 
the ghost numbers for all fields and operators: 


@e il 
fo RID 
lye = il / 
Sogn / , 3/2 (10.9.20) 
A: ad A: —3/2 
a 


We can also show that the BRST theory reproduces the four-string 
scattering amplitude: 
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Aa(s,t) = i dr (Vi25|boe~7\“9-)) |Vsa4) 4F (s << t) (10.9.21) 
' 0 


The conformal map that takes us from the upper half z plane to the 
w plane of the interacting strings is: 


dw NV#t+PV2+8 


fe 9 Peal (10.9.22) 


Then, it is straightforward to calculate the Jacobian taking us from 7 de- 
fined on the world sheet to x, the Koba-Nielsen variable. We find: 


2 d 
[eee en eee (10.9.23) 


K (7?) / ail ay? a2 aL. “y 


Then, the ghost contribution can be written as: 


Ag= | = = exp |-Y (6G) 4H) +O (6W)4))|  40.9.24) 


27ri dw 
j<k 


so that the final result is: 


i<k (10.9.25) 


which gives us the Veneziano model when we add the contribution from the 
other channel. 

The superstring field theory, however, is more involved. We start with 
the 8,7 ghost action, which can be written as: 


—— pe bdc + c.c. (10.9.26) 


qT 


where the b field has conformal weight \ and the c field has conformal 
weight 1 — A. Then, the energy-momentum tensor is: 


T(z) = —Abdc + (1 — A)Obe (10.9.27) 
where we have the normal mode decomposition: 


biz) — S ye leh 


ne€6—A+Z 


c(z) = Se De Cs 


n€6+A+Z 


(10.9.28) 


For the b,c system, we have = 2, and for the §, 7 system, we have A= 3. 
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The problem is that there are an infinite number of degenerate vacuums 
for the 3, system: 


b;|¢) = 0; = C= 


(10.9.29) 
Crig = 0; n>—eq+A 


where: 
Jolq) = fy 
Lo|q) = 5<(2 + 4)la) 


where Q = e(1 — 2A) and aS 3(1— «Q). For example, for the —1 picture, 
we have: 


(10.9.30) 


Bm| — 1) = 9; m2 
NS: ; (10.9.31) 
Ym|-1)=0; n25 
Because these states act on the | — 1) vacuum, we will call this the —1 
picture. 
We can bosonize these ghosts by a trick. First, we break up each boson 
into the product of two fermions, and we bosonize each fermion: 


p=e%dt, y=ee (10.9.32) 
or: 
n=Oye®, Od =OfBe% (10.9.33) 


This gives us the possibility of writing two new operators, the picture chang- 
ing operator X and the inverse picture changing operator Y: 
X(z) = {Q, €(z)} 
_1¢ LOOX Fa) Le ee ap _ 1 2g 
5s wer Or pore’ EG 4 z1) 0 dene q Oz(bne ) 
(10.9.34) 
and: 
VG —Aeoece (10.9.35) 
In the original —1 picture, there was the problem of X? = oo appearing 
in the amplitudes, as well as in the iteration of the gauge invariance. To 
solve this problem, we go to the 0 picture where the action is: 


it Ils ‘ 
s=5/ YoAxQa+ 5 f YA A 


2 (10.9.36) 
+5 / Yaw xQu+ | NIP 


This hinges upon developing a new operator, Y_2, with the property: 


YX =Y_y (10.9.37) 


One candidate for this is: 


References S35) 


¥_2 = Y(i)Y(-1) (10.9.38) 


There are actually many possible solutions to the above equation, but all 
of them are on-shell equivalent. Thus, in the 0 picture, the theory seems to 
be free of any anomalies. 
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Chapter 11 


Nonpolynomial String Field Theory 


11.1. Four-String Interaction 


String field theory, so far, has been relatively clean and simple. For example, 
the light cone string field theory for closed strings [1] was purely cubic, 
yet it successfully reproduced the highly nonlinear theory of Einstein. The 
covariant version of the open string field theory [2] was even simpler, being 
just a Chern—Simons term. 

The covariant closed string theory, however, is where the real physics 
lies. The heterotic string, the most physical of all the string theories, is 
necessarily a closed string theory. However, the generalization of Ref. 2 
to the covariant closed string case has proven to be unexpectedly difficult. 
Several groups have attempted to generalize the midpoint-type interactions 
to the closed string case [3, 4]. In Fig. 11.1, we see the symmetric three- 
string vertex (which has the geometry of a cookie cutter). 

This symmetric configuration of three closed strings has caused consid- 
erable confusion in the literature, with several claims that this three-string 
cubic interaction is sufficient to yield a successful closed string theory field. 
However, this cubic interaction fails to reproduce the amplitudes of string 
theory. Higher interactions, in fact, are required to yield a successful theory. 
The correct approach is to formulate a nonpolynomial action for the closed 
string field theory. The nonpolynomial action was developed by Kaku [5, 6] 
and also by the Kyoto/MIT group [7]. It is easy to see, using pictures alone, 
that this interaction is not gauge invariant and that it does not reproduce 
the usual Shapiro~Virasoro amplitude [8, 9]. 

The symmetric configuration cannot be gauge invariant because the 
midpoint of four or more closed strings is no longer a common point. To 
see this, let us return to the case of open strings. If we make successive 
gauge variations of the string field, we find that all strings share a common 
point, the midpoint. The common boundary between adjacent strings is 
always 7/2. Products of these strings are therefore associative. Thus, the 
transformation 66 = A+—@x A creates a series of terms that cancel each 
other, because the minus sign coming from one graph cancels the plus sign 
coming from another graph. 
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Od 


Fig. 11.1. 


For N closed strings, however, this is no longer the case. The reason 
for this is that the string field must be multiplied by the factor: 


270 
P= / d@ et(Lo— Lo)? GLI 
0 


which rotates the string, guaranteeing that the origin of the closed string 
is not a special point. if we now apply this gauge transformation on the 
closed string, we arrive at terms like: 


6L~ GxGx(P@xA)+--: Cie?) 


where the string in parentheses is rotated by an angle @ from the other two 
strings. Thus, the midpoint is no longer a common point among the four 
strings, and cancellations do not occur. 

In particular, associativity is violated if we insist on keeping the pa- 
rameterization length of all closed strings equal to 27. For example, in the 
product (A x B) x C, we see that the common boundary between string 
A and B must be 7, but that string C may rotate at any angle with re- 
spect to the product Ax B and, hence, may have a variable boundary with 
strings A and B. However, in the product A x (Bx C), we find that A and 
B no longer share a common boundary of x, but that strings B and C 
do. Therefore, the product is not associative, and it is impossible to get a 
cancellation between these two terms when we make a gauge variation of 
the fields. The beautiful axioms of cohomology in Eqs. (10.4.1)-(10.4.4) are 
clearly violated for closed strings. 
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The cubic interaction is also incorrect because it does not properly 
reproduce the Shapiro—Virasoro amplitude. To see this, let us return to the 
case of open string scattering. Let us imagine that two strings come in from 
the left, as in Fig. 11.2a, and that two other strings come in from the right. 
This graph is part of the s-channel interaction. These two sets of cookie 
cutters collide and then rescatter back to the left and right. In Fig. 11.2b, 
we see the configuration for t-channel scattering, where two pairs of strings 
come in from the top and bottom. The two cookie cutters also collide and 
rescatter to the top and bottom. 


Fig. 11.2, 


Notice that the s-channel configuration can instantly be deformed into 
the t-channel configuration because, at the instant of collision, they have 
the same geometry. By adding the s- and t-channel graphs, we find that 
we can fill up the entire region of integration for the Veneziano amplitude. 
Thus, the s-channel graph occupies the region from 0 to $ in Eq. (10.5.20), 
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the t-channel graph occupies the region from 4 to 1, and the instantaneous 
deformation of four strings takes place at the very center, at x = t (This is 
in contrast to the light cone case, shown in Fig. 11.2c and 11.2d, where the 
t- and u-channel scattering graphs have a totally different geometry and 
hence cannot bé smoothly connected without adding a new interaction, the 
four-string interaction. In fact, we find a finite region of moduli space along 
the z axis that is missing if we only have three-string light cone interactions 
in the action. This is, in fact, how the four-string interaction was discovered 
in Ref. 1.) 

Notice that for four closed strings, this argument no longer holds (10, 
11]. Imagine two closed strings coming in from the left, as in Fig. 11.3a, 
meeting two other closed strings coming in from the right, such that they 
are at a relative twist of angle 6 = 0. This is the s-channel contribution. 
Notice that, for this angle, the four closed strings can instantly rearrange 
themselves, such that two closed strings leave in the up direction and two 
closed strings leave in the down direction. This is the t-channel contribution, 
shown in Fig. 11.3b. Therefore, at first it appears that the s-channel graph 
can instantly be deformed into the t-channel graph, leaving no missing 
region. 

However, this is not true. In Fig. 11.4, we see that the s-channel in- 
teraction can take place where the two cookie cutters are displaced by a 
nonzero angle @ between them. Now, when they collide, it is impossible to 
instantly deform the rotated s-channel graph into a t-channel graph. It is 
impossible to make this transformation, keeping all string lengths equal. 

One problem is that, for closed strings, moduli space for the four-string 
interaction is two dimensional. Thus,,the angle 8, which never appears in 
the open string case, separates the two sets of closed strings and hence 
prevents the instantaneous deformation of s-channel into t-channel graphs. 

The solution to the problem is that there is a missing region of moduli 
space for the four-string scattering amplitude. Fortunately, it is possible to 
precisely fill this missing region if we add a new elemental interaction to 
the theory, a four-string interaction [10-11]. 

To understand how a four-string interaction can fill up the missing 
region, let us first identify what the missing region looks like [10, 11]. The 
moduli space of the Shapiro-Virasoro amplitude, we recall, is simply the 
entire complex piane. This two-dimensional plane, in turn, can be stereo- 
graphically mapped to the sphere. 

Let us analyze Fig. 11.5. In regions I, IJ, and II, we have the usual 
s-, t-, and u-channel scattering amplitudes. Notice that these scattering 
amplitudes fill up a two-parameter region of the sphere. This is because, 
for four-closed string scattering, there are two parameters that can describe 
the interaction: 7, which is the distance separating the two pairs of closed 
strings, and @, the relative twist angle between these two sets of closed 
strings. Thus, regions I, II, and -III can each be parameterized by the two 
moduli Ur 6 = 2n and 0 = 7 <= co. 
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| 
AIL. 


Fig. 11.3. 


Notice, however, that regions I, II, and III do not fill up the sphere, but 
leave a large, triangular portion of the northern and southern hemisphere 
absent. This is the missing region. To understand this, imagine once again 
the collision of two sets of closed strings as in Fig. 11.3, such that the angle 
6 separating them is again set to zero. As we mentioned earliér, only at this 
point do we have the ability to instantly deform the s-channel and t-channel 
graphs into each other. 

On the sphere, these symmetrical points correspond to three points 
A, B,C along the equator, which separate the regions I, I], and UI. This, in 
turn, has the topology of a Rubik’s cube. Imagine a simplified Rubik’s cube 
(consisting of eight smaller cubes) where we have the ability of rotating the 
bottom half with respect to the top half or of rotating the left half with 
respect to the right half. We have two independent rotations we can make 
along a horizontal or vertical axis, in analogy with Fig. 11.4. Let us say that 
each rotation must be 180°. It is easy to see that there are three distinct 
orientations of the Rubik’s cube that we can form by making successive 
180° rotations. 


Therefore, we will call these three points A,B,C along the equator 
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CD! 
an 


Fig. 11.4. 


the Rubik’s cube points. As expected, at each Rubik’s cube point, there 
are four ways in which we can rotate the Rubik’s cube (either clockwise 
or counterclockwise along a horizontal or vertical axis). These four ways of 
rotating each of the three Rubik’s cube points correspond to the 12 lines 
that form the boundary of regions I, II, and HI in Fig. 11.5. 

Notice that, as we perform various rotations away from the Rubik’s 
cube points, we are only modifying the graph by a single parameter, given 
by the twist angle 6. However, we know that moduli space is actually two 
dimensional, therefore we are moving from the s-channel to the t-channel 
graph by a one-parameter family of rotations, which is not. sufficient to fill 
the missing region. 

To smoothly deform an s-channel amplitude to a ¢-channel scattering 
amplitude requires successive rotations, which are forbidden on the Rubik’s 
cube. For example, imagine rotating the Rubik’s cube 45° along the verti- 
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cal axis and then rotating it again 45° along the horizontal axis. Clearly, 
the Rubik’s cube will break, which means that the rotations that we can 
perform on the Rubik’s cube only correspond to the boundary of regions I, 
IJ, and III, not the interior. 


Fig. 11.5. 


To see in detail how these manipulations of the missing region can 
occur, let us begin with a tetrahedron, as in Fig. 11.6, such that each of 
the four triangular sides has equal perimeter, given by 2m [10, 11]. Each 
of these four sides will represent the four closed strings, which have just 
collided. 

Let the index 7 represent each of the four faces. Let a;; represent the 
common distance between the ith and jth triangle. We wish to set the 
perimeter of each triangle to be 27: 


aj2 +413 +414 = 2n 


aq1 + Ge3 ‘+ do4 = 27 (11.1.3) 
a3) + 432 + a34 = 20 


Q41 + Q42 + G43 = 20 


We have 6 unknown a,; and 4 constraints on them, so we have 2 degrees 
of freedom in which to describe the tetrahedron. Notice that this is also 
precisely the number of degrees of freedom in Koba~Nielsen space. 

Then, the three Rubik’s cube points A, B,C in Fig. 11.5 can be repre- 
sented as: 
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Ay Vara— 7, a0 
Bai — 1, aig = 0 (Ui) 
Ce Cin = 0, a14=7 


The three rotations (along one hemisphere) that can take us from one 
Rubik’s cube. point to another are then represented by: 


A>B: a2=7, aya=7 0 
A>C: ayp.=17—0, aia = 1 (11.1.5) 


B= Gs aj2+a14=7 


To find the missing region (that is, the region allowed by the constraints 
on the tetrahedron), let us take az and aj;3 as the two independent, vari- 
ables. Then, solving the constraints, the missing region is given by [10, 
IDE 

a12,413 <7 
missing region : (11.1.6) 
Gis Gig 2 0 


(We have also placed the constraint a,; < 7, whose meaning we will discuss 
later.) 

Let us now plot the missing region on a graph. In the ajz—a13 plane, 
we see that the missing region, as expected, is nothing but a right triangle. 
When this triangle is mapped stereographically onto the sphere, we find 
that it spreads over the northern hemisphere, completely filling the missing 
region. (By permuting the legs, we also obtain the southern hemisphere.) By 
a simple analysis of the tetrahedron graph, we find that we can completely 
fill the missing region Mp of the Koba—Nielsen plane. 

To understand how the boundary of the missing region 0MpR connects 
various Mandelstam channels, let us first analyze the pole structure of the 
various amplitudes. For the four-string scattering amplitude, for example, 
we have the following pole structure: 


1 
A(s,t,u) = $0 Ajg———5 Aa +(2 © 3)+(2 @ 4)+Ma(s,t,u) (11.1.7) 


os 


where / represents an infinite tower of Reggeons, s;; represents the energy 
squared of the Reggeon in the channel formed by the zth and jth strings, 
and the last term represents the tetrahedron graph, which has no poles. 
Let us now capsulize our results. If we let 7 — 0 for the scattering 
amplitude for two cookie cutters, we find that the topology of the four 
colliding cookie cutters forms a graph, called G4, as in Fig. 11.4 This graph 
has the topology of a degenerate tetrahedron, that is, one of its legs, for 
example, a2, has a length equal to zero: 
Ga= lim Pa (11.1.8) 


a42—97 
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@ 


Fig. 11.6. 


Notice that each graph G4 is parameterized by an angle 6, that is, the 
angle at which the two cookie cutters collide. Thus, there is a one-to-one- 
correspondence between graphs G4 and points in the missing region: 


Gs o OMp, (11.1.9) 


Now that we have practiced with the four-string interaction, let us 
consider the higher interactions. For five-point scattering, the poles are 
represented via the energy variable s;;. We have: 


= i 1 IJ i i 
A(si;, Spl) a oe ‘> Ajo eae = oo A3 pe Ser = =) Ais 
permutations IJ Y12 I 45 J 


1 
a Aig ———5 My, + M (sis, 5 
SS 79 ne 345 (84; kl) 


permutations [ 


(11.1.10) 
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where M345 and M(s,;, 8,1) represent the tetrahedron and the prism graphs, 
respectively, which have no poles. 


fae SS 


Fig. 11.7. 


Let us work out the detailed structure for N = 5 in Fig. 11.7. The 
missing region is given by [6]: 


{is < tue Sua +0m Som 


Mrs = § 413 < aa4 < 1g +35 < Gan t+ (ia1) 


a12 +413 <7 
Now, let us analyze the missing region. Unfortunately, because the miss- 
ing region is four-dimensional, it is impossible to visualize its boundaries. 
However, by setting one of the edges to 7, we can reconstruct the three- 
dimensional figure corresponding to 0Mp,. 

Let us set ag4 = 7m. (Notice that there are 10 permutations we can 
make on this choice). For this particular boundary, we now have: 


a12 < a35 
OMr, = lim Mp, = {sta > (TEs) 
— ai2 + a13 <7 

The Rubik’s cube points for the 5-faced prism graph are more complicated 
than for the tetrahedron. First, we have the Rubik’s cube points for each 
of the tetrahedrons contained within the prism, corresponding to setting 
a;; = 7. They have previously been studied in detail. More interesting is 
the Rubik’s cube points for the prism graph. For a particular permutation 
of the external lines, there are 12 ways in which to obtain the Rubik’s cube 
points: 


a14 = 413 = d25 = a23 = 0 (Ue) 


ony} 8 - 
Rubik's cube points : { iol permnlty ion 


[The total number of Rubik’s cube points for all possible permutations of 
external lines, but excluding tle lower order Rubik’s cube points, is given 
by 3(N -1)) 
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The N = 5 case, however, is too simple-minded to see the next major 
complication, the fact that there is more than 1 polyhedron at each level. 
For example, we have been able to identify at least 2 distinct polyhedra at 
the 6th level, 5 distinct polyhedra at the 7th level, and 14 distinct polyhedra 
at the 8th level. 

In Figs. 11.8a and 11.8b, we see how the labeling for the polyhedra is 
given for up to N = 6. There are two polyhedra at this level, which we call 
(6); and (6)2. To solve for the missing region, we need only to set ajj <7 
and the internal perimeter for 3 contiguous polygons to be greater than 27. 
The complication in finding the missing region is that there are many hidden 
identities aniong the various legs that one must factor out in order to find 
the following for the missing region. If we choose aj2, @25, @34, 436, @46, 216 
as our set of independent variables, then we find for missing region Mp,_,, 
of the cube [6]: , 


a36 < a12 + Gas < aig + @36 + a4g < 7+ G12 + Gas 


Gig -+ G95 S 202g + G34 + Gig + G46 — 7 S&S A + G19 + O25 


a12 + Go5 < Gag + aga + G36 < 7 + G12 + G25 
d25 S a34 + dag + G36 + Aig — 7 <7 + Go5 (1.1.14) 
G25 S a36 + a16 <7 + 25 
a25 S a34 + a3¢6 
a36 + a34 + agg < 20 
a12 < a46 + a6 


Fig. 11.8. 


Let us now analyze the structure of this missing region. The missing 
region, of course, is 6 dimensional and cannot be visualized. However, it is 
possible to analyze the boundary of the missing region rather simply. If we 
let ais go to zero and aj4 = 7, then this is equivalent to making the polygon 
formed by the Ist and 4th strings have circumference 27, that is, the lst 
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and 4th strings form a cookie cutter and hence can be removed from the 

polygon, creating a 5-faced prism. In this way, we can reduce the missing 

region of the cubic polyhedron into the prism graph or lower. We find: 
lim MR) = Mr, (11.1.15) 


4150341477 
Since we have already analyzed the boundary of the missing region of the 
prism graph, we have now decomposed the missing region of the cubic 
graph. 
There is one more limit one can take on the missing region, and that 
is to take the perimeter surrounding 3 faces to be equal to 27. Then, the 
cubic splits into 2 tetrahedrons. For example, we have: 


lim Mp,,,, = Mr, ® Mp, (1.1.16) 


Pies 20 ae), 


where Pj25 is the perimeter that encloses the lst, 2nd, and 5th strings in 
the cube. Thus, once again, we found have that the boundary of the missing 
region can always be decomposed into lower order polyhedra, so there are 
no new surprises. 

Let us analyze the other, asymmetric 6-faced polyhedra shown in Fig. 
11.8b. Again, there are many hidden identities that prevent a simple analy- 
sis of this figure. However, we find that a basic set of independent variables 
is given by aj6, @13, @56, G26, @34,@4g and that the dependent variables are 
given in terms of this independent set [6]: 

a36 = 2% — aig — 426 — G46 — G56 
423 = —413 — G34 + 416 + G26 + 46 + G56 
Q12 = 2m — 2a9g + 13 + 434 — G16 — Gag — a 
12 26 13 + 434 16 — 246 — 456 (1.1.17) 
Ais = 426 — 213 + a6 
G14 = —A34 + 56 + 426 — 413 
a54 = 2m — as6 — a6 + a13 — A46 
The restriction that all perimeters that bisect the polyhedron have lengths 
greater than or equal to 27 then serves to determine the entire missing 
region Mr,,.): 
@13 S 426 S 413 + a34 
413 S 426 + Gag <7 + 213 
a33 + 434 < a4g + 56 + G26 < 20 + a13 
ai3 < aig + G56 + G26 + a4g < 27 + A138 
a34 < aig + a5g + Gog < a34 + 20 (iii. 138) 
m™ < aye + ao6 + G46 + a56 < 27 
aig + 456 + G26 + Gag S 7 + G13 + G34 
a26 + a16 + Gag + G56 < 20 + 13 + 434 — G26 
<7 + a6 + 216 + G46 + 456 
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It is now straightforward to analyze the boundary of the missing re- 
gion for the (6)2 polyhedra and show that we can also reduce it to lower 
polyhedra by taking specific values of the legs. For example, by taking a12 
to be 7 and aj3 to be 0, we can substitute these values into the missing 
region Mr,,.. and show that it reproduces the prism graph, that is, 


lim — Mrea) = Mr, (1.1.19) 


@12-77 341370 


For this configuration, we see that the 1st string has disappeared, reducing 
the 6-faced polyhedra down to a 5-faced polyhedra. 

Similarly we can show that, by taking the perimeter that surrounds 
the lst, 2nd, and 3rd polygons to be equal to 27, the polyhedron (6)2 splits 
into two smaller tetrahedrons: — 


lim Mea) = Mr, @ Mr, (11120) 


Pi23—20 


These two reductions of the polygon (6)2 into lower polyhedra simply rep- 
resent the fact that we are taking clusters of polygons to represent external 
strings with length 27, thus confirming again that the boundary of miss- 
ing regions always connects different Mandelstam channels corresponding 
to midpoint scattering, that is, scattering of cookie cutters and clusters of 
cookie cutters. 


11.2. N-Sided Polyhedra 


Let us generalize some of this to the N-sided polygon case. Let N be the 
number of faces of this polygon. Then, the number of vertices or corners C 
and the number of edges FE can be written as follows: 


N = # faces 
E = 3(N — 2) = # edges (i121) 
C = 2(N — 2) = # corners 


Let us label each of these faces by 7, which numbers from 1 to N. The total 
number of variables appearing in our formulas given by aj; is equal to the 
number of edges EF. 

Let us now calculate the number of independent variables within the N- 
sided polyhedra. We set the total perimeter of each side (corresponding to 
an external closed loop) equal to 27. This constraint can be easily enforced 
by setting: ; 

N 
Sy =" (@iik23) 


i=1 
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Then, the total number of independent variables is equal to the number 
of a;;, or edges E, minus the number of constraints, or N. Thus, the total 
number of variables (or Koba—Nielsen variables) is equal to 


E — N =2N — 6 = # Koba — Nielsen variables (11.2.3) 


which is the correct counting. (For the N-point scattering amplitude, there 
are 2N Koba-Nielsen variables z;, but 6 of them can be eliminated by 
choosing 3 of them to be the points 0, 1,00, leaving the number 2N — 6 for 
the independent Koba~Nielsen variables.) 

Now, let us compare this with the number of variables appearing in 
the conformal map. The map is [5, 6]: 


N= 2 eee 1/2 
dp a, We [(z = Oe wi) | a f(z) (11.2.4) 


de le =) 9(z) 


The unknowns coming from +; are directly related to the Koba—Nielsen 
variables. Notice that we have 2N variables contained within the complex 
yi. However, we know that three of them can be fixed to be 0,1,00, so 
we really only have 2N — 6 variables within the y;, which is precisely the 
number of Koba~Nielsen variables. 

The total number of remaining unknowns is given by the 2 x 2x (N —2) 
variables contained within the complexes w; and wW,, as well as two coming 
from N. Thus, the total number of remaining unknowns is equal to 4N — 6. 

These remaining unknowns can be fixed by placing external constraints 
on the theory. Notice that we must set N external strings to have length 
27m, which can be enforced, as before, as: 


ioe eg 2 eae) (11.2.5) 
2% g(z 
This gives us a total of 2N constraints. 
Last, we have the constraints coming from the fact that the collision 
of N strings takes place simultaneously at a constant value of 7 in the z 
plane. Thus, we wish to set the real parts of all interacting points to be the 


same: 
Re p(wi) = Re p(w) (11.2.6) 
for allz and 7. Since there are N —2 pairs of interacting points, this gives us 
2 x (N -- 2) constraints, minus two. Altogether, we have 2N + 2(N — 2) —2 
constraints, for a total of 4N — 6 constraints. Notice that this is precisely 
equal to the number of unknowns in the mapping. 
Let us now summarize how the counting proceeds for the N-sided 
polyhedra and also the conformal map. For the Koba-Nielsen variables, we 
have: 


E-WN 
Koba — Nielsen variables = 2N — 6 = { Han) — 6 (Ae) 
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while for the unknowns or the constraints, we have: 


4N —6 unknowns: (N, z:) 


(1ie223) 
4N — 6 constraints: [p(7;), Re p(zi) the same] 


Now that we have determined precisely the relationship between con- 
straints and unknowns, we must tackle the more difficult constraint of set- 
ting limits on the range of the a;;. The key to this is to realize that, for the 
cases of N = 4 and N = 5, we had the curious constraint aj; < 7. 

To understand this curious constraint, let us introduce the idea of 
“slicing” the polygon in half, that is, dividing up the N faces into two sets, 
such that the faces in each set are contiguous. Let us say that the number 
of ways we can partition the polygon into two sets is labeled by J. Call the 
set on the left L with elements labeled by 7 and the set on the right as R 
with elements labeled by 7. The number of contiguous faces within L or R 
must be greater or equal to 2. Then, define P; as the perimeter of the slice: 


Py; = aig (Ti 212) 


1EL;,jER 


We will now generalize the curious constraint as follows for the arbi- 
trary N-sided polyhedra [5-7]: 


ela. for all I (11.2.10) 


If we define My to be the region in a;; space defined by the N-sided poly- 
hedron, then the boundary of M4 corresponds to Py; = 27: 


@My = Jim My al ia) 


For example, for the N = 4 case, there are 3 ways in which we can slice the 
tetrahedron, with 2 faces in L or R. 2 
Let us take the partition so that i = 1 and i = 2 faces are within 
L. But, demanding that the perimeter P; of the four-sided figure in L be 
greater than 27 is equivalent to fixing a constraint on the common boundary 
between these faces az < a. Thus, the origin of the constraint Ga, = Wy linst 
found for N = 4, is simply the constraint that P; > 2x for the tetrahedron, 
that is, 
aij<noPrp>2m, forN=4 (G21) 


11.3. Nonpolynomial Action 


Let us now write the nonpolynomial action that obeys all these constraints 
[5-7]. There are, however, several major complications in addition to those 
found for the open string field theory. 
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First, we must deal with the ghost counting problem. Since the Fock 
space of the closed string field Y(X) is composed of products of the left- 
moving and right-moving states of the open string field &(X ), the ghost 
number of the closed string field must be integral. By carefully examining 
the cohomology of W, it can be shown that it contains two complete trans- 
verse closed string Fock spaccs, with ghost numbers 0 or —1. For either 
case, however, the naive closed string action must vanish because the ghost 
numbers do not sum to zero: 


(| Q¥) =0 (11.3.1) 


If the W field has ghost number 0 (—1), then the naive action has ghost 
number +1 (—1), so the action vanishes in either case. 

We have two ways in which to get the ghost numbers to match. We can 
insert the operators bp — bg or co — @ into the action if W has ghost number 
0 or —1. The action is then nonzero. But, there is the second complication, 
which is that we must somehow obtain the constraint: 


(Lo — Lo)|¥) = 0 (11.3.2) 


which states that the string field should have no dependence on the ori- 
gin of the coordinate axis. Since this constraint does not emerge from the 
action, it must be imposed from the outside, as an additional constraint 
(although attempts have been made to derive this from an additional ghost 
constraint). [To deal with these questions, the philosophy we take in this 
chapter is that the nonpolynomial action is inherently a gauge fixed action. 
Because reparameterization i invariance lies at the heart of string theory and 
since the nonpolynomial action breaks reparameterization invariance (for 
example, because the string has fixed parameterization length 27), we will 
treat the action as the by-product of gauge fixing a higher action, so that 
the imposition of Eq. (11.3.2) from the outside poses no problem. If certain 
rules for the ghost modes seem a bit artificial, it is because the nonpolyno- 
mial action is the gauge fixed by-product of a rcparameterization invariant 
action.| 

There are, therefore, several ways in which to construct the closed 
string action at the free level that lead eventually to the same cohomology 
and hence identical transverse states. We thus make the following choices. 
We define the string field as follows: 


Y= 09 |) + eg og |b) + Ix) + cg In) (11.3.3) 
where the physical transverse states reside in the lowest excitation of |@) 
and where cd = 5(co +&0), C9 = Co —&o, bo = bo + bo, and by = § (bo — bo). 

So, the action reads: 
(L|Qbo |W) (134) 


where we define the string field ¥ to have the factor P of Eq. (11.1.1) 
inserted at all times. We will simply abbreviate this action by the usual 
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notation (W|QwW), where it is understood that we apply all these conventions. 
(In general, we will omit the ghost insertions for convenience. They can be 
easily re-inserted.) 

When we generalize this action to the interacting case, we find yet 
another complication, which is that there are many polyhedron at the Nth 
level that satisfy all the constraints. Let us label by the index 7 the various 
polyhedra at the Nth level that satisfy all constraints. 

For example, for N = 4 and N = 5, we have only 1 polyhedron that 
satisfies these constraints. However, for the N = 6 case, we have 2 polyhe- 
dra. At the N = 7 case, we have 5 distinct polyhedra, and at the N = 8 
level, we have 17 different polyhedra. 

From now on, we will label the ith polygon with n faces as (n);. As 
we did in the light cone and covariant open string cases, we can define the 
following vertex function (without ghosts), which satisfies the constraints 
of the (n); polygon: 


Xi(o4) — > 45 X5(93) | [Vinj.) = 0 (11.3.5) 
j=l Gel 
where: 
O45 = mg (0% = Ore — Gi) (11.3.6) 
and: 


+1 if aij oe 0 
0 otherwise 
If the ith and jth polygons share no boundary, then a;; = 0, and Eq. 
(11.3.6) is equal to 0. Also, b;; and c;; for the (n); polyhedra are defined to 
be the common boundary between the adjacent polyhedra and are a rather 
obvious generalization of the three-string vertex in Eq. (10.2.20) in the light 
cone case. a 
Then, let us define, for the (n); polyhedra, the following string func- 
tional: 


(UW); = (n!)7* (Wa | (Lal Gayl --- Vins) (ie 3.8) 


Now, let us define the field functional for the n-sided polyhedron by sum- 
ming over the index 2: 


a 


(W") = So e(n)i(W)s (11.3.9) 


4 


where the coefficients c(n); tell us how to weight the ith polygon with n 
sides. 
Finally, we write the action for the nonpolynomial theory: 


L = (W|QU) + >> on”) (11.3.10) 


Ts 
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which we demand is invariant under: 


5|Y) = Q|A) + Ss Bn |W" A) (ieaeia) 


al 


Our goal is to find explicit values for an, Bn, and especially c(n); by 
demanding that the action be invariant under the variation. One complica- 
tion is that external strings are always defined such that their length is 27, 
while lines appearing within the vertex function may have lengths different 
from 2a. Thus, to differentiate between these two cases, we will use the 
double bars || whenever the contraction is over states with length 27. 

The variation of the vertex function is thus: 


d(W") = n(U" ||50) Giles 12) 


We have used double bars here, because the length of the string 6|Y) is 27. 
Now, we can take variation of the entire action: 


5L = 2(QU\|6Y) + S° nan (¥"1||50) 


pee 


2 (oni 3 anv + > nan(¥"™ QA) (11.3.13) 


al io 


+ So nanBm (oY ||W" A) 
sie 


This variation is equal to zero if we have: 
' 


2(QU||Bn—1¥"* A) + (n+ Loans W"||QA) 


n—2 


+ S (n= p+ lan—p4i8p(U" |W? A) = 0 
p=1 


(11.3.14) 


Expressed in this way, the formula may not be that transparent, so let us 
write it in the form: 
n~-2 
(-1)"(B"||QA) + n(Qu||w"-* A) +S" CRW"? ||WP A) =O (1.3.15) 
p=! 


where the unknowns are now encoded within CP and c(n);. 
We now notice another complication not found in the open string case. 
We realize that the vertex function in Eq. (11.3.14) cannot be BRST in- 
variant: af 
> @rlYin),) #0 (11.3.16) 
g=zil 
This means, of course, that the theory cannot be written with the standard 
cohomological axioms [Eqs. (10.4.1)—(10.4.4)] that made the open string 
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theory so elegant and simple. Any naive attempt to fit the closed string 
field theory into the cohomological framework is doomed to fail because of 
the failure of BRST invariance of the vertex function. 

From Eq. (11.3.14), we can immediately write the first equalities: 


is sly tn +1)(n+2)an+2 


ou (es 1)On—p+i1Bp 
A 
(n+ l)an41 


(11.3.17) 


Let us, for the moment, keep only the C7? as unknowns. Then, we can define: 
a= |[a (11.3.18) 
l=2 


so that: ’ ; 


n= 


nn+ 1! 
iG Se ye 
n+l! 

(—1)?-tnal(p + 1) 

n—p!p +1! 
where g is a one-parameter degree of freedom within the constraints that 
corresponds to the coupling constant. 

Now comes the more difficult part, actually calculating the various co- 
efficients c(n); that appear within the expansion. The calculation is long 
and arduous, so we will only mention the important aspects of the calcu- 
lation. Let us define s(n); as the number of ways that the n; polyhedron 


can be rotated into itself. For example, for the lower polyhedra, it is easy 
to see (Fig. 11.9): 


A= (11.3.19) 


Cr = 


s(4) = 12 
sa) — 0 
5(6); =24, (6p =2 (11.3.20) 


s(7)1=10, = s(7)2 = 3, 8(7)3 =3 
8(7)4 => s(7)5 => 2 : 


It turns out that the key to the entire calculation lies in the identity: 
s(n)ic(n); = s(n);c(n); (r3. 24) 
for any 7 and j. Then, we can write everything in terms of s(n); and c(n);: 


On = 22a) 2 eG cu) 


s(n), = 2(n — 2) 


(11.3.22) 
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If we factor out s(n), in the vertex, then we can write a new vertex, 
called the symmetrized vertex: 


(")syM = (w") (11.3.23) 


Then, the final result is: 


1 co 
L = 5(¥lQv) + So 22g 2 (0 ov (11.3.24) 
n=3 
This action can be written in a slightly more transparent fashion. Set g = 3, 
and write the interaction explicitly in terms of the (n); polyhedra. Then, 
the action becomes: 


L= 5 (wlQ) + Le (11.3.25) 


rae 


This is our final form for the action. It seems rather surprising that the 
overall coefficient of the interaction corresponding to the polyhedra (n),, 
modulo rotations, is exactly equal to 1! (The origin of this rather strange 
fact is revealed in Chapter 12, when we discuss reparameterizations.) 


Fig. 11.9. 


374 Chapter 11. Nonpolynomial String Field Theory 


11.4. Conformal Maps 


For the scattering of four closed strings (with equal circumference) at the 
tree and one-loop level, the conformal map is easy to write. For the tree 
amplitude, the Schwarz-Christoffel transformation gives us the following 
map: f 
CD wll =)" (11.4.1) 
dz Il jai 2 =) 
where the points 7; are mapped to infinity and represent external strings, 
while Riemann cuts connecting the various v; represent the interaction, 
that is, the line along which two closed strings merge into a third. 

To obtain the one-loop, four-puncture scattering amplitude, one sim- 
ply replaces the various factors (z — z;) appearing in the above map with 
61(z — z). However, for higher loops, replacing 0; with the generalized O 
function fails to yield the conformal map for the genus g conformal map. 
The generalization to the arbitrary case is nontrivial. 

As a result, we will derive the conformal map dp = w,dz for the g- 
handle, p-puncture graph by carefully analyzing uniqueness arguments. 

We wish to have 


1. aconformal map whose square transforms as a quadratic differential; 

2. a map whose only singularities are double poles at p points y;, and 
whose only zeros are 2p + 4g — 4 points v;; and 

3. a periodic function defined on the surface so that the point z going 
around any a cycle or b cycle will return back to the same point. 


Our task is to use these restrictions to find the unique conformal map taking 
us from a Riemann surface with g handles and p punctures to the flat two- 
dimensional world sheet describing a Feynman-like diagram with g internal 
loops and p external legs. 

To find the unique conformal map, it will be useful to first review some 
essentials concerning holomorphic and meromorphic functions defined on a 
Riemann surface. On a genus g Riemann surface, we can define g first 
Abelian differentials w; on the torus that have no singularities. 

We can now define S2 as the period matrix, which obeys: 


(55 =$ Wis bag =$ W; Cia) 
by i” 


A 4 


The period matrix is conformally invariant. To each distinct period matrix 
there is a distinct Riemann surface. 

Now, we wish to define periodic functions on this Riemann surface. 
Let us review how this was done for the single-loop torus. For that case, we 
know that we can deform the a cycle and 6 cycle so that they intersect at 
a common point on the surface. If we cut the torus along the a cycle and b 
cycle and then unravel the surface, we find a parallelogram, as in Chapter 4, 
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whose opposite sides are identified. If we copy this parallelogram an infinite 
number of times on the complex plane, then we obtain a lattice. Then, it is 
straightforward to define a 9 function on this surface that has the correct 
periodicity properties. This periodicity is achieved by summing a function 
over the infinite lattice, so that displacements along the lattice leave the 
function invariant. 

Let us repeat these same steps for the genus g Riemann surface. There 
are now 2g cycles. Now, take a point on this surface and deform the cycles 
so that they all intersect this point once. Cut along these 2g cycles that 
intersect this point. Unravel the surface and find a polygon whose sides are 
identified. By traveling across any side of this polygon, we return to the 
polygon, but from another side. Now, extend this polygon periodically in 
all directions, so that we have a lattice of polygons. 

Let us label the sites of the lattice. Let bold-faced indices n be g- 
component vectors with integer entries. Then, the generalized O function 
can be defined on the lattice. Its periodicity property arises because it is 
summed over all lattice sites. It can be defined as [12-15]: 


@(2|2) = S~ exp (inn? Qn + 2rin™2z) (11.4.3) 
nEZI 


The O function is no longer defined as a simple function of the complex 
parameter z. Instead, it is defined in terms of a vector z on the lattice: 


z 
a i r (11.4.4) 

Po 
where po is an arbitrary point (which will disappear when we form the 
conformal maps). 

As we know from our discussion of the single-loop torus, we can also 
define a spin structure on the surface, depending on whether we have peri- 
odic or antiperiodic boundary conditions when we move completely around 
a cycle. There are four possible spin structures for the torus. Likewise, we 
can define a generalized © function on the lattice with a spin structure: 


0 " (Ae) SS exp [imr? Or + 2nir” (z+ B)] (11.4.5) 
r~—aeZ9 


where the spin structures [a] and [G] are two component spinors with g 
entries. 

There are 279 possible spin structures, corresponding to the different 
ways in which we can transport a two-dimensional spinor across the various 
boundaries or cycles of the polygon, picking up factors of +1 or —1 in the 
process. Under a shift in the lattice, 


z23>Z+2-n+m (11.4.6) 


we find that the generalized © function transforms as: 
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(5 CaO. nema —inn-2-n—27in- ride’ |ez1a) (1.4.7) 


We can also define the function that generalizes the function z; — z; on 
the complex plane. It is called the “prime form,” and is represented by O 
functions as follows: 


= oom (11.4.8) 
h[A] (2 )h[G] 2’) 


where: : F 012) 
00 
a 
h i] (z) = » Seas w;(z) (11.4.9) 
where a and # label the spin structure on the Riemann surface. (The prime 
form’s dependence on the spin structure will drop out.) 
We will also make use of the celebrated Riemann vanishing theorem 
(12, 13], which allows us to compute the zeros of the © function. It states 


that the function: 2 
6 (co+ via) (1.4.10) 
zo 


either vanishes identically or has g zeros, which are located at the points 
z;, which satisfy: 


i) AY 
yy w=—-e9 + A, +n+ 2m (114s) 
Zo x 


where: 


(A;,). =5- 2 SS ¢ we) w;(w) (11.4.12) 


d=iledeeg 8 


Unfortunately, with O and E(z, z’) alone, we cannot satisfy constraints (1), 
(2), and (3). We need yet one more function defined on the lattice, given 
by the o(z) function of Ref. 13 and15: 


-yog Aeon ate (1.4.13) 


In Ref. 16, these three functions were used to construct the conformal map 
for the multiloop open string case. We will generalize this map for the genus 
g closed string case. 

Let us now analyze the singularity and conformal properties of these 
three functions. We note that the prime form E(z’, z) transforms as a -1/2 
differential in z, that © is locally a zero differential, and that o transforms 
as a g/2 differential. 


o(z) = exp 
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E(z',z) has a zero at z’ = z but no poles, o has no zeros or poles, 
and 9, by the Riemann vanishing theorem, can have g zeros [12-13]. Then, 
there is one unique combination of @, prime form, and the o function that 
transforms as a quadratic differential and has the correct zero and pole 
structure [16, 17]: 


do 2 5 g A z 
(2) = xe (a.-¥ [o+ [ole 
Geil ¢ 2 20 
11.4.14 
Meceet  BG,u|2) ey 
eee O\Z 
P Elz, 712)? 


ist 


By counting the differential order of each factor, we see that the conformal 
map has the correct order of 2: 


—5(2 +39-4) +p+ 3 =2 (11.4.15) 
The conformal map is then found by taking the integral of the square root 
of the map. 

Let us now relate the singularity of the map with the world sheet of 
the closed string scattering amplitudes. Because of the prime forms F(z’, z) 
in the denominator, the double poles, corresponding to the p punctures, 
are located at +;. Furthermore, the 2p + 4g — 4 zeros at v; come from 
the © function and the prime forms in the numerator. The double poles, 
after taking the square root, then correspond to the p external lines of 
the string scattering world sheet. Each pair of zeros of the map, in turn, 
correspond to the merger of three closed strings. (At first, the map seems to 
be unsymmetrical with respect to the various v;, since some of them are to 
be found within the © function and others within the prime form. However, 
by simply redefining the constant N, we can interchange the various v; and 
show that the function is really symmetrical in all 1;.) 

Now that we have explicitly constructed the conformal map for the 
nonpolynomial theory for arbitrary genus g and puncture p, let us count 
modular parameters and verify that we have the correct counting. In gen- 
eral, we want the total number of unknowns, contained within the complex 
parameters in the map, to be equal to the sum of the dimension of moduli 
space (6g —6+ 2p) plus the number of constraints we place on the complex 
parameters to fix the overall shape of the conformal surface, that is, 


# unknowns = # constraints + # moduli (11.4.16) 


This equation is easily checked. The total number of unknowns in the 
conformal map is given by the complex variables N, y;,, and 1%, which 
respectively total 2+2p+2(2p+4g—4) = 6p+8g—6 unknowns. Furthermore, 
the dimension of moduli space is equal to 6g — 6 + 2p. The number of 
constraints can be broken down as follows: (1) 6 come from fixing the overall 
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projective transformations on the complex plane; (2) 2p come from fixing 
the residue of the pole at each 7; to be a real number 27, which fixes the 
circumference of each cylinder; (3) 2(p+g—2) come from fixing the real and 
imaginary parts of the various Riemann cuts to conform to the geometry 
of a closed string scattering amplitude. If we pair off the points v;, then 


Re p(vj4) = Re p(v;) (114.17) 


for all z and 7 in a pair. This places the Riemann vertically in the complex 
p plane. Then, we also have: 


Im p(%) — Im p(v;) = +a (11.4.18) 


which fixes the overlap between the ith and jth string to be z. 

Last, we must subtract two from the number of constraints. This is 
because the system is actually overconstrained. The sum of the residues at 
+; plus the line integral around the Riemann cuts equal zero. [if we take 
a line integral around an infinitesimally small circle in the complex plane, 
the residue is zero. Now, expand this small circle until it engulfs all pairs 
of Riemann cuts and extends out to infinity. Because the line integral is 
still zero, this means that the sum of the residues at y; do not sum to zero 
(as in the light cone case), but cancels against the sum of the line integrals 
around the Riemann cuts.] 

Putting everything together, we now have 4p + 2g constraints, so the 
total number of unknowns 6p + 8g — 6 equals the sum of the number of 
moduli plus the number of constraints, as expected. 

The conformal map also accommodates the possibility of arbitrary 
polyhedra occurring within a loop amplitude. Polyhedra occur when the 
real parts of several pairs of Riemann cuts coincide and the difference of 
their imaginary parts no longer equals z. Since each v; is mapped onto 
a vertex of a polyhedron, then the various edges within the polyhedron 
can have varying lengths, corresponding to varying differences between the 
imaginary parts of p(1). 

For example, the conformal map can create a polyhedron with M ver- 
tices when the real parts of M/2 pairs of Riemann cuts all have the same 
real part Re p(v;). By varying the differences within their imaginary parts, 
one can vary the lengths of the edges of the polyhedron. In this way, by 
clustering pairs of Riemann cuts located at v; into different groups, we can 
create polyhedra of arbitrary complexity within a loop diagram. 

(As an aside, notice that the map is so general that we can also acco- 
modate all possible light cone configurations as well by changing boundary 
conditions. By letting the external strings have arbitrary circumferences 
and by collapsing all pairs of Riemann cuts into single points, we find that 
the sum of the residues of the poles now sums to zero, thus reproducing the 
boundary conditions of the light cone theory. Furthermore, it is commonly 
thought that one cannot smoothly distort a theory where strings interact at 
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their midpoints into a theory where strings interact at their endpoints, as in 
the light cone theory, that is, the light cone limit is singular. However, this 
is incorrect. By explicit computation, one can show that one can smoothly 
take the limit in the conformal map and reach the light cone theory, as 
predicted in geometric string field theory [6].) 


11.5. Tadpoles 


The conformal map [Eq. (11.4.14)] is general enough to include all possi- 
ble multiloop graphs, including the one-loop tadpole, where the residues 
of the poles do not have to sum to zero. Unfortunately, we will show that 
these tadpoles violate modular invariance (giving us an infinite overcount- 
ing of moduli space) and hence pose problems for our original action [Eq. 
(11.3.24)]. Originally, it was thought that the violation of modular invari- 
ance for the tadpole was sufficient to kill all possible closed string field 
theories. We will see that there is a simple resolution to this puzzle, which 
is that Eq. (11.3.24) must be treated as a classical action and that quantum 
corrections must be added to it to restore modular invariance. (These tad- 
poles do not occur in the light cone field theory because the string length 
is proportional to the momentum p*. Since momentum is conserved, so is 
string length across a three-string vertex, so tadpole graphs are forbidden. 
However, in the nonpolynomial theory, because string lengths are fixed and 
therefore independent of the momentum, tadpole graphs must be consid- 
ered.) ; ; 
Let us specialize to the case of g = 1. Then, 


alor— I ae Oba) 


and the prime form reduces to: 
oni 750 [}] (se 
2 


|(o\2) 
Then, the map for the g = 1, p-puncture diagram is 


dp _ Vier O12 — 4 )Or(2 — Hi) 


’ 
E(z,w) = (igs-2) 


el 


Niele 


= iis 
dz Tis 81 —%) aoe 
where 1; and v; are the splitting points, y; the punctures, and 
/ @ = As 


Wein ei — %) 
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In this form, the poles and zeros of the map are manifest. However, from the 
theory of conformal maps, we also know that Riemann surfaces with genus 
g < 2 can be written as hyperelliptic functions (without using @ functions) 
that are formed by gluing conformal planes together across several Riemann 
cuts. Let us check, therefore, that our map can be written as a hyperelliptic 
function for the one-loop, one-puncture tadpole, which can be written as 
(19}: 


— 


d = 
aL ee Se (11.5.5) 


dz z(z—1)(z—2)’ 2 


where we join the two surfaces along cuts that go from 0 to 1 and z to oo 
(see Fig. 11.10). 


Fig. 11.10. 


To show the equivalence between Eqs. (11.5.3) and (11.5.5), let us first 
make a series of changes of variables. We define z = t? and: 
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k? l = 83 
od. 
2a) 
A 64(v) 
jae (11.5.6) 
83 


ae i dt 

0 V0-0- Pe) 
6, — 8,10) 

Using standard theta-function relations, one finds: 


ce t? a3 03(v)03° ‘le k2#? a 03(v) 07. dt = 63 6702 (v)63(v) dv 


0503 (v)’ 6365 (v)’ ee) 
(11.5.7) 
Also, define 
: Bee * _ [83 alo! + 17/2)]" es 
102 Oa(v')| | Oa 01 (v! + 7/2) a 


Put everything together, we find: 


dp __4(0) —A(v +! +7/2)01(v — vv’ — 7/2) 


dv Oy (v' + 7/2) 6:(v) (11.5.9) 


which is identical to Eq. (11.5.3), as desired. Because Eq. (11.5.5) is a 
hyperelliptic map, it is formed by ‘sewing two Riemann sheets together 
across two cuts. 

To conform with the usual string world sheet, we will parameterize the 
surface by two variables, t, which represents the circumference of the loop, 
and @, which represents the twist angle within the loop. We now place the 
constraints: (T = t + 76): 


a dz 7S) 
ge (11.5.10) 


5 Nea 


where t € [0, co] is the length of the loop, while @ € [—1/2, 1/2] is the twist 
angle. 

To study the modular properties of this map [Eq. (11.5.5)], we must 
determine the region in 7 space that corresponds to the tadpole moduli 
space given by: 


<< 
ee iol) 
0< ( ) 
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The problem arises in the dangerous region T — 0, which corresponds to 
t — 0. We will be interested in the region x — 1 and y — 1. By a direct 
power expansion of Eq. (11.5.10) for small z, we can show: 


1? il 


Bele ~ 2 In(x — 1) 


+ O [(x — 1) In(a — 1)] (1125.12) 
Now, let us expand 7 as a power of x. We know that the period matrix 
7 can be written in terms of the integrals over the first Abelian differentials, 
as in Eq. (11.4.2). The hyperelliptic surface is created by gluing two sheets’ 
together along the cuts 0 to 1 and also between zx to oo. The holomorphic 
differential is then dz/y. By taking the integrals over the cycles, we find: 


ay 1 
d 
ee oe, = Ee (11.5.13) 
2 1 ¥Y o 6Y 
where y? = z(z — 1)(z — x) as in Eq. (11.5.5). 
We can write the relation between x and 7 explicitly: 
63 (O|r) 
BG) (154) 
= H(0Ir) 
Power expanding in small z, we find: 
(«) EY (a 1) nee (1.5.15) 
Sr = n(x — 5. 
a In[(z — 1/16] si " 


Comparing Eqs. 11.5.12) and (11.5.15), we find that the final result 
linking T and 7 is [19]: 

Bs (115.16) 

T 

for small T. This is bad for modular invariance. Because moduli space 
[Eq. (11.5.11)] includes a finite region around T ~ 0, this als6 means that it 
includes a finite region around 7 ~ 0. But, the origin of the 7 plane includes 
an infinite number of copies of the modular region, and hence Eq. (ike) 
(which comes from string field theory) maps into an infinite number of 
copies of the single-loop amplitude. 

This unfortunate situation is not just particular to the one-puncture 
graph. For example, for the map of Eq. (11.4.14), we can also take the case 
of g = 1 and p = 2. By changing variables to hyperelliptic coordinates, we 
find that the map is given by [18]: 


d z—y)\(z-y 

ie = nh—V@=ye-9) (aha. 7) 

dz (z + yo) /z(z - 1)(z- 2) 
For different parameters, this map will correspond to the three different 
diagrams that one can write for a one-loop tadpole with two punctures. The 
circumference of the loop, the length of the stem of the tadpole, the twist 
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angle, etc., can be formed by fixing the various line integrals along the cut. 
A careful analysis of this graph shows that when the length of the neck of 
the tadpole graph becomes infinite, we reproduce the original tadpole map 
with one puncture, which is known to violate modular invariance. Thus, 
this violation of modular invariance by tadpoles is a persistent feature of 
the action. 

In sum, we find that our original nonpolynomial action successfully 
reproduces all tree graphs for the closed string theory, but fails at the loop 
level. This means that the action is really a classical action and that a fully 
quantized action must be modified by a second series of nonpolynomial 
graphs, which contain loop contributions that kill the tadpole divergences. 

Furthermore, we can also show that the functional measure D@ is 
not invariant under the gauge variation [Eq. (11.3.11)]. In other words, the 
original action [Eq. (11.3.24)] suffers from two problems, the lack of modular 
invariant multiloop graphs and the presence of anomalies in the variation 
of the functional measure. Actually, this problem is really a blessing in 
disguise. By adding a second nonpolynomial series of terms into the action, 
we can kill both problems (21). 

At first, this may seem strange. The presence of anomalies in the func- 
tional measure is a local property of the field theory, while the lack of 
modular invariance is a global property of the modular group. It seems 
strange that by adding a second series of nonpolynomial terms that we can 
kill both contributions. 

The origin of this is because the breakdown of modular invariance 
creates an infinite number of copies of the loop graphs, which in turn is 
responsible for the ultraviolet divergences of the theory. However, as shown 
by Shapiro, one can simply take one cover of moduli space and thus elimi- 
nate the ultraviolet divergences. Thus, the lack of ultraviolet divergences in 
string theory lies in modular invariance. Similarly, the presence of anomalies 
in the functional measure also arises from ultraviolet divergences. We find, 
therefore, that both the presence of anomalies and the lack of modular in- 
variance have the common origin, the ultraviolet behavior of string theory. 
Thus, it is not surprising that a second nonpolynomial set of terms is re- 
quired to make Eq. (11.5.24) complete and that it can solve both problems 
simultaneously. 


11.6. Summary 


The ease and elegance with which the covariant open string field theory 
could be written has to be balanced against the difficulty and frustration 
faced in attempts to construct the covariant closed string field theory. How- 
ever, since the heterotic string is a closed string theory, it is important to 
solve this pressing problem. The origin of this problem lies deep within a 
classical mathematical problem, the triangulation of moduli space. After 
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a century of unsuccessful attempts to find specific coordinates that could 
cover moduli space once and only once, only three triangulations have been 
discovered, and two of them arise naturally from string field theory. 

The old light cone field theory, for example, successfully triangulated 
moduli space with only cubic actions. However, attempts to repeat the 
success of the open string field theory (with fixed parameterization length) 
failed. Specifically, the four-point scattering amplitudes created by gluing 
three symmetric closed string vertices together failed to cover the Koba— 
Nielsen space. 

The missing region can be seen to have the topology of a tetrahedron. 
If aj; is the length that adjoins the ith and jth leg of this tetrahedron, 
then we have 6 unknown a;; and 4 constraints (because the circumference 
of each closed string equals 27). The perimeter of this missing region is 
represented by the motions one can execute on a Rubik’s cube, that is, by 
making rotations around the horizontal z or vertical z axis 


A->B: ay=n7, aya=7a—-0 
A-C: apg=1—0, aia al (EEG 


BoC: ajyta4=7 


The missing region is the triangular region contained within these bound- 


aries: 
@12, 413 <7 


aig + 13 20 
It is easy to see that the missing region smoothly connects the s, t, and u 
Mandelstam channels together, in the same way that the open four-string 
graph smoothly connected the ¢ and u channel graphs of the Veneziano 
amplitude in the light cone gauge. 

By explicit calculation, we can then divide the Veneziano amplitude 
into several pieces, corresponding to scattering in the various Mandelstam 
channels and the missing region (which has no poles): 


missing region : { (CL 4) 


| 1 
AG a) — > Aja Ata t (2 > 3)+(2 4 4)+Mp(s,t,u) (11.6.3) 
ii Jf 


Not surprisingly, this missing region persists for the higher point functions. 
The five-point function has the missing region: 


d12 S 435 < a2 + ao4 < a35 +0 
Mrs = § 413 S< aoa < a13 + 35 < agg t+ 7 (11.6.4) 
a12 + 413 <7 
For higher point graphs, we must add one more constraint. If we slice 


the polyhedron in half into two smaller polygons, then P;, the perimeter of 
each polygon, must satisfy: 


Pp) =a a: (11.6.5) 


tEL ER 
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(We need this constraint in order for the missing region to adjoin various 
Mandelstam channels, since each channel contains a P; equal to 27.) This 
missing region also shows up explicitly in the conformal map we use to 
map the complex plane to the world sheet of the closed string scattering 
amplitudes: 


Abe Niele Zz 
dpe iia) a £0) (11.6.6) 


ue Me @ — 7) ~ g(z) 


This map contains square roots, so the Riemann cuts correspond to 
the overlap between three closed strings. The counting of Koba-—Nielsen 
variables for the tree diagrams comes out correct: 


E-—N 
Koba — Nielsen variables = 2N — 6 = RG 
: eon? 
while for the unknowns/constraints, we have: 
4N —6unknowns: (N, 2) 
(11.6.8) 


4N —6constraints: {p(7), Re p(z) the same] 


The action for the closed string field theory has several differences 
between the open string case. 


1. Ghost counting comes out incorrectly, which necessitates inserting a 
ghost factor into the free action. 

2. The constraint (Lo — Lo)|W) must be added in by hand (or the projec- 
tion operator must be inserted everywhere in the action). 

3. There is more than one polyhedron at each level. 

4. The vertex function is not BRST invariant, so we cannot use the co- 
homology axioms found for the open string field theory. 


As a first guess, let us postulate the action: 


L = (W|Qu) + 5 an (W") (11.6.9) 


Tm—3 


which we demand is invariant under: 


5|\Y) = Q\A) + So Baw" A) (11.6.10) 


Ih 


Inserting the variation into the action, we find that the resulting terms must 
all vanish, which reduces to the following: 


n—2 
(-1)"(U"||Q.A) + n(Qu||w"-* A) + 5° CRW"? ||WP A) =0 (1.6.11) 
p=1 
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where the unknowns are now encoded within CP and c(n);. 
After a lot of hard work, we find that the final action is quite simple: 


(11.6.12) 


that is, the overall coefficient of each graph (modulo rotations) is equal to 
1! 

To generalize these results to loops, we want a conformal map that 
satisfies the following properties. We want 


1. aconformal map whose square transforms as a quadratic differential; 
a map whose only singularities are double poles at p points y;, and 
whose only zeros are 2p + 4g — 4 points 1;; and 

3. a function defined on the Picard torus, so that the point z going around 
any a cycle or b cycle will return back to the same point. 


Fortunately, we can construct periodic and quasi-periodic functions on 
the genus g Riemann surface using © functions, which are defined as: 


O(2|2) = S~ exp (inn? Qn + 2rin™z) (11.6.13) 


neEZ9 


where n labels an integer-valued g-dimensional vector defined on the lattice 
formed by unraveling the Riemann surface by cutting along the various 
cycles. In terms of the prime form F(z, z’), the o function, and the @ 
function, we can write the complete conformal map: 


dp 2 g Vy A 
(%) ne (4, D [e+ foo) 


2p+4g—4 
ee E(z, vi|2) 


0 
jai B(z, yg 2)? 


There are problems, however, at the one-loop level. Tadpole graphs 
(which do not appear in the light cone theory because of momentum con- 
servation) appear in the nonpolynomial theory. By taking g = 1 and p=1 
in the conformal map, we have: 


dp VYz-y 1 
— = —— ee = 
dz z(z-1)(z—2)’ a 2 oo) 


Unfortunately, this map shows that modular invariance is violated. If we 


define T' to be the circumference of the loop in the tadpole graph, then we 
find 


(11.6.14) 


Jo(z)|° 


2i 
~—T 
Meal) (11.6.16) 
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Since the region around complex T is part of the parameter space of the 
field theory, this means that the field theory includes a finite region around 
7 ~ 0, which is known to have an infinite number of copies of moduli space. 

This means that our original action is actually only a classical action 
and that a second set of nonpolynomial terms must be added that can serve 
two functions. This second set 


1. kills the anomalies that arise when we take the gauge variation of the 
functional measure DW and 
2. eliminates the overcounting due to tadpoles. 


In summary, we now have a successful closed string field theory that 
is the generalization of Einstein’s equations when power expanded around 
the graviton. The nonpolynomial action reproduces all tree graphs by filling 
up all missing regions of moduli space, but it has to be supplemented by a 
second set of nonpolynomial terms that can kill all unwanted divergences 
and overcountings. 

The difficulty of writing the nonpolynomial theory, however, leads us to 
suspect that it is the gauge fixed version of a higher theory. Since reparam- 
eterizations lie at the heart of string theory and since the nonpolynomial 
theory breaks reparameterization invariance (since the parameterization 
length of the string is 27), we are led in the direction of trying to gauge 
reparameterizations, which we shall do in Chapter 12. 
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Chapter 12 


Geometric String Field Theory 


12.1. Why So Many String Field Theories? 


One of the embarrassments of string field theory [1, 2] is that it has fewer 
symmetries than the first quantized approach. Reparameterization invari- 
ance is nowhere to be seen, which accounts for the fact that the midpoints 
and endpoints of strings become special points. Worse, the light cone theory 
seems to be totally incompatible with the midpoint theory. They seem to 
triangulate moduli space in entirely different ways. Each is totally differ- 
ent off-shell, each has a different set of interactions, yet they miraculously 
yield the same S matrix. For example, for closed strings, the nonpolynomial 
closed string field theory triangulates moduli space in a highly nontrivial 
fashion, while the light cone theory triangulates moduli space in an almost 
trivial fashion via strings that fission. Our goal is to postulate a geometric 
string field theory [3-7] in which reparameterization symmetry is built in 
from the start, that is, we wish to gauge the reparameterization group. In 
this way, one should be able to select as gauge choices either the endpoint 
or midpoint as special points along the string. Then, we should be able to 
view the various string field theories as gauge choices, that is, the “mid- 
point gauge” and “endpoint gauge. This, in turn, would give us a unifying 
principle by which all self-consistent string field theories could be seen as 
gauge choices of a single theory. 

This will make sense out of the various string field theory actions, 
which can be symbolically represented as follows (where @ represents an 
open string field and W a closed string field). We will find that the geo- 
metric theory has a cubic interaction, but that, in various gauges, it can 
become quite complicated, with higher point interactions. From this cubic 
interaction, we will be able to derive the full gauge fixed theory, either in 
the midpoint or endpoint gauge. 

In Fig. 10.3, for example, we saw the five fundamental open string in- 
teractions in the light cone string field theory for the endpoint gauge. In Fig. 
10.4, however, we saw the simple cubic interaction for the midpoint gauge. 
The fact that both actions can be derived by gauge fixing the geometric 
theory can be summarized symbolically as: 
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($3 4 ys ap oy 3° gp oP WD) adpoine 121i 
(D7) rrdparnt ( - 


(Cee a { 


Similarly, in the last chapter, we saw that the covariant string field the- 
ory (in the midpoint gauge) was nonpolynomial, while the light cone string 
field theory was purely cubic. The fact that both of these theories can be 
derived from geometric string field theory can be summarized symbolically 
as: . 

3 ry (v endpoint 
(w )ecometric = { Cz a yt AVS? Veianoine (Glpaal) 
The goal of this approach is to start with a group, develop its represen- 
tations, and then construct curvatures and the action itself, in much the 
saine way that ordinary gauge theories are constructed. 

In ordinary gauge theory, the starting point is a group, such as SU (N). 
Next, we demand that the connections transform as representations of the 
group. Then, we construct the curvatures and then the action itself. Gauge 
theories also allow us the freedom of choosing a continuum of gauges. For 
example, the Rg gauge allows us to continuously go from the renormalizable 
gauge to the unitary gauge, which superficially have nothing to do with 
each other. In the renormalizable gauge, unitarity is very obscure, and in 
the unitary gauge renormalizability is not obvious. However, the existence 
of the R¢ gauge is enough to guarantee the existence of a theory that is 
both renormalizable and unitary. 

In ordinary gauge theory, we also see the origin of why higher interac- 
tions occur in various gauges. Consider ordinary QED, for example, in the 
Coulomb gauge. The action contains the terms: 


AoV? Ao + gAovyov (12.1.3) 


Notice that the propagator is not gauge invariant, and its time compo- 
nent can be completely eliminated. We can, therefore, eliminate the Ao by 
functionally integrating it. After integration, the action contains the term 


[6]: 
(Dro) Sz (Brow) (12.1.4) 


This is called the instantaneous four-fermion Coulomb term, which arises 
because of a gauge choice. (It appears to violaté relativity, because the 
1/V? acts instantaneously between the pairs of fermions. However, this 
nonrelativistic effect is canceled by other terms, making the entire theory 
relativistic. ) 

The lesson here is that the propagator of a gauge theory is not gauge 
invariant; by changing the gauge, it is possible to eliminate the time de- 
pendence of the propagator completely for certain redundant gauge fields. 
By integrating over these redundant gauge fields, we obtain instantaneous 
four-fermion interactions. 
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Precisely the same thing happens in geometric string field theory. Be- 
cause reparameterizations are now part of the gauge group, the propagator 
D = 1/(Lo — 1) is not gauge invariant. In fact, we can gauge it away. 
Thus, contact terms emerge in the action. By functionally integrating over 
some of the redundant fields, we can generate higher order interactions. 
Symbolically, we can write this as: 


Ui = D + fay (12505) 


where U is the generator of reparameterizations and f du represents the 
instantaneous “zipper” found in the previous chapter. 

In contrast to QED, string theory can become fully nonpolynomial. 
This is because in QED, the Apo field coupled linearly with only fermion 
fields. However, in string theory, the string field ¢ is coupled to itself non- 
linearly. Thus, the cubic interaction of string theory can generate nonpoly- 
nomial interactions as we functionally integrate over the various fields. 

To see how a polynomial theory can be come nonpolynomial, consider 
the simple case of N Yukawa mesons, interacting via an action: 


>> Aud? 4b? + Y> vared*b?$° (12.1.6) 
a abe 

where the constant coefficient vay. is symmetric and vgq, = 0. Now, let 

us functionally integrate over one of the fields, say ¢°. The integration is 

trivial to perform, because the action is quartic in ¢°: 


[ atzaty SD o°(o)8"(e)vasead"() dW) 2.1.7) 


abed 


where: 
Vabed = SS Vabe D(x — y)Veca (12.1.8) 
é€ 

As expected, the new term in the action is quartic in the fields. The co- 
efficient of this quartic term is actually the four-scalar meson scattering 
amplitude. However, the quartic form of the action is really an illusion be- 
cause of the presence of the propagator, which makes the term nonlocal. 
Thus, we really do not have a quartic contact term in the action. 

Notice that we can also perform the functional integration over two 
fields ¢° and of (e # f) and arrive at: 


[asa'ulexe bx d]aMosy [or 8] (12.1.9) 


[o x.@], = vabed*¢" (12.1.10) 


where: 


and: 
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Thus, a local polynomial action has become a nonpolynomial action 
by functional integration. Although the action is formally nonpolynomial, 
this procedure is actually a trick because the action is nonlocal. We see, 
therefore, that ordinary polynomial point particle theories can become non- 
polynomial, but only at the price of making them become nonlocal in the 
process. 

In generalizing this simple example to string field theory, there is a 
crucial difference. Because the propagator is not a gauge invariant quantity, 
it is possible to gauge the propagator D(x — y) to one, in which case the 
theory becomes (locally) nonpolynomial. This is an important point. It is 
precisely in this way that the geometric string field theory, which has a 
cubic interaction, can become nonpolynomial when we choose the endpoint 
gauge as a gauge choice. 
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The entire purpose of geometric string field theory is to construct a group 
theoretic formalism by which to derive all of string field theory from first 
principles. For example, both relativity and the Yang-Mills theory can be 
derived from two simple principles. 


Global symmetry: The fields of the theory AY and ug transform as 
irreducible, ghost-free representations of SU(N) and the Lorentz group. 


Local symmetry: The theory is locally SU(N) and general covariant. 


The physics is contained in the first principle. It selects the specific 
representations for the connection fields and, by demanding that the fields 
be ghost free, forces the theory to have only two derivatives. The second 
principle of local gauge invariances then fixes the action uniquely. (The 
second principle by itself is too weak to fix the theory; there are an infinite 
number of actions compatible with local gauge invariance.) The unique 
solution to both principles is given by: 


i oe oe, 
L=—7v-9 FF ~ 52 V—9 Rg” (12.2.1) 


By analogy, we now wish to postulate the principles for string field 
theory that will uniquely fix the action. We postulate [3-5] the following. 


Global symmetry: The fields of the theory Ais} transform as irreducible 
ghost-free representations of Diff(S) and the Lorentz group. 


Local symmetry: The theory must be locally invariant under the uni- 
versal string group. 
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The goal of this chapter is to find the unique action compatible with 
these two principles and then show that we can derive the light cone and 
nonpolynomial actions from them. Not surprisingly, almost all of the work 
in defining geometric string field theory is reduced to finding the represen- 
tations of the universal string group. Let us begin by postulating an algebra 
defined on the space of unparameterized strings. This means that the usual 
starting point of string theory, which is the string variable X,,(c), must 
now be treated as a gauge choice. 

In the space of unparameterized strings, we place our strings in an 
arbitrary background. We want a theory without reference to a metric or 
space-time, that is, a theory that is topological. Let C be an unparameter- 
ized, oriented string, existing in some unspecified background. We wish to 
construct an operator Lc, which is indexed by C’. What is remarkable is 
that in this theory, where there is no light cone, no metric, no concept of 
space-time, we can define a well-behaved algebra. 

Let us start with the following definitions. In a space of unparameter- 
ized strings in an unspecified background, the only topological statement 
we can make about two strings Cy and C2 is whether they are separated 
or whether they overlap or touch. Thus, the only topological structure con- 
stants we can define on this space is related to strings that touch. 


Fig. 12.1. 


We define three oriented open strings {C1, C2, C3} to form a triplet if 
they can be arranged cyclically as in Fig. 12.1a. They form an antitriplet 
of strings if we reverse the orientation of the strings. Now, let us define a 
structure constant on this space, which has no structure or metric: 


-1 for antitriplets G22) 


sel for triplets 
0 otherwise 
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We now define an algebra among the generators as follows: 
ome foo las (12.2.3) 


The topological nature of this algebra is easy to see. Let C be conjugate 
to C if both C and C belong in the same triplet. (A string obviously has 
an infinite number of conjugates.) Then, the effect of the string group is to 
transform a string C’ into its conjugates C. 

What is remarkable about this algebra is that the Jacobi identities 
close properly, even though the space on which they are defined has no 
structure. If we take the multiple commutator of three strings, we find: 


[Le, ,[Lc,,Lc,]] + perm = 0 (12.2.4) 
This can be written as: 
foto, fce,c, + perm = 0 (12.2.5) 


The fact that the sum equals zero can be seen in Fig. 12.1.b, where we take 
three arbitrary strings and calculate the Jacobi identity for them. It is easy 
to see that the Jacobi identity reduces to: 


+1-14+0=0 (12.2.6) 


- 


Fig. 12.2. 


At first, because the space has no structure or metric, one might sus- 
pect that this is a trivial result. However, it is possible to see that this result 
is nontrivial by taking Fig. 12.2a as the definition of a triplet. If we then 
calculate the Jacobi identity for this triplet, we have: 


alae) so) 52 10 (Dae 
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that is, the Jacobi identity fails, and we cannot form a consistent algebra. 
(To close the algebra, one necessarily needs four-string and higher interac- 
tions to cancel the diagram in Fig. 12.2b. In fact, this is precisely the origin 
of the four-string interaction found in the light cone theory. In order to cre- 
ate a gauge theory for the light cone theory, one has to add the four-string 
interaction to cancel precisely this diagram in Fig. 12.2.b). 

At first, one might suspect that the generalization of this result to 
closed strings is straightforward. However, this is not so. Closed strings, 
topologically speaking, are totally different in structure to open strings. 
Specifically, an attempt to use Fig. 12.3a as the definition of a triplet leads 
to problems. 


A B 
Fig. 12.3. 


1. A fully symmetric structure constant does not satisfy the Jacobi iden- 
tity. The multiple commutator leads to the following: 


+14+14+10 (12.2.8) 


which does not cancel. The remaining diagram is shown in Fig. 12.3b. 

2. The structure constant should be antisymmetric in C, and Co, but 
closed strings are necessarily symmetric among the strings (since we 
can simply rotate the entire configuration in a circle). (This is, in fact, 
the reason why the closed string theory of Chapter 11 is nonpolyno- 
mial. Four-string interactions are required to cancel the previous graph, 
which in turn requires five-string graphs to cancel them, etc., until the 
gauge group becomes nonpolynomial.) 


As a result, we must make a radical departure from the open string 
case. First, we must make Lo a Grassmann odd operator in order to get 
the statistics to come out correct. Second, we cannot use Fig. 12.3a as the 
definition of the triplet, but instead must use Fig. 12.4. We then define this 
to be the basic triplet with the following symmetric structure constant: 


396 Chapter 12. Geometric String Field Theory 


_ f +1(-1) for triplets if C3 equals outer (inner) string 
oH. 


0 otherwise (12.2.9) 
Then, the fundamental identity is given by: 
16 Ih = fCs it, Gy 
{Lo,,Le,} Cl ,c, LCs (12.2.0) 


C3 
ie Cotas = Oc, NC2NC3 El ob 


where 6 is a Grassmann odd constant defined at the intersection point of 
the three strings. 


Fig. 12.4. 


The important point is that this new definition of the algebra satisfies 
the Jacobi identity. A careful analysis of the various terms generated by the 
Jacobi identity show that it is satisfied: 


[Lo,, {Lc,,Lc,}] + perm = 0 (12.2.11) 


We now see the rough origin of why string field theory has the basic struc- 
ture shown earlier in the various gauges. The interaction predicted by the 
string algebra is cubic if we define the triplets as in Fig. 12.la and Fig. 
12.4, but becomes much more complicated when we change parameteriza- 
tions and use Figs. 12.2a and 12.3a as the basic triplet. 

Next, we wish to calculate invariants for this algebra. Let ¢¢ transform 
as a covariant vector and ¢© as a contravariant vector. (The raising and 
lowering operator is just the operator that reverses the orientation of the 
string.) Under the string group, they transform as: 


846% = $65,040 OAM 


(12.2.12) 
b¢c, = foes. A@ C3 
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where A is a small parameter. 
By taking a multiple variation of the these fields, we can show that 
they form a representation of the algebra: 


§1,26% = £6} cb Wea 


where: 
Bee As Ay (12.2.14) 


and the raising and lowering operator for the index C is given by reversing 
the orientation of the open string. Now, it is an easy matter to construct 
invariants under the string group: 


ox b=) ) dco" 
2 . 
ss 12.2.15 
p x @ x a) = bc, b¢02¢0, fr ( ) 


C1 ,C2,C3 


We will shortly see that these invariants will become the basic building 
blocks of the action. 


12.3. Universal String Group 


Up to now, we have defined our string group in purely topological terms, 
without any reference to any background metric, space-time, or parameter- 
izations. We would now like to generalize the string group, which is defined 
topologically, to include the symmetries of the bosonic string, which include 
reparameterizations in space-time. 

We remind ourselves that the symmetries of the first quantized string 
include two types of reparameterizations included within Diff(S,): 


1. Diff(.S,)o, generated by Ln, which preserves the parameterization 
length of the string; and 

2. scale transformations, generated by 6/éa, which rescale the overall 
parameterization length a of the string. 


(Strictly speaking, the L, by itself can rescale the overall parameterization 
length of the string. However, the Jacobian of the map that implements 
this rescaling has an infinite determinant. Thus, it is more convenient to 
split off the generator of scale transformations from the Ly, although it is 
not absolutely necessary to do so.) 

In this section, we will discuss only the first symmetry, Diff(S1)o, gen- 
erated by the L,,, which preserves the parameterization length of the string. 
In the next section, we will include the second symmetry, scale transforma- 
tions, which are generated by 6/5a. Thus, the generalization of the string 
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group to include the string symmetries will be the universal string group, 
defined via: 
SG = USG/Diff(S1) 
Diff(S1) = Diff(Si)o ® scale 


We define the universal string group (USG) as the group that maps 
strings into their conjugates and strings into themselves. Thus, we postulate 
that the underlying gauge group of string field theory is given by: 


Goa) 


: CHC 
usc: { ane: (12.3.2) 


As a first step in finding the generators of this algebra, let us replace 
the string C with X,,(c). This also means replacing Lc with Lx, where Lx 
is a multilocal Aineuenal simultaneously dependent on all points o; along 
the string. 


Le > Lx & Lx, (61),Xp(o2)s--Xu(on)} (12.3.3) 


We now define the open string structure constant as: 


fox, = =i II [xX ae u(TO4—1 = G21) (12.3.4) 


a=} O<o; <a? 


where the ith string has parameterization length 7a; and a? is the point 
at which the strings meet. 

We also wish to define the effect of reparameterizations on the string. 
Let L, represent the Virasoro generator whose moments correspond to 
L, — L_y. Then, the effect of reparameterizing a string: 


o—>oa+€(c) (127385) 


can be represented the Virasoro operator L,, where we smear Ly, across a 
string. Under this transformation, the fields 6(X) transform as: 


6D(X) = €(a)X""(o) uo O(X) (12.3.6) 


where Oug = 6/6X"(o). 
Then, a subalgebra of the USC ¢ can be represented as: 


[Lx, Ly] =fxyLz 
[Eg, Lx" (c) ORL (12eaur) 
bo, al = Fe oll 


where the first equation is a parameterized version of the string algebra, 
the second equation shows that the USG is the semidirect product between 
the string group and the reparameterization group, and the last equation 
is just ie usual Virasoro algebra (smeared over strings parameterized by 
OW, py. 
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To gauge the reparameterization group, we will follow the example of 
the general theory of relativity, where vierbeins and connections are used to 
implement general covariance. In relativity, we introduce the vierbein he 
which takes us from curved space indices pu to flat space indices a. For our 
purposes, the reparameterization is over the string variable X *(a), so the 
vierbein has many more indices: €no> Where yz and v are space-time indices 
and o and w are continuous indices defined over the length of the string. 

The vierbein is needed to construct invariants by soaking up the terms 
that arise form the transformation of differentials and derivatives: 

(oem OX VV 
a = Deve ax 4 
Ox? Wa an 


OXY¥P = AXdw AXve 


(12.3.8) 


where y, v, and \ are Lorentz indices and w, p, and o are continuous indices. 
For example, we need the vierbein to make a generally covariant measure: 


DX = || dx#? — det (eve) [] ax”? (12.3.9) 
po vo 


To make the derivative 0,,. covariant, we must also add in a connection 
field: 


Due > Vue = Oye + wiht (12.3.10) 


where the indices of the connection field depend on which tensor it is op- 
erating on. f : 

(Normally, the introduction of these two fields will create many more 
degrees of freedom than are found in string theory. To eliminate all but the 
essential ones, we must place an additional constraint on the theory consis- 
tent with gauge invariance. We will demand that the curvature associated 
with this connection field and the covariant derivative of the vierbein both 
vanish. This means that the vierbein is just a function of a vector field 
¢°. This is fortunate, because it means that we have to integrate over all 
reparameterizations of the vertex given by 0; — o; + ¢%. Functionally 
integrating over the vierbein is thus equivalent to integrating over all pa- 
rameterizations of the string, with each new parameterization labeled by 
¢?. For more details, see Refs. 3-5.) 

We are, however, not yet complete. We must still add the mysterious 
“ghost sector” of the gauge algebra. In a geometric theory, where the entire 
theory is derived from a single gauge group, there is no room for ad hoc 
devices, such as Faddeev-Popov ghosts, which are by-products of gauge 
fixing. Thus, the geometric theory must somehow explain the presence of 
these ghosts. 

To see the origin of this strange ghost sector, we remind ourselves 
that in ordinary gauge theory the Yang-Mills field Ai (x) or the connection 
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field in relativity war (x) has a tangent space defined at every point x. The 
indices in the faecent space do not transform under general coordinate 
transformations. 

The same situation applies in string field theory. As our first postu- 
late, we demanded that the connection fields of the theory transform as 
irreducible representations of Diff($,), that is, they must be Verma mod- 
ules. Thus, the basic field f°} must be indexed by the letters contained in 
{a}, which is in one-to-one correspondence with the elements of a Verma 
module. The Verma module transforms covariantly under the reparameter- 
ization group. 

Let Lo be the Virasoro generator that shifts the string parameteriza- 
tion at a. We can calculate the following Clebsch—Gordon coefficient: 

[ete Sees ere 0) 


as ke 12344 
Helee) = fia le) ( ) 
where L_,, represents an abstract set of Virasoro generators, independent of 
X*, Because the L, acting on an element of a Verma module simply maps 
it into another element of the module, the Clebsch—-Gordon coefficients f 
are numerically well defined. 

Then, a field indexed by a Verma module transforms as follows: 


6B} = (0) {S70 + (a) X(0) Ino (12.3.12) 


We can also construct the connection field Ae which is a mixed tensor 
such that the top index labels a Verma module and a is a continuous index 
that parameterizes the string. It transforms as 


BAL = (0) FAL” + e(0) F445, AY? + (0) X™ (0) OpoAX? (12.3.13) 


Let us now generalize our algebra to include these Verma modules. 

We wish to construct a three-vertex function defined entirely on Verma 
modules: 

(eth (et (ett y) = ploHsttyt (12.3.14) 


where each Verma module ({a}| is defined by a series of L_, operators 
acting on the vacuum (0|. We do not need the exact representation for 
|V). It is sufficient to establish how it transforms under L,,. We define lV) 
to obey the Goto—Naka continuity equations, that is, the L, defined over 
the three strings obey the same continuity conditions as the string variabie 
in Eq. (12.3.4). Notice that this is sufficient to numerically calculate all 
fied{6}{7}, Then we push each L,, contained within the Verma module to 
the right. It transforms into L,, which then moves to the left, eventually 
annihilating on the vacuum, but creating many constant terms in the pro- 
cess. We successively move all L,, to the right until they are ail removed, 
leaving only the constant term fl@}{}{7} 
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We wish to change our generator Lx into poe which will alter the 
generators as follows: 


a B 

ee area Le 
[Los LX] =X" (0) gh + f£0} 1) (12.3.15) 
Degli = Fe fl. 


This the complete USG (without the effect of the rescaling, which we will 
mention in the next section). 

Before we end our discussion of Diff(S1)p, let us mention the impor- 
tance of having our basic field Ae transform as an element of a Verma 
module. It remains to be seen whether our connection fields, which are all 
Verma modules, can Benes the field usually encountered in string field 
theory, which is the —5 1 ghost sector of the field generated by all products 
of the c and b ghosts, a is, 


Pprsr = P_1/2[X, c(c), b(c)| (12.3.16) 


where P_j/2 projects out the =5 1 ghost sector. We can show, however, that 
the two formulations are Since the same. 

The simplest way to see this is to calculate the character of the BRST 
field. We know from previous chapters that the character of an irreducible 
Verma module is given by: 


ch V = II (ar = Dlr) ; (Ge sni7) 


Let us now show that the character of the BRST field is also the same. We 
begin by showing that the level number R and the ghost number G of the 
BRST field are given by 


R= S_(n0_,8” + n0-"0n) 


aes (12.3.18) 
— 0 0 
C= dO"6n Sane. 5 (0 09 — 090°) 
The ghost number —5 1 projection operator can be represented as: 
1 
6g,-1/2 = 5 fae gee (12.3.19) 
: La 


Putting everything together, we find that the character of the BRST field 
can be expressed as follows: 


ch Sprst = > dim $,2" = Tr(6¢,-1/22”) (12.3.20) 
Tt 
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To perform the actual trace, we need a few more identities: 


Tye oF "Ont O-nO 1 7 7 — 2? 


abea 2a oo il age ue) yer 
(+ |6¢,-1/2|-) =1 
(—|6¢,-1/2| + ) = 0 


Putting everything together, we can now calculate the trace of the BRST 
field: 


(2321) 


ch @prst = Do oe On on )[a Gp Oe + 5) tg 
= Js one (1 — 2”)~1 6, (v,q)(sin~! nv)q7 1/4 
Da =i 


-S (i- aoe aes Sac yo 1/2)? ,—2n+1 
n=1 


n=—ocCo 
[e. 9) 
= Il Cl So 
< (12.3.22) 
where we have used: 
c=; z=e™™ (12.3.23) 


(Notice that the last step is possible because only the n = 1 term survives 
the integration.) Thus, the BRST field, with its strange dependence on 
Faddeev—Popov ghosts, is now viewed as an irreducible representation of 
Diff(S,) in the geometric theory. This yields a simple interpretation of the 
ghost sector of string theory. 


12.4. How Long Is a String? 


In the previous section, we have discussed how Diff(S,) can be broken down 
into two parts, the reparameterizations, which leave the parameterization 
length invariant, and the scale trarisformations, which change the param- 
eterization length. Before, we treated the first type of symmetry. In this 
section, we will include a discussion of reparameterizations that rescale the 
string length. 

The question of what is meant by the “string length” has caused con- 
siderable confusion in the literature. The origin of this problem lies in the 
fact that there are actually three different versions of string length, and we 
must carefully distinguish between them. 

First, there is the invariant string length given by the integral: 
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L= [ do \/ X,,'"(c) (12.4.1) 


which remains invariant under a scale change. The value of L is independent 
of a. Rescaling the value of a in the integral does not change the invariant 
length. Second, we have the parameterization string length given by: 


/ do (Ue) 
0 


which should be a gauge artifact. The scattering amplitudes should be 
independent of the choice of a. Third, we have the world sheet length of 
the string, which is a function of the metric tensor gy. If we, for example, 
make a scale transformation ¢ — sc, for some s, then the two-dimensional 
derivatives 0. — (1/s)0, if a points in the o direction. The rescaling of the 
derivatives, in turn, can be absorbed into a rescaling of the metric tensor 
since the action contains the term 0,.X g?°0,X. 

The problem with scale invariance, however, is that the usual Qgrsr 
operator is defined with a fixed parameterization length. The original 
derivation of Qprsr fixed the overall parameterization length to be 7. 

We recall that, given any Lie algebra, one can define a nilpotent opera- 
tor @. We wish, therefore, to derive this operator by reinserting the original 
scale invariance of the string. We recall that the Lagrangian of the string 
can be written as: 


Tye PO 
1 12.4.3 
Ho =i ( + ake") + o(P,X") ( 


where the A; are functions of the metric gg,, that is, A9 ~ 1/ GG and 
di ~ g®'/g°. The Hamiltonian consists entirely of the constraints, which 
in turn form the Virasoro algebra. However, this form of the Lagrangian 
has tacitly removed all mention of the original scale invariance of theory. 

The Lagrange multipliers A; in the previous expression have no canon- 
ical momentum associated with them. To rectify this, let us define the 
canonical moment as 7;. Then, the complete Lagrangian is: 


L=P,X"+a,-H 


, (12.4.4) 
H=w'r,+ Ho 


The two Lagrangians have the same field content. By integrating out the 
w; Lagrange multipliers, we find that 7; = 0, so that the 7;\; term van- 
ishes, leaving us with just the original Ho. Although this seems like a trivial 
change, the important fact is that the gauge group of the theory is now en- 
larged to inciude an Abelian sector generated by the 7;. The gauge algebra 
now includes the commutators: 


eens | = 0, (wi, Lr] =) (12.4.5) 
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As expected, the operators 7; commute among each other and with the 
Virasoro generators. 

Since the operators of the theory now depend on two new variables, we 
will find it convenient to define them to be equal to 6/6a(a) and 6/6r(c), 
where a(c) and r(c) are two new fields that are functions of the gay. We 
will define the zero modes of a(c) and 7(a) to be a, the parameterization 
length, and 7, a new parameter that will eventually become proper time. 

Given the algebra of the USG, we must now construct the connec- 
tion fields and the action. The structure constants of the group give us a 
multiplication operation on strings: 


=f (12.4.6) 


and they also define the connection field for us, given by Ae The x symbol 
is a Clebsch-Gordon coefficient representing the structure constants of the 
USG. The covariant derivative is now given by: 


Pee JOO lip WA) 


where a is a constant, L,(X) contains the complete set of conformal Vi- 
rasoro generators defined over X space, and L, is an abstract Virasoro 
generator acting only on the tangent space indices {a}. 

Because the fields are defined on Verma modules while the covariant 
derivative transforms with conformal weight 2 and is indexed by the con- 
tinuous index o, we need a Clebsch—Gordon coefficient that represents the 
tensor product between these two different representations. We now define 
the Clebsch—Gordon coefficient: 


Yo {a} = (€fa}17” lexay) (12.4.8) 


This Clebsch—Gordon coefficient is uniquely defined. Since 7° transforms 
with a fixed conformal weight, we can move the Ly, to the right and L_,, to 
the left, until they all annihilate, leaving a numerical value for the Clebsch— 
Gordon coefficient. 

We can now write the action. Since 67? is not a true constant tensor 
of Diff(.S,), we must use another to contract on the tensors of the theory. 
The unique action is: 


oO pw 2 
lb (4. OV pa gfe x hig xX Ay) (12.4.9) 
where we have suppressed tangent space indices and «7% = y7 yy”. 

Notice that the field 4°} only comes in the combination 77 AL. we 
can treat it as one field 64°}. Written entirely in terms of 1%} the final 
action is: 


2 
Dy°Vob + OX Ox (12.4.10) 
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Although this looks like the action found in the BRST formalism, there are 
several major differences. All fields are functions of X as well as a(c), T(c), 
y°, and 7". We also integrate over the vierbein. Last, y7V. is almost the 
nilpotent operator Q, with key differences that we now discuss. 


12.5. Cohomology 


The addition of these new operators 7; to the gauge algebra means that 
the usual nilpotent Q has to be modified. By the standard prescription, we 
find that the modified Q equals: 


50, = OSE oh 
Qi= i [ do oss nae (125.1) 


where Qo is the usual BRST operator at fixed parameterization length. We 
have added a new set of ghosts y® and 7 to match the new generators 7;, 
which we have written as 6/éa and 6/6ér. 

Now, let us determine the cohomology of this new operator Q. We 
suspect that since scale invariance commutes with the Virasoro generators, 
the scale sector decouples completely from the states, leaving us with the 
usual physical states of the string field. 

Our fields are dependent on all the modes a, and 7, smeared over the 
string. However, by simple arguments, one can show that all these modes 
decouple from the theory if one can show that the zero modes of these 
oscillators decouple. If we only take’ the zero modes of these oscillators, 
then the theory is only dependent on a and 7, and the theory (with its 
ghosts) has an additional (nonphysical) symmetry Osp(26, 2/2) [9-10]. 

Our fields @ and the gauge parameters A must now be functions of y* 
and 7, which can be decomposed as follows: 


P= do+ Y Oe ate A Oa. ate YY Car 


é P se (12.5.2) 
A=Ao+7 eee Us ana) “if ee 


The physical states must therefore be solutions to Q® = 0, which can be 
decomposed into the following set of four equations: 


Qod¢o = 0 

20a¢0 + Qova = 0 

10,0 + Mog, = 90 

—100.07 as 107 Pa a5 QoPar = 0 

(We will find that the physical string states are hidden within ¢a-) This 


condition is subject to the variation 66 = QA, which can be decomposed 
as: 


(12.5.3) 
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6¢0 = QoAo 
6¢a = 100A0 + QoAa 
56, = 10; Ag + QoAr 
Sbar = —i10gAr + 107 Aa + QoAar 
Now, let us begin the process of removing redundant gauge degrees of 
freedom to see what the physical states look like. First, we can invert the 7 


derivative and use Ag to set dg, to zero and use Ap to set ¢, to zero, that 
is, symbolically: 


(12.5.4) 


Ag = bar =0, Ap—r>dr =0 (12.5.5) 


Reexamining our cohomology, we find that 0;¢9 = 0 and 0;¢q = 0; they 
are now 7 independent. 

Although we have removed the t dependence of the system, there is still 
a residual symmetry, consisting of t independent gauge transformations. 
The 7 independent fields are still invariant under the variation: 


540 = QoA 


A (1255:6) 
Sha = 10. A + Qo A 
We now use A) to eliminate ¢9, since we can show that ¢o consists 
totally of BRST redundant states. (Usually, the operator Qo is not invert- 
ible. However, in this case, we can effectively invert Qo because ¢p has a 
nonzero ghost number.) However, there is still one last gauge invariance, 
given by: 
5ba = 10g AW) + QoAM © (12.5.7) 


We can use this last symmetry to eliminate the nonphysical modes within 
gq and also to eliminate its a degree of freedom. 
In summary, we find that the physical states satisfy: 


) 

5a? =0 

i oe (12.5.8) 
OF car! 

Qogva =0 


We have thus shown that the a andr sectors of the string field have com- 
pletely decoupled from the theory, leaving only the usual physical states. 

So far, we have been only working with the on-shell system, that is, the 
equations of motion. There are problems, however, when we try to apply 
this formalism to the Lagrangian itself. In fact, if we quantize incorrectly, we 
find that the theory is riddled with ghosts, or the theory vanishes entirely. 
We must thus be very careful in setting up the Lagrangian for the system. 

We begin with the action 6Q@ integrated over y7 and y%, which can 
be expanded as follows: 
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L = idhda + ¢1.,Qo¢0 — ib} Oab, — HL. Qod, + hic. (12.5.9) 


where } simply refers to reversing the sign of a. 

There are several things that appear incorrect in this action. First, we 
notice that the action is nondiagonal in the fields. Thus, it appears that the 
theory has ghosts. For example, if we have an action with two fields ¢, and 
$2, then we can decompose the following action so that there is a ghost: 


$102 = (¢aQ¢a) — (¢0Q¢s) (12.5.10) 


where we have made the substitution ¢1 = ¢a + dp and ¢2 = da — dp. 
The presence of the extra —1 sign in front of the second term indicates the 
presence of unwanted ghosts. Second, if we set d,; and ¢, equal to zero, we 
find that the Lagrangian collapses to a trivial factor of boda The theory, 
it appears, is empty. 

So we are faced with two unpleasant choices. Either the theory is vac- 
uous, or else the theory contains ghosts as well as the usual physical states. 
Actually, there are simple answers to both problems. The argument that 
ghosts are always present in a nondiagonal theory is faulty because we are 
dealing with a gauge theory, in which one of the fields is a redundant gauge 
field. The ghost field ¢,, which causes us problerns, may be eliminated be- 
cause it is redundant. 

The second problem, that the action is zero, is actually more sophisti- 
cated and requires some analysis. To see where the answer lies, let us review 
some basics of gauge fixing in ordinary Maxwell theory. The Maxwell action 


contains the term: 
LD oN Be $ (12.5.11) 


Normally, the Coulomb gauge consists of setting V- A = 0. Treating the Ao 
field as a Lagrange multiplier, we can then eliminate it and find Gauss’s law: 
V -E = 0. In the Coulomb gauge, we can therefore impose the following 
three conditions: 


V-A=0 
Ao = 0 (12.5.12) 
V-E=0 


The problem occurs when we try to choose another Coulomb-type 
gauge, the temporal gauge Ap = 0. By setting the Lagrange multiplier 
to zero, we can no longer impose Gauss’s law. We have used up all our 
gauge constraints, yet we are not able to retrieve the previous set of con- 
straints. Thus, it appears as a mystery how we can rederive the original 
three conditions found in the standard Coulomb gauge. 

The answer to this puzzle is that the longitudinal part of E is still 
redundant; E commutes with the Hamiltonian, so once E is set to zero ini- 
tially, it remains zero throughout the history of the system. Another way 
to see this is to decompose the electric field and the A; field into transverse 
and longitudinal parts. Reinserting them into the action, we find that the 
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longitudinal parts decouple from the action, so they can be removed, leaving 
only the transverse components in the action. The lesson is that whenever 
we set the Lagrange multiplier to zero, we can no longer impose the coun- 
terpart of Gauss’s law. However, the system still has residual symmetries 
that allow us to impose Gauss’s law. 

A similar situation applies to the string gauge system. By demanding 
that ¢, and ¢q, be set to zero, the system collapses. This is only an illusion, 
however. We are still allowed to set: 


Qogo=0, Qo¢a+20adb0 = 0 (2.5.13) 


To see that the system is not vacuous, let us impose another gauge con- 
straint on the system. We impose the condition: 


dar = 0, br = ¢a6(T)5(a — 7) (12.5.14) 
The system then reduces to two terms: a diagonal, 7-independent term 


P.Qob0 (12.5.15) 


at fixed string length 7 and a term dependent on @ and 7. Notice that these 
second terms, like the longitudinal part of E, decouple from the system, and 
hence can be thrown away. The moral of this discussion is that the final 
action resulting from eliminating the a and 7 sectors of the theory is the 
usual one found in Chapter 10. 


12.6. Interactions 


Next, let us give an explicit representation of the structure constants of 
the theory, which are the vertex functions. To prove that this geometric 
formulation actually exists, we wish to find a conformal map that smoothly 
interpolates between the light cone map and the midpoint map. This is 
nontrivial, because at first one may suspect that the light cone gauge limit 
is a singular one (because the region of overlap between two of the legs 
goes to zero). However, by explicit construction, we will show that the 
interpolating map exists and is well behaved in the limit that it approaches 
the light-cone gauge. 
The map we desire is given by [3-5]: 


3 
p(z) = —a@y In(z = 1) — a2 In z = s; a, In [(az? + bz+ aye + appz + b,| 


Pell 


(12.6.1) 
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acicaite} | -ad tad +03 
1 = — 3 = ; az = a3 
204 ; 2a2 ; 
at + az — ab a? — a3 — a? (1262 
b — Bh b a a b = 1 2 3 
dla ; Pa saat Oi 3 aa 
204 —2a3 
2 $ 
Qa = 03; b= a aoe, C= a, —a- —a 


One important feature of this map is that the sum of the parameterization 
lengths does not sum to zero, as in the light cone gauge. Instead, we find: 


3 


Sor = a2 #0 263) 


P=il 


The proof that we can smoothly go to the light cone limit is a bit tricky, 
because we have to take the limit as aj2 — 0, and potential infinities do 
arise in this limit. However, all cancel precisely. In fact, in the light cone 
limit, we find: 


lim | p(z) = a, In(z — 1) + ag In z + ay In ay2 — a2 In(a3z + ag) 
ai2— 


— In (Jagagaz "|" |aragaq "| |a1aga3 *|~°) 
(12.6.4) 
As we carefully take the limit as aj2 — 0, we find that the map converges 
to the usual light cone map. 
The proof that the map goes Pere to the midpoint gauge is 
easier. If we take the limit a|a,-| — 7, then it is tedious, but straightforward, 
to show that the map approaches the limit: 


_ (2 = 24138 — (z - 1/2)(z — 2)(z +1) 


ee) = see (12.6.5) 


which is precisely the midpoint gauge conformal map. 
Because the limit is continuous, we also know that the limit of the 

vertex functions, which are constructed out of these maps, is also smooth: 
ee \Weterpotatine) = at \Warianoms) 
ar 

(12.6.6) 
lim laneenoiaune) = endpoint ) 
p= 

Furthermore, it is possible to transform one vertex function into another 

via Virasoro operators. If we let |Vo,a203) represent a vertex with arbitrary 

parameterization lengths, then we have: 


Vere = eee | Vinca.) (1256-7) 


1 A23 


where: 


U = exp Sas — Din)Cn (12.6.8) 
na ica 


Gy 612 3 G1 pr &27 a3 
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where (,, are the Fourier modes of the field ¢7, which is the remnant of the 
vierbein after we set the curvature to zero. Notice that by integrating over 
all possible ¢7, we are in essence integrating over all possible parameteri- 
zations of the triplets, that is, 


3 
fame — ee) ee) 
t=10<0;<o? 
(12.6.9) 
The interaction vertex |V) must also be modified to reflect the presence. 
of the metric tensor gap in the theory. We can insert the following factor, 
which reflects the boundary conditions of the endpoint vertex, into the 
usual vertex function: 


IV) = 6(r1 ~ 73)6(r2 — 73) 607 — 98)6(E — 13) 6() ) )5(Q 9?) 


(12.6.10) 
It is easy to show that the sum of the Q, for the three strings vanishes 
when acting on this vertex function: 


3 
ei 0 (12.6.11) 


12.7. From Polynomial to Nonpolynomial String 
Theory 


Last, we would like to show that we can smoothly go from the geometric 
action, Eq. (12.4.10), which is purely cubic, to either the polynomial end- 
point gauge theory or the nonpolynomial midpoint gauge theory. Our goal 
is to show that we can eliminate the dependence on a, 7, y*, and -y7 so that 
we are left with either the light cone theory or the nonpolynomial theory. 


Endpoint Gauge 

First, we would like to derive a covariant theory with endpoint type 
vertices. This is relatively easy because the vertex is already defined with 
the sum of the parameterization lengths to be zero. We can simply set the 
vierbein ¢7 to zero. 

However, there is one crucial complication. It is impossible to simply 
remove the a andr degrees of freedom from the theory. This is because our 
naive gauge choice ¢, = 6(a@ — 1)6(T)¢q is not allowed. With a vertex as 
in Fig. 12.2a, where the parameterization lengths sum to zero, we cannot 
fix the three string lengths to be equal. The interacting gauge variation of 


12.7. From Polynomial to Nonpolynomial String Theory 411 


¢, does not permit taking such a gauge (or else the vertex function equals 
zero). 

Therefore, we are forced to keep the 7 and a parameters intact. They 
cannot be removed from the theory as long as we have the vertex defined 
in the endpoint gauge. Instead, we will fix the gauge to be: 


Pr = boda (27a) 
In this gauge, the free action reduces to: 
ba [id — (Lo — 1)] ba (1272) 


because {Q, bo} = (Lo — 1). Although this looks like the original light cone 
action, we emphasize that Lo is fully covariant and the usual b,c ghost 
sector is intact. 

At first, one might naively suspect that this reduced theory is the 
“covariantized light cone theory” [11]. However, this is not true. There are, 
in fact, severe problems with naively taking the action 6Qo¢+ 4°? + ¢% and 
integrating over a. The problems with the covariantized light cone theory 
are as follows. 


1. Because a is integrated over but is not a gauge parameter, we have 
an infinite overcounting of states at. the loop level. All fields are now 
indexed by a fictitious parameter a, giving us an unwanted redundancy 
in the fields. 

2. Because proper time is missing in the covariantized light cone theory, 
the loop diagrams do not have the geometry of the usual light cone 
world sheet. For example, in the usual light cone theory, the two in- 
ternal lines forming a single loop diagram have the same propagation 
times because of the existence of the proper time parameter 7, which 
is single valued on the world sheet. However, in the covariantized light 
cone theory, the propagation times of the two internal legs are entirely 
different, and a single-valued parameter 7 does not exist on this world 
sheet. This means that the number of moduli for genus g loop dia- 
grams is equal to 7g, not 6g, as in the usual light cone theory. The 
extra modulus comes from the unequal propagation times of internal 
legs, which are now all independent. 

3. The theory is not really gauge invariant. Superficially, the action seems 
to obey a nonlinear gauge invariance because of the presence of the p* 
term. However, this is an illusion. The measure of integration D¢ is 
not invariant under this nonlinear gauge transformation, and hence, the 
theory has gauge anomalies. (In the light cone theory, because of proper 
time and conservation of string length, the potentially anomalous terms 
arising from a Lorentz transformation of the measure all cancel.) For 
these three reasons, the covariantized light cone theory is unacceptable. 
Our endpoint gauge action differs from this incorrect theory because of 
the presence of a proper time parameter 7 and also the ghosts y. The 
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proper time coordinate r produces world sheet configurations that are 
identical to the usual light cone theory, which is known to be modular 
invariant. Also, the theory in the endpoint gauge satisfies the boundary 
conditions of Eq. (12.5.8) at infinity, so all dependence on a and r 
eventually disappears from the action. 


Midpoint Gauge 

In the endpoint gauge, we saw that it was forbidden to impose the 
gauge condition of Eq. (12.5.14), which would remove all dependency on 
and a from the very outset. This is because the vertex function has unequal 
parameterization lengths, and hence, a common parameterization length is 
forbidden. Our goal, however, is to derive the nonpolynomial theory of the 
previous chapter, which has no dependence on a or 7 at all. The only way 
in which to enter the midpoint gauge, we see, is to change the string lengths 
of the field, so that all dependency on a disappears in the vertex function. 

In contrast to the endpoint gauge, in the midpoint gauge, we have 
the possibility of eliminating the dependence on q@ and 7 at the beginning. 
However, we shall have to use the vierbein to convert the endpoint vertex 
to the midpoint vertex. 

As in the toy model action of Eq. (12.1.6), we can functionally integrate 
over one of the string fields at fixed a. As before in Eq. (12.1.7), the func- 
tional integration generates a nonlocal quartic theory, with the interaction 
term: 


(UV x W|D(X — Y) |W x v) (12.7.3) 


when we integrate over the external string lengths of the four fields. 
Successive integrations over two fields ¥ and W; yield: 


el Uxw 
[ pxov(y xv Wx v) Mires c : a (12.7.4) 
where: : 
Eh | DOC ee 
Mxy = ( —W~x D(X - Y) 7 (257.5) 


As in the point particle case, this process creates a nonlocal nonpolynomial 
action whose individual terms are equal to the scattering amplitude for 
N-strings in the endpoint gauge. The overall coefficient of each scattering 
amplitude is equal to one. 
_ As it stands, this formula is useless, because the interaction is non- 
local. However, we now point out the crucial point: there is a vierbein in 
the vertex function x. By changing the vierbein to convert the endpoint 
vertex into the midpoint vertex, the vertex function is defined for strings of 
equal parameterization length, and we can then eliminate the a dependence 
entirely. 

However, by changing to the midpoint vertex, we are left with ex- 
tra factors of the U matrix in Eq. (12.6.7), which contains the vierbein. 
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The elimination of these extra U factors is the key to the calculation. We 
saw that the string propagator D is not invariant under reparameteriza- 
tions, as in Eg. (12.1.5). Under a reparameterization, the propagator D 
with one string length turns into another D (with a different string length) 
plus another term that is proportional to an integration over moduli space. 
By carefully treating all such terms, we find that the leftover term in Eq. 
(12.1.5) wiil generate the nonpolynomial action. 

When we reinsert the vierbein back into the scattering amplitudes and 
make the transition to the midpoint gauge, we can extract the polyhedra 
out of the integrals. Since each scattering amplitude occurs in the action in 
the endpoint gauge with the coefficient one, we find that the coefficient of 
each polyhedra (modulo symmetries) is also equal to one, to all orders. 

Since our cubic action describes both open, and closed strips, let us 
first focus on a simpler problem, the generation of the open four-string 
interaction from open string field theory. It is important to notice that the 
coefficient of the four-string (nonlocal) interaction appearing in Eq. (12.7.3) 
is just the four-string scattering amplitude. Our problem is thus reduced to 
studying this four-string scattering amplitude in the midpoint gauge and 
then making the transformation to the endpoint gauge. 

The coefficient of the four-string term 6* appearing in the functional 
integral is the four-string scattering matrix for t- and u-channel scattering. 
Let us now insert the trivial factor VUU—! = 1 into this scattering amplitude. 
This U operator is chosen to convert the midpoint vertex into the endpoint 
matrix. For the process 1+ 4 2+3 and1+3-—-— 2+ 4, we have: 


(Vise |\Vsea = aidpein +(Viss |Ds5|V524) midpoint 
= (Van eee Da Witenes endpoint 


aie \ Verleses |Ds | Vane encpeime 
z (12.7.6) 
ie / dasu(Vay ads Wasa a3 ) interpolating 
Mr 


ap / dasp(Va, a35 Wee) intecpolatine 
Mr 


(we will defer the proof of this until the next section), where the last two 
contact terms combine to give the integration region ag—a4 < a5 < ag+aa, 
where a4 < a1,a2 < a3. Notice that the contact term is the square of the 
interpolating vertex, that is, the parameterization lengths neither sum to 
zero nor are they equal. 

The essential point is that, under a gauge transformation and the in- 
sertion of the U matrix, the midpoint scattering amplitude turns into the 
endpoint scattering amplitude and a second term. This new term arises 
because the propagator is not an invariant. Thus, the propagator D (in 
the midpoint gauge) has split into two pieces. One piece has been trans- 
formed back into D (in the endpoint gauge), while the other part has been 
transformed into the number one (generating an instantaneous four-string 
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Coulomb term). If we evaluate the topology of this Coulomb term, its mea- 
sure of integration, its region of integration, etc., we find that it is precisely 
the four-string interaction first introduced in Ref. 2. It is, in fact, precisely 
the square of the interpolating vertex, just as the Coulomb term is the 
square of the two-fermion vertex. 

Thus, the four-string interaction is a gauge artifact. It is the result of 
choosing a gauge in which the USG is nonlinearly realized. By changing 
the vierbein to a gauge in which the USG is linearly realized (the midpoint 
gauge), the four-string interaction vanishes. In between these two extremes, 
we have the interpolating gauge, where the four-string interactions can vary 
between zero (the midpoint gauge) and the full four-string interaction found 
in the endpoint gauge. 

Now, let us reexpress in the language of string field theory, given the 
fact that the four-string amplitude is the (nonlocal) coefficient generated 
by functionally integrating one string field over a cubic action. Let us use 
the symbol x when we are multiplying strings in the endpoint gauge and 
the symbol * when we are multiplying strings in the midpoint gauge. 

The x vertex is converted into the * vertex by the action of the repa- 
rameterization matrix U (which changes only the X and b,c ghost param- 
eterizations. Dropping L, gauge operators, we have: 


(® * B| D(X ~— Y)|@ * B) miapoint 


e Wa 
= (6 x | D(X — Y)|G x B) enapoint a du(® x O|S x G) ( ) 


The second term is the counterpart of the instantaneous Coulomb term and 
has the precise topology of the four-string interaction found in Chapter 10. 
We see that the four-string interaction of the light cone theory is therefore 
a gauge artifact, a by-product of transforming from the midpoint gauge to 
the endpoint gauge. 

Now, let us generalize the discussion to the closed string case. The 
s-channel contribution to the scattering amplitude can be written as: 


Os, A205 |Ds | Verarae Vena aine = (Vi25 |Ds | Vigan 


R 12.08 
+ [ aarz dai3 ph Vipieglete Po). a cei ( 
where as = dor = 2412, 
a 1 2m = a 
Ds = bobo | dr i dap ees? tare) (12.7.9) 
0 0 


and yw is a measure term that will be calculated in the next section. It 
eventually becomes the Jacobian between the polyhedron’s parameters and 
the Koba-Nielsen variables. 

Since the coefficient of the nonlocal quartic term in the string action 
is the four-string scattering amplitude, we can rewrite this formula as: 
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(Ww x Y|D(X = Y)|w x ie endpoint 


4 

= (UW *«U|D(X —Y)|W * YP) miapoint + / wi oe) 
This is the formula that we desire. We have no converted the theory from 
the endpoint gauge (where the theory is purely cubic) to the midpoint 
gauge, where the theory has generated a four-string action to lowest order. 
This four-string action has precisely the topology of the tetrahedron graph 
that we studied in the last chapter. 

There is one last remaining step, however. Although the X-dependent 
terms in the vertex appearing in the last expression are defined purely with 
equal parameterization lengths, the terms that are not affected by L,, still 
remain. In other words, the a and 7 dependences in the vertex function 
still remain, but as purely dummy variables. 

In the last step, we can use the Parisi-Sourlas [16-17] mechanism, 
which states that a system with Osp(D + 2/2) space-time symmetry is 
equivalent to ordinary (D) symmetry, that is, a fermion corresponds to 
a “negative” dimension that cancels against the positive dimension of a 
boson. Since the X-dependent terms in the vertex function are now totally 
free of the parameterization lengths, only the a and 7 enter the vertex 
function multiplicatively, through Eq. (12.6.9). 

To see how this works, let us analyze the simplest case of the single- 
loop diagram with two external legs. We will show that the integration 
over 7 and a cancels the integration over @ and 6. To show this, we will use 
an old trick due to Feynman, which is to introduce auxiliary parameters. 
Consider the example of an ordinary point particle ¢° theory. 

Let A be the propagator of the point particle. The Feynman rules for 
the single-loop graph give us the product of two propagators, integrated over 
space-time. Let us now make a sequence of transformations by inserting a 
series of Feynman parameters into the amplitude: 


1 ie da 
Ai Ae 0 [zA, +(1- x) Ao] 
i day daz 6(a, + a2 — a3) 
SNR ES ST 2 aad a 
0 


== oY 5 
(a, Ay 3 a2 Az) 
1 day daz 6(a1 + ag = a3)d76 (Gero) 
= © OS 
ils (a1 A; + ards + 60) 


= oa | I] da; d?6; dr 6(ay1 SF Gy = a3)6(1 oP Ao = 63) 
Oi 


x exp —T(a1 A; + a2 Ag) 


where A= A+ 00. 
In the first line, we have the Feynman propagators of the loop rewritten 
as an integral over the Feynman parameter «. In the second line, we have 
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rewritten x in terms of fictitious parameters a;. Next, by introducing two 
Grassmann variables 6, we have reduced the power of the denominator 
by one. Last; because we have a single factor in the denominator, we can 
introduce one more dummy variable 7, which converts the denominator into 
an exponential. 

Notice that 7, a, and @ are all dummy variables and were introduced 
purely via a series of identities. However, we will give a physical interpre- 
tation to them. These and other identities (for higher loops) show that 
we can start with a ¢° theory with no mention of a or 7, such that the 
Feynman loop amplitude simply consists of a product of propagators A; 
integrated over space-time. Using the super-Feynman trick, we can convert 
this product of A; into an integration over proper times and a and 6, such 
that a and @ are conserved at each vertex, and 7 is a common parameter 
for all legs of the loop diagram that start and finish at the same point. 
This means we can make the following replacement, from a theory defined 
totally in terms of ¢(x) to a theory with the fictitious parameters a, 7, and 
@. We can make the following replacement: 


fe (54.8 OY db + 06°) 


= fe da d76 $(x,7, a, 0, 0)(ad, + A)$(x,7, a, 9,8) 


La / dx dr 6 (= «| ] | 4a: 4708 (= a) 6° (04,7, ©, 0;,9;) 
4 a a 
; GE2 a2) 
with the condition that the external states are independent of these ficti- 
tious parameters. Obviously, we can do the same for string fields with equal 
parameterization lengths. 

Let us now summarize the various steps we used to gauge fix the geo- 

metric theory down to the nonpolynomial theory of the last: chapter. 


1. First, we eliminated the o index of the Ae field, leaving us with a 
cubic action in W. 

2. Second, we integrated over one of the fields at fixed a. This generated 
a four-string, nonlocal term. 

3. Third, to make the nonlocal term into a local term, we used the vierbein 
in the U function to change the X and b,c dependent terms in the 
vertex function from the endpoint gauge to the midpoint gauge. 

4. Fourth, since the propagator was not invariant under U transforma- 
tions, we generated new “instantaneous terms,” which were precisely 
the tetrahedron and higher graphs. 

5. Fifth, we used the Parisi-Sourlas mechanism [16-17] to eliminate the 
dummy variables a, 7, y7, and y’. To retrieve the original nonpoly- 
nomial action, we simply “undo” the functional integrations over the 
string fields. 
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Last, we notice that we can generate polyhedra of arbitrary complexity 
by making successive integrations over the string field. For example, the 
five-point string function is generated by multiple functional integrations: 


(W x W| D(X = Y)|W|D(Y = Z)\0 x UD) escedhorat tet 


yy 
= (W *W|D(X —Y)W|D(Y — Z)|W * W)miapoint + / aut 
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In this section, we will prove the crucial identity Eq. (12.7.6) linking mid- 
point and endpoint amplitudes, using the “method of reflections.” We begin 
by introducing the U matrix, which contains the vierbein that changes the 
parameterization length of a string: 


3 : 3 
|Vexcioes) = I] Us: WWeeneee Il [2 3F ber ( = L_»)| Wa eee) (12.8.1) 
(In this discussion, we will only use the infinitesimal version of the U matrix. 
However, there are technical complications to making it fully finite.) Notice 


that we can convert all expressions to factors containing only L_» by using 
the fact that L,,, acting on a vertex function, “reflects” and turns into L_m 


(15 /or = one fee — ieee =i) - (12.8.2) 
where: 
n—-1 % a 
nad 2 or n—pyNin pt > (Pm )NE p—wN,, (12.8.3) 
p=1 


Also, when Ly, passes through a propagator, it picks up a factor ol 2: 
ee Dy (12.8.4) 


By analogy, the elimination of the vierbein can be compared to a light 
beam reflecting off two parallel mirrors. The light beam is like Ly, and 
the parallel mirrors are like two vertex functions. The light beam (Ln) 
bounces back and forth an infinite number of times between the two mirrors 
(vertex functions), each time getting weaker in intensity (because z is less 
than 1) until the light beam eventually disappears. Fortunately, these terms 
converge and can be summed exactly to all orders. After an infinite number 
of reflections, we find a simple result: 


(Vorascs [Erte cares.) oa Gs) ereies|@5°\Vasaas) (12.8.5) 
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for the t-channel process 1+ 4—- 5 + 2+3. 

We see that the effect of adding L, between the vertices is to generate 
a factor of f(x5) and to change xp to De In other words, we have the 
transformation: 


u5° dag — f5°x, 'f(as)des = 22° “das (12.8.6) 


Now, let us split the propagator D into two pieces, Dj and Dy, where 
the first piece contains an integral from 0 to 1 — e, and the second piece 
contains an integral from 1 — « to 1: 


le ui 
- (/ +f ) drs x5°* = Dy + Dy (12.8.7) 
0 l-e 


Let Ay be the scattering amplitude for the ¢-channel process with the prop- 
agator D;. Then, we have: 


Aj = Vereen Ot Vewares, misao 
= Upeeret | eire: oul bre Venane) 


a1 A405 A5AZAZ 


: (12.8.8) 
pa (Varaas| f Ds Gc s\ Verena, eee 

The important point is to notice that Dj, which only has a piece of the 

integration region, has now changed into an integral over Z; between 0 to 

1. In fact, we see that the new propagator is simply D. 

More important is the contribution from Dy to the matrix element, 
which we call Ay. We find that zs again transforms into Xs after the method 
of reflections. The difference now is that we set Z; = 1. This, insturn, 
changes the value of the intermediate string length as into a new variable, 
called ag: 


Aj — (Ven coeae it | Vesewee eee 


= (Vas dade | Ue ae Dy DBS ee Vaieeme)) 


A104 | Aga2ag3 


(12.8.9) 
= J So0)25*d06(Vaxdsse|Vaeaaas) 


ey 


It is important to notice that the last term can become a matrix element 
without any propagator sandwiched between them. The propagator has 
completely disappeared, leaving only an integration over xg. This term will 
eventually become the four-string interaction. 

Now, let us sum both the t-channel and s-channel contributions to 
the scattering amplitude. The two channels add up to give a contact term 


integrated over the whole region of the usual four-string interaction. We 
find: 
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1 (Vorserscer |Di|Varares eaten: 
a Veeeee [eiVeenses) 


(Vorasas [Px [Vasazcs eee 
a (Veweror (Di Varauasy 


endpoint endpoint 


an t+lar| 
Ji / (PdO Vateel Vasasa) 


1—|ea| 
(12.8.10) 

Since the four-string scattering amplitude is the coefficient of the four- 
string interaction in the Lagrangian, we find that the midpoint gauge (where 
a four-string interaction is absent) has transformed into the endpoint gauge, 
where a four-string interaction emerges because D is not invariant under a 
reparameterization. Comparing this with what happened earlier with the 
scalar meson example, we see that Eq. (12.1.7) for the point particle case 
has generated a genuine four-string interaction when we generalize to the 
string case. 

Likewise, it is straightforward to generalize this analysis to the closed 
string case, in which case we generate a new four-string (tetrahedron) graph. 
For the general case, where we may have a vertex function with an arbi- 
trary number of legs, it seems prohibitively difficult to apply this simple 
method to extract out the polyhedra graphs. In general, the method of re- 
flections changes the variable of integration as follows for the closed string 
propagator: 


Z—2\1 + €(2)| (12.8.11) 
where: 
= z es a a de) 
a goa 8 “We 2 
where the values of 7,7,k,... can Be determined by following the paths 


of light beams that can reflect in any direction from a series of mirrors 
placed at the location of each vertex function. Thus, the path traced out 
by i,7,k,... touches all vertex functions sequentially. 

At first, it may seem to be a hopeless task to make sense out of this 
series. However, fortunately, it can be almost trivially summed to all orders. 
Two key observations make the sum almost totally transparent. First, let 
us analyze the following contraction for N-string scattering: 


TL (Yoo fT TL 


ues (12.8.13) 


i,9,k PQ, 
The vertex functions are given by: 
1] exp (50° een eb Ns eC. |0) (12.8.14) 


nm,rs 


multiplied by the appropriate insertion factors at the joints where strings 
meet, 
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1 —2 ,—ner(z)—m6,(2") 
Ni = — Gag ee s (12.8.15) 
OS i 2a \e f 


and the conformal map from the complex plane to the sheet describing 
scattering in the midpoint gauge is given by /15}: 
2(N-2 
dpe lie Gear 


dz ees (z ie Yr) 


where N and the y, are determined, for the missing region, by setting the - 
external lengths to be 27 and by setting all the real parts of p(z;) to be the 
same. . 
Using coherent states, we can evaluate all the matrix elements in Eq. 
(12.8.13) explicitly. All matrix elements are special cases of the following 
formula: 


(12.8.16) 


if 1 1 
(lex | (oslo las) + (al L)] exp | (aga) + (af Z2)] [0 


= i! 2 
= aeP(1— MM), exp (2 \(s—eeragen) 2) 


One : @) 

x EXP 5 (x! |Mq;; (=p ee 

le omrcr 1 (2) ; (1) 

x exp 5 (4 | —agenagn) Mae EE 
(12.8.17) 


where this formula allows us to express the Neumann function defined over 
an entire N-string scattering Riemann in terms of elemental three-string 
Neumann functions. 

Now, let us study the power expansion implied by the above equa- 
tion. Notice that the power expansion in the M2) 4@) matrices is precisely 
the expansion found for the method of reflections in gu (h2ss 2) shines 
it is rather trivial to sum the entire series and obtain the Neumann func- 
tion of the N-string scattering matrix. The only reason why the expansion 
was rather complicated looking was because we were writing the N-string 
Neumann function in terms of three-string Neumann functions. 

Now that we can reexpress the # variables in terms of the Neumann 
function defined over the N-string scattering matrix, we use the second 
trick. We show that the shift in the propagator variable is simply given 
by a conformal transformation that changes the external dimensions of the 
N-string scattering amplitude. This second trick gives us a nice physical 
interpretation for the method of reflections. 

Let us first define the Neumann function over a Riemann surface cor- 
responding to the scattering of N closed strings: 


V'N(G,7;0',7') =2n6(a 6 on} (12.8.18) 
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Now, let us multiply both sides by 7’ and integrate over both o’ and 7’. 
The right-hand side then becomes 7. Solving, we find: 
Qn7 = / dr'doa' V7 N = i) dr’ do' r' 82,N 

(12.8.19) 

= poo! dr’ [0," (r' 0;N) — 0,:N] 


Normally, in the simpler case of the light cone formalism, this integral can 
be evaluated knowing only the value of the Neumann function at infinity. 
We find: 


1 
em = / do}. N(o, 7; —00, o7,.)do;, 
P= 


Ef usenet 
Ss—a 


where the sum over r(s) is taken over incoming (outgoing) strings. We have 
ignored certain boundary terms in Eq. (12.8.14) because we know that: 


(12.8.20) 


endpoint 


7! ON ~7'nName™” — 0 (12.8.21) 


For our case, however, we can uo longer use this formula because of the 
presence of the crucial Riemann cuts, which define the topology of string 
interactions. In particular, the integral over o’ now contributes a term that 
occurs in the middle of the Riemann sheet, rather than at infinity. In Fig. 14, 
for example, we see that there are vertical flaps that rise from the Riemann 
sheet for both open and closed strings scattering in the midpoint gauge, 
so that partial integration in the r’ variable must necessarily pick up these 
contributions. 

The integration is.a bit tricky, because several terms contribute to the 
integral. First, let us analyze the term 7’N in Eq. (12.8.14). We find that 
this term actually vanishes at the location of the Riemann cut 7, because: 


=0 (2822) 


Ta O;! N as ar Te, Or 


5= es 
T= T5=Te 


Notice that this term vanishes because there are two contributions to the 
line integral from infinity to the Riemann cut 7 = 7, from either side of the 
Riemann cut. Fortunately, they cancel precisely (because dr and ON have 
opposite parity under reflection across Te). 

We are left, therefore, with the final answer for rT: 


Ht ~ / ee: U fdas 
c= Z| aro | eNerit.o(2) (12.8.23) 


59,7, 8=1 U=Pp,g,7,s 


where: 
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Te, = 0:9) lr = —1 
T.=0o Mee —all 
: j i (12.8.24) 
Tp =Tepi Np = —1 
Ts Teas Ng=l1 


where the location of the Riemann cuts for incoming strings is given by Tc, 
and for outgoing strings by 7,,. 

Similarly, we can set 7 in the previous expression to be at the turning 
point 7.. We can also calculate the modular parameter, the proper time 
between two vertices, by taking the difference between the 7, at two different 
turning points. 2 

Now, let us make small variations in the external lengths of the strings 
at 7 = +oo and at + = 7T,. By this fashion, we can calculate precisely 
how the modular parameter, the proper time between interacting points, 
changes as we slowly make the transition between endpoint and midpoint 
gauges. Notice that the expression for 67 after making these variations in 
Eq. (12.8.23) is precisely equal to the absolute value of 62 in Eq. (12.8.12). 
Thus, this acts as a powerful check on the correctness of our results. 

This process also explains how to make two-dimensional conformal 
transformations in string field theory, which is necessarily defined at one + 
slice. We know that if we make a small change in the Riemann sheet at one 
point, the entire Riemann sheet immediately changes in response. However, 
this seems to precisely violate the spirit of string field theory, which chops up 
the Riemann surface into elemental vertices. The key to understanding how 
one-dimensional reparameterizations in o space become two-dimensional 
reparameterizations in o and 7 space is through the vierbein. By inserting 
the vierbein into our theory and using the method of reflections, the entire 
Riemann surface responds to a one-dimensional reparameterization at one 
vertex. 

The same analysis can be carried out to all orders in the open string 
theory. The only difference is that, at higher orders when we make the 
transition from the midpoint gauge to the endpoint gauge, we find that the 
nonplanar one-loop graph exhibits a new feature: the pole structure of the 
nonplanar scattering amplitude begins to change. To represent this change 
in the pole structure of the amplitude, we insert a new set of Fock space 
operators into the path integral: 


l= [ow e JY COR (KX) DX (12.8.25) 


where W is a closed string field. In this way, we can explicitly calculate the 
contribution of the (open — closed string) transition graph to the action. 
It is then a simple matter to convert all midpoint gauge string fields 
into the endpoint gauge in the action. Fortunately, by analyzing the pole 
structure of the nonlocal series, we find that the new action is actually 
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polynomial (with the usual five interaction terms). Last, because the end- 
point gauge generates purely planar Riemann surfaces, we can gauge fix 
the theory to the light cone, and we retrieve the entire theory of Ref. 1, 
starting from the midpoint theory of Ref. 2. 

In summary, we have now succeeded in carrying out our original plan: 
postulating a set of first principles, constructing a unique cubic action based 
on these principles, and then showing that we can obtain either the mid- 
point or the endpoint theories by appropriately fixing the gauge. However, 
we should emphasize that the geometric theory is still in its infancy, that 
we are unable to carry out any nonperturbative analysis of the true vacuum 
of string theory. Much more effort will be needed to bring the geometric 
theory to the level now enjoyed by nonperturbative point particle quantum 
field theory. 

We will now turn to a new approach, one that, for the first time, actu- 
ally yields nonperturbative information about string theory: matrix models. 
We will, however, have to pay a price. In exchange for exact nonperturba- 
tive information about string theory, we will have to fix the dimension of 
space time to be D <1. 

Matrix models, however, are not divorced from string field theory. In 
fact, it is actually possible to summarize the constraint equations of matrix 
models as Ward identities on string field theory. Thus, string field theory 
gives us by far the simplest way of reformulating matrix models to reveal 
their group structure. String field theory gives us a compact and transparent 
way of seeing the origin of the mysterious constraint equations of matrix 
models. 


12.9. Summary 


Geometric string field theory is an attempt to derive string field theory, and 
hence all of string theory, from first principles. The first question facing such 
a theory is why are there so many string field theories. For open strings, the 
light cone theory contains five elemental interactions, while the midpoint 
theory contains only one: 


P _ f (+3 4+ Bb + Ft + VS) enapoint 
( I sconmactate ae 


(Oe point 
The situation reverses itself for closed strings. There, we have one ele- 
mental interaction in the light cone gauge, but an infinite number of them 
in the midpoint theory: 


3 — Qi) aa point WA 
(Ww Vesonnsine a ‘ (ws a y4 das 2 aidipoine \ _ 


(12.9.1) 


Our goal is to gauge the reparameterization group, so that the curious 
puzzle of why there are so many string field theories can be reduced to 
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finding the “midpoint gauge” and “endpoint gauge” of a higher, geometric 
string field theory. 

It seems curious that a theory can be polynomial in one gauge but 
nonpolynomial in another. However, there is ample precedent for such a 
phenomenon in gauge theory. In QED, for example, in the Coulomb gauge, 
the propagator of the Ao field has no time component and hence can be 
eliminated entirely, generating the instantaneous four-fermion interaction: 


(Drow) aa (P70) (12.9.3) 


A cubic theory has thus become quartic because the propagator is not a 

gauge invariant object. By eliminating the time component of the propaga- 

tor, we can eliminate redundant fields, generating higher order interactions. 
Similarly, consider a scalar meson theory with the action: 


S > du? HG + S- vared* $$" (12.9.4) 
a abc 
By integrating over two fields, we find an effective quartic term emerging: 
/ dad'y(oxd $x P)eiMata; c i. ql (12.9.5) 
Oe Yd 
where: 
(PX Pe = Vated” (12.9.6) 
and = 
= DC) a | - 
May aj = | 12.9.7 
y,ij —x D(x — y) ae ( ) 


We have traded a local cubic theory for a nonlocal nonpolynomial the- 
ory. At the point particle level, this is all we can do. However, the real 
difference comes when we generalize our results to geometric string field 
theory, where the propagator is not gauge invariant and may be gauged to 
one. Then, a local cubic theory can be transformed into a local nonpolyno- 
mial theory. 

The advantage of geometric string field theory is that it is based on 
two simple principles. 


Global Symmetry: the fields of the theory Akos ‘transform as irreducible 
ghost-freé representations of Diff(S;) and the Lorentz group. 


Local Symmetry: The theory must be locally invariant under the uni- 
versal string group. 


The universal string group, in turn, consists of several parts, including 
reparameterizations. 

Let us first define the string group, which is defined topologically on 
unparameterized strings {C}. Topologically, strings either do or do not 
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overlap. Let us define a triplet of three oriented strings as in Fig. 12.1a. 
The structure constant of the string algebra is given by: 


2 f of for triplets 
LEh.c. = ae for antitriplets (12.9.8) 
0 otherwise 


Remarkably, this structure constant satisfies the Jacobi identities for this 
definition of a triplet. This is a nontrivial result, because the Jacobi iden- 
tities are not satisfied for Fig. 12.2a. 

Similarly, for a triplet of three closed strings defined as in n Fig. 12.4, 
the structure constant is defined as:: 


Cz; _ J +1(-1) for triplets if C’'3 equals outer (inner) string 
fo; (Cy 


0 otherwise 
(12.9.9) 


The point, however, is that the Jacobi identity is not satisfied if we take 
Fig. 12.3a as our definition of a triplet, and hence, the midpoint gauge is 
an inconvenient gauge with which to work, that is, the gauge group will not 
close on three-string vertices. 

The relation between the string group, which is topologically defined 
without any reference to space-time or parameterizations, to the universal 
string group is given as follows: 


USG 


Diff($;) (12.9.10) 
Diff(.S,) = Diff(.S1)9 @ scale 


= 


This can be expressed by saying that'the universal string group consists of 
all maps of a string into itself and all its conjugates: 


ae 


USG : z (12.9.11) 


CoC 


If, for the moment, we ignore scale transformations and the “ghost 
sector” (which becomes the tangent space of the geometric theory), we find 
that the algebra of the universal string group consists of: 


Ib i = pC L 
{Loy £e2} = f;,c, bes (12.9.12) 


C3 
ie Ch TF = 8c, NC2ZNCs fe C2 


where: 


La =i II ¢ — X,,(max_-1 — 9;-1)| (12.9.13) 


i=1 O<oi<o} 


To implement reparameterizations, we must include a string vierbein into 
the theory. For example, the measure transforms with the determinant of 
the vierbein: 
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DX = | [ dx? — det (e%) [[ ax”? (12.9.14) 
Lo up 

One complication is that the fields of the theory transform as a Verma 
module, labeled by the index {a}. This means that the algebra must be 
enlarged to include these Verma module indices: 


(cy eee Uy 
Lo ty l= alert ite, (12.9.15) 
[Lo Ll = Tg alee 


Last, we must include the effect of scale transformations. If we requan- 
tize the string, we find that the components of ga, enter into the definition 
of the gauge group. The familiar action: 


p= Px =f 
1 12.9.16 
Ho =>1 (F3 + 2X," + A2( PX") ( 


must be generalized to include the conjugates 7; to the metric tensor. There 
is, therefore, an Abelian sector to the theory with an algebra: 


[m, 57 =0 


[Rept 0 (12.9.17) 


Once we have defined the universal string group; we find that the action 
is uniquely specified by: 


| 2 
he a (4. x VpAw + 540 X Ap X An) (12.9.18) 


Gauge fixing involves a long series of steps. If we solve for the coho- 
mology of the system, we find that the physical states of the theory obey: 


= %a=9, Qo¢da=0 (12.9.19) 


that is, the Abelian sector of the theory decouples, as expected. 

To go back and forth between the endpoint gauge and the midpoint 
gauge, we need to define an intermediate gauge, called the interpolating 
gauge, which interpolates between the midpoint and endpoint vertices: 


lim |Vinterpolatine) = [Vereen 
lja,|=7 


| 12.9.20 
lim 4 [Vistenporaeie = |ontaraea ( ) 
= 


It is possible to show this exactly. 
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Last, we can show that, by integrating over one of the open string fields, 
a new four-string contact term is generated. Like the case of the interacting 
meson theory, we find that a quartic term is generated as follows: 


(D * O|D(X — Y)|@ xO) = (@ x |D(X — Y)|o x ) + f anlo x B|b x 6) 


(12.9.21) 
The important point here is that the propagator is not gauge invariant, so 
that it is possible to gauge the propagator to one, giving us a four-string 
contact term. In fact, one can show that this contact term is precisely the 
four-string interaction of the light cone theory. 
Similarly, integrating over the closed string field and then reparame- 
terizing yields the tetrahedron graph: 


(YW x O|D(X —Y)|V x P)enapoint 


= (Y - Y|D(X — Y)|¥ = W) midpoint a [ue (12.9.22) 


By iterating this procedure, we can generate polyhedra of arbitrary com- 
plexity. Thus, we recover the original nonpolynomial theory of the last 
chapter. 
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Chapter 13 


2D Gravity and Matrix Models 


13.1. Exactly Solvable Strings 


To any finite order in perturbation theory, one does not see any of the inter- 
esting nonperturbative properties of gauge theories, such as confinement, 
tunneling, formation of strings, etc. As a consequence, two approximations 
have been developed, large N methods and lattice gauge theory, to analyze 
gauge theories in the nonperturbative regime. However, both approaches 
are still in their infancy, and neither has given us definitive results. 

The same situation may eventually apply to string theory. Contin- 
uum methods, such as string field theory, are still much too difficult, with 
too many degrees of freedom, to analyze nonperturbative string phenom- 
ena. However, lattice models have emerged as a surprisingly simple way in 
which to extract nonperturbative information from strings, using a discrete 
approximation to the Riemann surfaces of string theory. 

The idea behind this nonperturbative approach is simple, and we can 
proceed in at least two ways. The first approach is to place the original 
Polyakov action on a lattice, where we discretize the two-dimensional world 
sheet. Since the lattice is two-dimensional, it can be analyzed either ana- 
lytically or by computer. 

The second approach is to use matrix models [1-10]. The essential 
breakthrough in matrix models is that there is a well-defined limit in which 
a certain class of solvable point particle gauge theories can approximate the 
dual string theory for dimensions less than or equal to one. In fact, not only 
do matrix models allow us to use ordinary point particle Feynman diagrams 
to reproduce string theory amplitudes, they also allow us to calculate all 
Green’s functions to all orders in perturbation theory. 

To see how point particle gauge theory can miraculously reproduce 
string theory, we begin by studying a class of Feynman diagrams called 
fishnets [11]. Given a point particle scalar 6” theory, the fishnet diagram 
has the topology of a two dimensional lattice, where the lines within the 
lattice are given by Feynman propagators A. The fishnet consists of a simple 
product of Feynman propagators connecting the points of a lattice, which 
can be exponentiated: 
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Ul Al(ee — 25)"] = exp ) In Al(ay — 23)"] asi 


For a fishnet, the points x; and x; appearing in the product are neigh- 
boring points, so we can power expand: 


dr#* dat? 
) +... @ijal 2) 


where € is a small parameter measuring the distance between neighboring 
points. Notice that we have made the transition from 7 and j, which are 
discontinuous co-ordinates which label the neighboring points of the fishnet, 
to continuous co-ordinates o and 7, which parametrize the two-dimensional 
world sheet. 

Now assume that we can factor out the light cone singularity A(0) 
which appears in the Feynman propagator when we power expand the log- 
arithm: 


In A[(z; — 23)?] ~ In lao +¢ aio) (xj — 25)? +>: | (13.1.3) 


A(0) 
With this important assumption, we can write the product over Feyn- 
man propagators as a surface integral over the two dimensional worldsheet: 


dx¥ JA Ue By\2 De” k Aad dat? dx” 
/T xk TJ (x; - of) | Tae alles i oO (= es )| 
kv uj ; 
(aloes) 
where ¢” ~ dodr and k is a constant. 

Thus, assuming that we can remove the light cone singularity, the 
fishnet diagram smoothly approaches the familiar functional integral over 
a Riemann surface. The key step was replacing the Feynman propagators 
defined over a fishnet with a Gaussian, which is only possible if we can 
throw away the light cone singularity. 

By itself, however, this observation, while interesting, is essentially use- 
less, since fishnet diagrams do not necessarily dominate the S-matrix of field 
theory. Thus, although fishnet diagrams may have interesting properties, in 
general they have nothing to do with the final scattering amplitudes, which 
are the only physically relevant quantities. 

However, the important exception to this are gauge theories, where it 
is possible to make a power expansion in some parameter in which these 
fishnet diagrams do, indeed, dominate the S-matrix. As noticed by ’t Hooft, 
this important parameter is 1/N? appearing in SU(N) gauge theory [12]. 

For example, in SU(N) gauge theory coupled to quarks, the parameter 
N in a Feynman diagram only appears when we contract a series of delta 
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functions onto themselves in a loop, that is }> 6? = N. Since the vertex 

functions of gauge theory consist of a series of delta functions, the parameter 

N appears whenever we contract these delta functions around a loop. 
Thus, a large fishnet diagram is proportional to: 


Avon(g) Soe Ne (13.1.5) 


where g is the coupling constant, V; is the number of 7-point vertices ap- 
pearing in the Feynman diagram, and / is the number of gauge loops. 

We now use a classical result due to Euler, who showed that a polyhe- 
dron with P edges, V corners, F' faces, and H holes satisfies the following 
topological relation: 


Pee 22 (13.1.6) 


We now treat a fishnet Feynman diagram as a large polyhedron. In 
the language of Feynman diagrams, P becomes the number of propagators, 
V the number of vertices, F' the number of loops, H the number of holes 
in the fishnet, and # = L +I, where L is the number of quark loops in 
the Feynman diagram and J the number of gauge loops. Using the relation 
2P = So nV, and V = >> V,, then we have: 


Pee y= ae a (g2N)2¥8t¥s CN aie Gai 


Now take the limit N — oo, g — 0, and g*N — const. We find that 
the leading diagram which survives has H = 0 and L = 1, that is, they are 
planar diagrams with the quark line surrounding the edge of the diagram. 

Furthermore, if we take the limit of small but finite 1/N?, then we 
find that a power expansion in 1/N? is equivalent to a power expansion 
in the number of loops in the fishnet diagram. The usefulness of the 1/N? 
power expansion, therefore, is that it converts a point particle perturbation 
expansion into an expansion over the genus of a Riemann surface found in 
string theory. : 

In actual practice, however, Yang-Mills theory is quite complicated, so 
we will find it more convenient to solve a simpler problem, a theory where 
the fundamental field is a hermitian N x N matrix called M. These are 
called matrix models. 

The advantage of matrix models is that they are so simple that they 
can be solved exactly in the large N limit and shown to be equivalent to 
string theory for dimensions less than or equal to one. (More precisely, by 
D < 1 string theory, we actually mean two-dimensional gravity in zero 
dimensions, without the presence of any string variable, coupled to c < 1 
conformal matter.) 

Although the large N power expansion is a perturbation series in the 
genus g of the surface, certain recursion relations exist that allow us to find 
exact solutions for the models, giving us, for the first time, nonperturbative 
information about the theory. Thus, these models are so simple that the 
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transition from a perturbation series in two-dimensional surfaces to a fully 
nonperturbative theory is not such a great barrier. 

We will see that matrix models in the “double scaling limit” are ex- 
actly solvable for c < 1. This limit means taking N —> oo and carefully 
adjusting the cosmological constant (related to the area of the surface) 
to be at a critical point of the theory. These critical points, in turn, are 
indexed by an integer k. We will find that, for k = 2, the matrix model ap- 
proximates ordinary two-dimensional gravity. For k = 3,4,..., we find that 
matrix models approximate two-dimensional gravity coupled to nonunitary, 
conformal matter. For the general case of multimatrix models, we can re- 
produce two-dimensional gravity coupled to the (BPZ) minimal series of 
(p,q) conformal matter. 

The attractive feature, then, of the lattice and matrix model ap- 
proaches is that they provide nonperturbative information about string 
theory using old, well-established methods. For the first time, nonpertur- 
bative features of string theory are emerging (such as the instability, that 
is, non-Borel summability, of perturbation theory). 

The disadvantage of these models, as we have pointed out, is that 
they cannot realistically describe string theories in 26, 10, or 4 dimensions. 
There are certain mathematical barriers preventing analysis beyond one 
dimension. In fact, we will see that these models can only be solved for low, 
unrealistic values of the dimension. Beyond the c = 1 barrier, many of our 
approximations break down (for example, real constants become complex 
and potentials become unphysical). 

In addition, matrix models only have a finite number of degrees of 
freedom, and hence we can usually find exact results. Beyond c > 1, the 
system has an infinite number of degrees of freedom, and we do not expect 
the system to be exactly solvable. Thus, in some sense the price we pay for 
exact solubility of the string theory is low dimensionality and finite degrees 
of freedom, which do not describe the. real world. However, there is hope 
that these theories, being the first to provide nonperturbative information 
about strings, will give us valuable insight into this previously forbidden 
yet crucially important region. 
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Usually, string theory is defined at the critical dimension of 10 or 26, where 
the theory is scale invariant and the metric gap) can be set to égp. For val- 
ues of the dimension other than 26 or 10, we have the noncritical string 
theory of Polyakov, where the string variable X,,(o,7) interacts with the 
two-dimensional metric tensor gy. For noncritical string theory, there is a 
conformal anomaly, so the three fields within the metric cannot be elim- 
inated totally. The metric reduces to just one field, the Liouville field ¢, 
where gap = €? Sap. 
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Usually, for critical strings in 26 or 10 dimensions, we have the free- 
dom to eliminate the Liouville field completely. However, in these low- 
dimensional matrix models, which are noncritical, we must leave the Li- 
ouville mode intact. Thus, in this off-critical picture, the two-dimensional 
gravitational field does not vanish but becomes a key player, and the string 
field actually reduces to matter fields coupled to two-dimensional (Liouville) 
gravity. 

We begin by isolating the contribution of the conformal anomaly, which 
we will calculate by taking the variation of the functional measure under a 
scale transformation. First, the X,, integration gives us the determinant of 
the Laplacian: 


/ D,X = / DX exp (- / 2/6905" nXx) 


= _p/2 (13-22) 
de 

F d?z./g ( ] 
We must calculate how this term in the functional measure transforms 
under a scale transformation of the metric in order to isolate the conformal 
anomaly. We can use heat kernel methods to calculate the change in the 


determinant of the Laplacian under a scale transformation. The result is: 


Degg = TIC DY 


3 ees (13.2.2) 
Su(G.o) = fe zJ/g 37 Oa Opa + Ro + pe® 
The action Sy is called the “Liouville action.” The classical equations of 
motion for the a field are of form 0,0%0 ~ e% and are quite difficult to solve. 
Under this scale transformation, we also find that the b,c ghost system is 


not invariant, but transforms nontrivially under a scale transformation. 
We will define: 


[Pp doe= | Ae5DbDe (13.2.3) 


where Arp includes the metric-dependent and b, c-dependent factors, that 
is, the Faddeev—Popov terms. Using heat kernel methods, we find that this 
term transforms as the following under a scale transformation: 


[Dee De POND JSD (13.2.4) 


When we multiply the two contributions Eqs. (13.2.2) and (13.2.4), 
together, we notice that the action Sy, occurs with the coefficient D — 26: 


|(D — 26) /48r| St(o,9) (13.2.5) 


which vanishes when D = 26. This is the choice usually taken in string 
theory, which is called critical string theory, where the two-dimensional 
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metric can be eliminated entirely. Thus, in 26 dimensions, we never have 
to worry about the Liouville degree of freedom contained within the two- 
dimensional metric tensor. 

However, since D = 26 string theory is too difficult to solve, we will be 
interested in solving simpler theories, such as the case of low dimensions. 
In this chapter, we will explore ways to solve this problem exactly. From 
the perspective of conformal field theory, we are interested in studying the 
case of two-dimensional gravity coupled to D identical copies of conformal 
matter with weight 0 (that is, the string X,,). 

One complication, however, is that, in lower dimensions, the conformal 
anomaly, Eq. (13.2.5), does not disappear. This means that the difficult 
Liouville mode o must be carefully included in all our discussions. How- 
ever, it is still possible to extract information about the theory exactly. For 
example, from the work of Knizhnik, Polyakov, and Zamolodchikov (KPZ) 
[13, 14], we know the asymptotic form of the partition function for two 
dimensional gravity. If the area A of the two-dimensional world sheet is 


defined as: 
A= / d?é,/det gap (13256) 


then the partition function is: 
2(A) = f Dx() f Daa(é)6 ( [esa- A) 
x exp (- / d 6 / go" dean Xy) 


Using light-cone quantization of the two-dimensional theory, KPZ 
found that the partition function behaves asymptotically as follows as the 
area A approaches infinity: 


(1827) 


Z(A) ~ A~3*7 exp(kA) (13.2.8) 
where 7, the string susceptibility, can be shown to equal [13, 14]: 
1 
1a [D 4 2 iene 25) | (13.2.9) 


Although this form of the string susceptibility was originally derived in the 
light cone gauge, it can also be derived in the conformal gauge [15, 16]. 

To see this, we first assume that after regularization the final result for 
the Jacobian after a rescaling is equal to: 


1 a 1 me ay 
S(¢, 6) = sa | (Vaaranvere — 7OVGRO + in VGe ] 
(13.2.10) 
where we have rescaled g = e%%g. We have chosen this expression, involv- 


ing the undetermined Q, a, 141, because it is the most general form of the 
regularized action consistent with the symmetries of the system. 
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Actions of this type (with the crucial factor containing Q) often occur 
when we bosonize a fermionic system, as in the Feigin-Fuchs free field 
formalism in Eq. (7.1.2). It is easy therefore to calculate the contribution 
to the anomaly of the ¢ field, which is: 


cp = 14+3Q? (13.2.11) 


Imposing the fact that the entire system has zero anomaly, we find that the 
anomaly is the sum of three terms, all of which add up to zero: 


c=cg+ D—26=0 (13.2.12) 


ia Q = /(25— D)/3 (13.2.13) 


The next step is to calculate the value of a. This is easy because we 
demand that g = e*?g be invariant, which means that e®? has conformal 
weight 1. Again, from ordinary conformal field theory, we also know how 
to compute the conformal weight of operators such as e*?. If the energy- 
momentum tensor is given by: 


iL. = ~5(a$ 4¢4+Q07¢) (13.2.14) 


then the conformal weight of e?? is: 
wt(e%) = —5a(Q +q) (133215) 
Setting this equal to 1, we then find: 
a = (-1/2V3)[V25- D+/(1— D)| (13.2.16) 


Using the explicit values for Q and a, let us now calculate the behavior 
of Z(A) under a rescaling. If we shift by a constant value: 


d+ o+p/a (laze) 


then the action of Eq. (13.2.10) shifts by the integral of the curvature tensor 
R over the Riemann surface: 


S>S-—Q(1—h)p/a— (13.2.18) 


where h is the genus of the surface. The shift in the 6 function is given by: 


6 (/ e%? ./Gd?z — A) — € °§ (/ et? 6de7— eA) (13.2.19) 
Putting everything together, we find that the partition function scales as: 


ZA) Ae oe (13.2.20) 
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so that the susceptibility given in Eq. (13.2.8) must therefore be [16]: 
o(h) = (1/12)(1— A) (D- 25+ V2-—DvI-D)+2 — (18.2.21) 


Setting h = 0, we retrieve the original result of Eq. (13.2.9). 

Notice that the string susceptibility becomes complex for the dimension 
D between 1 and 25, meaning that attempts to naively extend the matrix 
model approach beyond D = 1 will inevitably have severe problems. This 
is, in fact, perhaps the most important roadblock facing this formalism, 
preventing a realistic, nonperturbative formulation of string theory. 

However, assuming that this low-dimensional barrier can be eventu- 
ally surmounted, these matrix models may make the transition from being 
simplistic “toy” models to being relatively realistic nonperturbative descrip- 
tions of string theory. The most optimistic outcome would be that string 
theory might be defined to be the large N double scaling limit of matrix 
models, thereby replacing the Riemann surface description. 

To begin our discussion, we note that there are two ways in which to 
proceed. First, we can work directly with the Polyakov functional, either 
analytically or by computer. For example, on computer, we can approximate 
the functional as: 


Z= Sf Tx: exp {| — (Xi - X;)? - BE- hye o;} (18.2.22) 


S % i=l ag 


where we sum over all triangulations. S of the surface, 2 and 7 label the 
vertices on the surface, 6 is the inverse Ising temperature, and h is the 
magnetic field. However, we will explore the second approach, matrix mod- 
els, which yields the exact analytic solution to the problem for c < 1. 
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The second way to proceed is to make the connection between the two- 
dimensional gravitational world sheet and the topology swept out by the 
Feynman diagrams of a matrix model. The correctness of this approach will 
be evident when we calculate the string susceptibility -~ and independently 
check Eq. (13.2.21). In this spirit, let us analyze the simplest description 
of these matrix models, defined in terms of a field M, which is an N x N 
matrix. 
We start with the action: 


D 
L= > Tr(0,M 0"M!) + T(MMt) + = Tr(MMt*MMt) (13.3.1) 
ize 
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We can set Mi = M and also generalize to an interaction with arbitrary 
powers of the matrix M: 


co 
Ve i ge (13.3.2) 
i=3 


so the generating functional is given by (for D = 0): 


Z(B) = / DM exp[-6TrU(M)] (13.3.3) 


Let us now analyze the Feynman diagrams emerging from this La- 
grangian. In general, a diagram will have P propagators, V vertices, and [ 
closed loops. As before, we have the Euler relation:V -P+J = 2—2H where 
H is the number of holes in the surface on which the polyhedron is drawn. 
Notice that this number is a topological invariant, dependent only on the 
topological nature of the surface upon which we draw the polyhedron. 

For the Feynman diagrams arising from a hermitian matrix model, 
for fixed G/N, each vertex, propagator, and loop contributes the following 
factors: 

vertex — N 
propagator > 1/N (13.3.4) 


loop — N 


Using Eq. (13.3.3), by multiplying these factors in a Feynman expansion, 
we arrive at: 


In Z ~ N20-) (W/p)4 (13.3.5) 


where A is the area of the random surface. 

Then, we see that the vacuum energy graph, for example, divided by 
N® has a finite limit in the planar (H = 0) limit. We see that the overall 
factor is damped by a factor 1/N 2 so that a perturbation in VN? aie 
actually a perturbation in the number of holes in the surface. This gives us 
the justification for comparing the matrix model in the large N limit with 
the string theory perturbation series. 

The interesting features appear when we take the double scaling limit: 


N—co, * B/N — const. (13.3.6) 


In this limit, we find that the free energy is independent of many of the 
details of the nature of the potential U, that is, we find a universal scaling 
behavior: 


In Z(8) > —F(t) G33) 


where the scaling variable is defined to be: 


P= Ge ye wee (13.3.8) 
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We will find that there are & parameters in the potential U(¢) that we can 
adjust, giving us the multicritical behavior for the specific heat, defined by 


AO) Sy oie (13.3.9) 


Remarkably, we will be able to derive an exact expression for f(t) in 
terms of a differential equation, independent of the perturbation expansion. 
However, we can check the correctness of our results against the perturba- 
tion expansion, where the coupling constant is: 


iG ene a ae (13.3.10) 


To make this discussion concrete, we now use some tricks pioneered by 
Brezin, Itzykson, Parisi, and Zuber [17-20] to solve the matrix model. 

If we are, for example, interested in the vacuum energy, we wish to find 
a solution for the following path integral (in zero dimensions): 


exp|— N?2BO}](g) = nim | Ifam; 
(3) 
diene x g 
—(=TrM?+=—TrM* 
xX exp ( ar N ) 
Notice that we have dropped the kinetic term entirely, meaning that we are 
only analyzing the simplified case of D = 0. 
One crucial observation is that the functional measure over the matrix 
M, : 
[[¢™a = Il dMiz [J d(Re Mij)d(Im M,;) (13.3.12) 
ap OSD 
can be simplified by diagonalizing the matrix M. Then, we are left with an 
integration over the eigenvalues A; of M and a matrix JJ. This means that 
we can write the measure in terms of the eigenvalues and the matrix IT: 


|] 4m; = ale [[Q: — 3)? alt, (iB 2513) 
ij 


OSG} 


The advantage of this approach is that the action is written entirely 
in terms of traces over products of M, so that the dependence on the 
diagonalizing JJ matrix completely disappears. This means that we can 
trivially integrate over IT, leaving only an integration over the eigenvalues 
DAS 


exp[—N?E (g)] = linn TT [0 ie 
t<j 


x exp — (Goxw+$d%) 


(13.3.14) 
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We evaluate this integral by the method of steepest descent. The energy 


E ©) can now be explicitly calculated in terms of the classical variable );. 
In terms of this classical variable, we find: 


/ 
el 1 
EO (g) = jim, 95 bs (5+ £4) — Sind > foes: 
t 


/ 
1 
di/2+ (29/N)¥8 = > — 
a j 


(13.3.15), 


where the prime means we do not sum over i = 7. 
Let us now take the large N limit. We can replace the classical A; with 
a new, continuous variable \(x), defined by: 


d= VN Mi/N) (13.3.16) 


In the large N limit, we can then write the vacuum energy as: 


Ba) = | fer 52%) +o] - f | “dz dy In|X(2) — AQ) 


(13.3.17) 
and A(z) obeys the constraint: 


dy 
A(x) — A(y) 
where P represents taking the principle part of the integral. This last con- 
straint is actually sufficient to determine the function \(z), given some 
assumptions on its analytic behavior. 


To solve for \(x), we introduce two new functions, u(x) and F(z), 
defined via: 


il 
5A) + 2gd3(x) = P i (13.3.18) 
0 


ile +2a 
DS u(A); i EDT ON) eal 
28 
FOV= / gy, es 
—2a a LU 
(We will assume that u(A) vanishes outside some support [—2a, 2a]. We can 
determine F(X) by analytical arguments. We can show F(X) is analytic in 
the complex . plane cut along this interval, behaves as 1/\ when || goes 
to oo, is real for real X outside this interval, and when \ approaches this 
interval, then F(\ + te) = A/2 + 2gA? F iwu(d).) 
Using the analytic properties of these functions along the interval 
[—2a, +2a] and their behavior at infinity, we can obtain the solution [17] 


il 1 

EN\) = 3° + 2gr? — € ak lope se 29°) V/ r2 — 4a? 
Lal 

u(r) = = (5 + 4ga? + 25%) V 4a? — »? 


(13.3.19) 


(13.3.20) 
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Plugging these expressions back into the formula for the vacuum energy, 
we find: 


2a 1 
EO (g) — BO (0) = | dd u(d) (5 Stag \ ae? Im a) = 0) 
0 


ye 2 1 2 
= 1 
9 (a \(9 — a“) 5 Ina 


where: 


ae 1 yo 
eer (485) 1] (13.3.22) 


Inserting the value of a as a power expansion in g, we now have: 


EB (g) — £ (0) = — So (12 Pa (1353723) 


= 2g — 1897 + 288g? — 604894 +--- 


Remarkably, the simplicity of the D = 0 matrix model gives us a simple 
expression for the energy. 

Now, let us find the critical point for this expansion and compare our 
results with the values given by KPZ. At the critical value, we can show 
that the vacuum energy goes as (8 — (.)°/? in the limit of infinite N (that 
is, genus h of the surface is zero. In fact; by repeating the previous steps, 
a careful expansion of the vacuum energy as a function of 1/N? shows 
that the next few terms in the Taylor expansion behave as In(@ — 6.) and 
(@ — B-)~*/? for h = 1 and h = 2, respectively.) 

Our goal is to calculate the string susceptibility. We define the suscep- 
tibility as the second derivative of the free energy F'(3): 


x(8) = F"(8) (13.3.25) 
and the exponent of this susceptibility at the critical point is given by y: 
Re = 8.) (13.3.26) 
By inserting the behavior of F(@) into this expression, we find that 
y=2— > (h — 1); (ee (iar?) 


Now, compare the above expression for the exact result for the expo- 
nent of susceptibility [Eq. (13.2.21)] appearing in the KPZ formalism. We 
find a precise agreement for D = 0, which gives, us great confidence in the 
power of the matrix models to approximate two-dimensional gravity. 
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13.4. Recursion Relations 


At this point, these results have been interesting, but largely perturbative. 
If this were all that one could do with matrix models, then it would be very 
disappointing. The key, of course, is to extend our perturbative results to 
the nonperturbative regime. To accomplish this nontrivial feat, we will use 
the method of recursion relations, which will allow us to write differential 
equations that extend our analysis to a fully nonperturbative theory. 

To do this, we will introduce the method of orthogonal polynomials. 
As before, we notice that we can reduce any of these matrix models to 
an integration over the eigenvalues \;, with a measure proportional to the 
Vandermonde determinant appearing in Eq. (13.3.13): » 


An =|]: -s) (13.4.1) 


so that the partition function can be expressed entirely in terms of the 


eigenvalues: 
N N 
Z(8) = JI dd; AN exp |- S > BU (i) 
i=1 i=1 


where @ represents the “temperature” of the Coulomb gas with a potential 
given by U()). 

Now let us use the key step that will make the matrix models solvable. 
We will introduce polynomials P,,() [18, 19], which are orthogonal with 
respect to the weight du(A) = exp [ — GU(A)]d), that is, these polynomials 
are functions of the potential U(\). By construction, these polynomials 
obey the relations: 


(13.4.2) 


/ dNexp |= 2UO)|\P,OUP aC cn ne (13.4.3) 


For example, it is possible to write an explicit representation of these 
polynomials in terms of the potential U as: 


P, (A) = Zo} [Tle exp [ — BU(Ai)|(A — 4) A2 
sa (13.4.4) 
Za if [Ja exp[—@U (Ai) ]A2 


(Notice that we obtain the full generating functional if we set n = N: 
4n(8) = 4(8).) 

It is possible to construct these polynomials so that they satisfy a 
recursion relation for any potential U()): 


PLO) = Pa Oe aomica (eae Ve amney, (13.4.5) 
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where the polynomials h,,, R,, and S,, will be determined shortly. (S,, can 
be set equal to zero because we assume that U(—¢) = U(—¢).) 

Now we wish to show that Z, can be written entirely in terms of h;. 

We first notice that P,,(\) = A” plus lower powers of \. Next, we notice 
that the integral of P, times \* over du(A) is equal to zero if i < n. This 
means that we can always power expand P,, and integrate over each power 
of \*, where most integrals actually vanish. 

Using (13.4.4), we now observe that: 


oe / dys(X)P2(X) = / dyi()Pa(A)X” 


2 ‘| oe) Tlaoe — ,)A2" 


Zn 
ak (13.4.6) 

=[(n+ nn) f TT ura 

=. Ze 7 

~ (n+ )Zn 


where we have set \ = \n41 and have written A?,, in terms of A?. 
Using the recursion relation Eq. (13.4.5), we can also show: 


Anti = fa exp [ — BU(A)]Pn41APn 


> fe eee [= BU(A)| (Pr+2+ aceite ae RPA Pa (13.4.7) 


= Ieee esu lay 


Using Eq. (13.4.6), we can now write the partition function entirely in 


terms of the functions: 


N-1 
Zn =N! [| hi (13.4.8) 
c=) 


This is the desired expression. 

It shows that all the information concerning the system is encoded 
within the hy, or within the R, and S,,. The precise form of the potential 
U determines these polynomials, which in turn determines the partition 
function exactly. 

From these recursion relations, we can now actually solve for the free 
energy of the system. Because \P, ~ nA”, we can rewrite the recursion 
relation as: : 


nhn = / dens NPS / de FY Pl (Pai + Ra Pa-1) 
(13.4.9) 
= ‘i ee eit ‘i des? OUP, P.-4 
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where we have integrated by parts. Fortunately, the last integral can be 
performed exactly by using the explicit power expansion of the potential 
Us 


/ des PU Pay 


= ma 2 1 eet | Wale. 
[ve 12) dX (p+ 1)gp41 | 1 (13.4.10) 
= Pep eC + 1)9p+1 Sy Le O80 Ra, 
j=) paths 
where we have expanded 
= ee (13.4.11) 
ua 


and the sum over paths can be defined as follows. 

Imagine a staircase which zigzags up and down, such that it begins 
at height (n — 1) and ends at height n. The staircase has p + 1 steps that 
go up, and p steps that go down, so it has 2p + 1 steps altogether. There 
are (2p + 1)!/p!(p + 1)! such possible staircases. For each of these possible 
staircases, associate a product of R’s. A down step from k to k—1 generates 
a factor of Ry, and an up step generates the number one. Thus, the sum 
over paths is the sum over all possible staircases in Eq. (13.4.10), such that 
each staircase is associated with a product of R’s that label the number of 
down steps from k to k — 1. ; 

For example, for p = 1, the sum can be represented as: 


>) = Reet hat A (13.4.12) 
paths 
For p = 2, the sum becomes: 
Do Ha oR tee, rR, 


paths : (34013) 
AP Lis Aina ate Pe ate DARE aie pcty = ee + Ue Tesi te) 


Inserting the sum over paths into our original: recursion relation Eqs. 
(13.4.9) and (13.4.10), we now have: 


n 
a 2Rn > (p+ 1)gp41 >> Ra, +: Ra, (13.4.14) 
p=0 


paths 
Let us analyze this remarkable set of equations with a few examples. 
Example: k = 2 


For our first case, let us begin with the simple potential: 
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U Sagi? + 3A (13.4.15) 


We can now perform the sum over the paths explicitly. Using Eqs. (13.4.12) 
and (13.4.14), we obtain (for 1 <n < N and z = n/Q) [21]: 


C—O [91 se 292(Rn+1 +R, + Row (13.4.16) 
Now, let us take the large N limit (for fixed x), in which case we have: 


Ry (x) = R(a) + [a(n — N)/N] R'(a) + (1/2)fe(n — N)/NP RM(2) +... 


(13.4.17) 
and Eq. (13.4.14) becomes: 
oO 
: 2p + 1)! 
Jim 2=2)° cee p41 RP*! = w(R) (13.4.18) 
jo 


In the double scaling limit, Eq. (13.3.7), we define the multicritical 
points x, and R, as the points where the following conditions are satisfied: 


w' (Re) = w" (Re) =... = w*-)(R,) = 0 (13.4.19) 


for some integer k. Let us investigate the simplest case k = 2 (which will 
correspond to pure two-dimensional gravity). In this case, w(R) — 2 is 
proportional to (R — R,)?. 

Now we must calculate corrections to Eq. (13.4.18) to higher orders 
in 1/N?. By carefully calculating these higher order corrections in Eq. 
(13.4.16) via (13.4.17), we have: 


2 = w(R) + N~?4goa2RR" (x) + O(N~4) (13.4.20) 


At the multi-critical point, we find that x — 2,, w(R) — 2-, and N~?R” all 
have the same order of magnitude. 

We now introduce a function f, which is the scaling function. For Ry, 
near R,, we find that it approaches the following scaling limit: 


Rawk, = NACE OG) (13.4.21) 


where t == (%_ — 2) N?*/(@k+1)_ 
Plugging all these values into Eq. (13.4.20), we find the following 
equation for the scaling function in the multicritical limit: 


tafe ef (13.4.22) 
whose solution is a Painlevé transcendental of the first kind [21-23]. 


Ecample: k = 2 


For our next example, we will extend our results for the next multi- 
critical point. For k = 3, the calculation is only a bit more difficult (but for 
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arbitrary k, we will have to use a different method). In this case, we can 
repeat the same steps as before: 


U = gid? + god* + 93° (13.4.23) 
This gives us [21]: 
w(R) = 29, R + 1292 R? + 6093R° (13.4.24) 
The tricritical point (w’ = w’” = 0) gives us: 
R. = —92/1593 (13.4.25) 
In the large N limit, a Taylor expansion gives us: 
a = w(R) + N~?2?w"(R)R"/6 + 30N~?2? R?g3 eee 
+ N~* RR’ 24 (go + 3393R)/3 + O(N~®) 


At the tricritical point, the above equation becomes the following equation 
for the scaling function [21-23]: 


t= fi +ffl +f’ /2+ fr" /10 (13.4.27) 


By comparing this equation and its critical exponents with those found for 
two-dimensional gravity coupled to (nonunitary) conformal matter, we can 
determine that the k = 3 case corresponds to the Yang—Lee edge singularity. 

For general values of k, we will shortly find that the multicritical matrix 
models represent two-dimensional gravity coupled to nonunitary conformal 
matter with: : 


c=1- [6(p — q)”/pq] (13.4.28) 
where (p,q) = (2k — 1,2), or: 
c=1—- a ; (13.4.29) 


Using the method of orthogonal polynomials, we see that we have been able 
to find exact solutions for the scaling functions in the large N limit. 

However, we see that the equation for the scaling function for higher k 
becomes prohibitively difficult because of the sum over the staircases in Eq. 
(13.4.14) found in the recursion relations for the orthogonal polynomials. 
We will thus need a more powerful formalism. 


13.5. KdV Hierarchy 


Let us now switch to an operator language, which will simplify our calcula- 
tion of the hy and allow us to generalize the previous results for arbitrary 
values of k [22-24]. In particular, we will see the (KdV) hierarchy emerge. 
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Let us define the scalar product as: 
(A|B) = fa exp | — BU(A)| A(\) BQ) (1325.1) 
For example, if we define the vector |n) via the polynomial 


Pn(X) = Pr(d)/Vhn — |n) (13.5.2) 


then we have: 


Oy) Se (305.3) 
From Kgs. (13.4.3) and (13.4.4), we have: 
(nl Mia) = Oa mn tiv Rat bratty Rin + 6n,m Sm (13.5.4) 


where the function » is now written as an operator te 
Now consider the following relations: 
fe (Coe OW ee 
a dd 


13.5.5 
i oe (13.5.5) 


if duO\E a1 7 =e 


where du(\) = exp[— 6U a These relations, which follow from the 
orthonormality of P,, can be written as: 


(nJU'(A)|n) = 0 
(nr — 1|U"(A)|n) = n/(B-VRa) 


where we have integrated by parts. The operator d/d) pulls down a factor of 
U’(A), which then becomes an operator. These equations contain the same 
information as Eq. (13.4.14). We now take the large N limit; this means that 
we will replace the discontinuous variable n with the continuous variable 
xz =n/$ and replace Rn by R(x). 

To solve the system of equations, Eq. (13.5.6), exactly in this limit, 
we must convert the bra vector (n — 1| into (n|. This is most easily done 
by introducing two conjugate operators fi and @, such that (n|h = (n|n/. 
We can express these conjugate operators as m = (—1/G)d/ dé and 6 = 
(i/)d/di. With these operators, we can show that (n — 1| = (nje~®. Now 
we can eliminate the presence of 6 by taking the large @ limit, where we can 
power expand e ~i8 The only remnant of this operator is a term d? /dn?, 
which can be rewritten as d?/dz?. 

Collecting all terms, we then find that we can rewrite Eq. (13.5.6) as 


(13.5.6) 


446 Chapter 13. 2D Gravity and Matrix Models 


where Re = 1 and we have introduced the effective Hamiltonian of the 
system H coming d?/dn?. 
We will find it convenient to define U as the following: 


U(¢)=B (5 -=- v) (2— g)’t0/) + (go —4) (13.5.8) 


where B is the Euler beta function. (There is a certain amount of arbitrari- 
ness in this choice, since most of the details of the potential are washed out 
when we approach a critical point.) Written in this form, we can now insert 
the expression for U into Eq. (13.5.7), and we find: 


Bx =—-2vB (5. ; = v) (x| HY @/)|2) (13.5.9) 


Rescaling z > 1 — t@~24/@*+)) we can write: 
i il n 
t= —2vB (5 — v) ESD) 


=p . =- v) (¢|[-(ayae)? + FQ) |e) (03.5.10) 


re ee ay pane = | 
gay 271 =u A 


Fortunately, at this point we have reduced the problem to solving for 
the matrix element of the inverse of the Schrddinger operator H, which can 
be solved via the methods of Gelfand and Dikii [25]. We are interested in 
solving for the matrix element: 


meeo=(ley 


The solution of this equation can be written in terms of the KdV hierarchy. 
For example, let us define the following operator: 


s|e') (3.5 -1a)) 


ede i 
Ki f(t), Vi] = ais prcpase kW) Gn vf) Vt (13.5.12) 


Then, we can show that the matrix element of the inverse of the Schrédinger 
Hamiltonian can be given as: 


Rng) = a 
; —() 


g 
Ri(f) = {-2x1r0, v1} ; ; (13.5.13) 
i 
4 
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[To prove this, we note that R satisfies (H +£),R = (H+6uvR = 6(t-t’). 
Therefore, c(£) = RR: — R, Ry is a constant independent of t and t’. Given 
the behavior of R at infinity, we can set c(£) to zero. If we then set t = t’, 
we have the differential equation —R’”’ + 4(u+ €)R’ + 2u’R = 0. Then Eq. 
(13.5.13) follows. ] 

We now have all the tools necessary to solve for t. By inserting the 
expression for the resolvant R(t, t;€) into Eq. (13.5.10) for t, we find [22]: 


k} 


= men kV, Vd} ml (13.5.14) 


t 


It is now straightforward to calculate the values of the various R; from 
Eq. (13.5.13), which can be written as: 


Ro = 4 Ri.= =s 

Ro = (3 — f") 

Rs = —z, (lof? — 10F f" — 5(7")? +" Se 

Ra = seq [35f* — T0f(F" — TOF?" 

$21 fF")? +98 f'f" + Lapp” — fr 
Expanding Eq. (13.5.14), we find: 
ee 
ae 

ba3: t= Pf" - SUP + ef 

(13.5.16) 


A b= ft — 2g py — 2778" + 20"? 


4 rpm 2 6 6(4) _ 1 906) 
ace fet 


Notice that, for k = 2 and k = 3, we retrieve the results for Eqs. (1334522) 
and (13.4.27) (modulo trivial minus signs and rescalings) which were found 
by explicitly summing over the lower order staircases in Eq. (13.4.14). (We 
can also check the correctness of these results perturbatively. We know that, 
in the planar limit, that is, genus 0, the derivative terms in the expansion 
of the Hamiltonian vanish. Setting all primes to zero in the previous ex- 


pression, we find that: 
lim  f(t)=t'/* (13.5.17) 


Gstring 


which is the correct perturbative expression.) 


448 Chapter 13. 2D Gravity and Matrix Models 


Although we have found the differential equations that define the solu- 
tion to our problem, we find that we need more data before we can uniquely 
calculate their behavior. This is because perturbation theory does not spec- 
ify the initial conditions for these higher order differential equations in Eq. 
(13.5.16). These initial conditions cannot be determined perturbatively, 
that is, they arise only because we have entered a fully nonperturbative 
domain of two-dimensional gravity. 

Now that we have found explicit relations that the scaling function 
obeys, it is also straightforward to calculate the correlation functions of the 
theory. We recall that the presence of the potential U in the matrix model 
Lagrangian created a new function w(R) in Eq. (13.4.18) that determined 
the scaling properties of the free energy. 

More precisely, if the potential U was given by: 


U(¢) = >> Uarg* (13.5.18) 
k 
for some coefficients U2,, then the corresponding w(R) is given by: 
(2k)! 2 
(VS SO ase 5. 
w(R) X ee py l2ek (13.5.19) 


This tight relationship between U and w(R) can be also be written in terms 
of line integrals: 
d 
w(R) = f seu" (2+ =) 
271% Zz 


U(¢) = i gu w[u(1 - u)d?] 


U 


(13.5.20) 


Near the k critical point, the k — 1 derivatives of w(R) vanished. Near this 
point, therefore, 
ING) =a (Ue SB ; (3521) 


where we can set R, = 1. {At this point, we note that the potential U; 
corresponding to w at the critical point is a sum of factors (—1)!~!4”!, 
summed from / = 1 to k. This means that the pure gravitational case, 
corresponding to k = 2, has a potential that is not bounded. This case, 
strictly speaking, is not well defined. This means that we must modify the 
potential in this case, that is, add corrections to the potential that bend 
the potential upward at infinity, so that the good features of the model are 
preserved: ] 

We now wish to calculate correlation functions among a new set of 
operators, called O;, which will have useful scaling properties. Specifically, 
if we are in the kth critical mode, we demand that, by adding this function 
O; to the potential U, we create a corresponding perturbation within w(R) 
corresponding to the /th critical mode, that is, 


w(R) > we(R) + €[wi(R) - 1] (3522) 
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for small e. 

Because of the tight relationship between U and w(R), we can find an 
explicit representation of this operator O; that generates the above change 
in w(R): 


Oi(¢) ~ mf =i —u(1— u)¢?}! (131523) 


The above expression is actually divergent, but its divergent piece vanishes 
in the scaling limit. 

Let us now find the operator associated with this small perturbation. 
Recalling that ¢ ~ 2 — H, we can write: 


Oy? (13.5.24) 


We can take the matrix element of this operator, recalling that the ma- 
trix element of H is related to the KdV operator K[f(t)]. We can normalize 
O; as follows: 


Cn) = cE aa | TG ee (g52 5) 


Notice that this correlation function is exact. No approximations, other 
than the double scaling limit, have been made. Now, let us go to the per- 
turbative limit. As before, to lowest order in the string coupling constant 
string, the derivatives disappear in the Hamiltonian, that is, the primes 
disappear within the KdV hierarchy. Thus, 


ee eee Ca 


string 70 (I+1)! (13.5.26) 


and f(t) = t/*. Solving for the value of this and higher correlation functions 
in the spherical (genus 0) limit, we find (22): 


k 
on ee ee ks 
On G+) +k+) 
1 
oe Ue yc 
1 


(010203) —— 7g ee 


(01020304) = —alh Se Uy AMT Seal OT cee 
(1325.20) 
Correlations such as the above will be useful in establishing the equivalence 
between the matrix models in the double scaling limit and topological field 
theory, which will be discussed in Chapter 14. 

Last, before leaving the one-matrix model, let us make some comments 
about transitions between multicritical points. In principle, we should ex- 
amine the possibility of transitions between different values of & in our 
formalism. Consider, for example, the string equation: 
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t=> ( + 5) t,R;(u) (13.5.28) 


l 


where we have now generalized Eq. (13.5.14) by summing over many multi- 
critical points and introducing the variable t; for each critical point. (Nor- 
malizations can be absorbed into t;.) The variable u is now a function of 
t= to and (bile 

Equation (13.5.27) gives us a way in which to analyze the relationship 
between many critical points. Surprisingly enough, we find this same equa- 
tion appearing in topological field theory, which once again supports the 
claim that matrix models and topological field theories are the same. 

One way of implementing many critical points is to add new terms 
to the original action proportional to t;O;, so that taking variations of the 
correlation functions with respect to t; brings down factors of O;. This is 
a convenient formalism, but we have to physically interpret the meaning 
of Oo. From our original definition of O; as the correction to the potential 
that induces Eq. (13.5.22), we see that the effect of Oo is to change w by 
a constant, so that t = to is shifted. But, to is conjugate to the area of the 
random surface, so we can think of Op as a “puncture operator” P that 
does nothing but pick out a marked point on the surface. Symbolically, we 
can now summarize this by: 


aL] On = PTT) (13.5.29) 


Since the susceptibililty can be written in terms of the second derivative of 
the free energy, we also have: 
8? 
u=(PP)=7,5F (13.5.30) 
ots 
From Egs. (13.5.13) and (13.5.25), we also see that the expectation value of 


O; is proportional to the integral of Rj.1 with respect to to. With a suitable 
normalization, we can write: 


6] 
ae Or 
Dts 1) i+1 (Sea) 
Let us put this all together. Since a derivative with respect to to brings 
down a P, and a derivative with respect to t; brings down an O;, we now 
have, symbolically, 


0) Oty =e 0/Ot, = Og (5.32) 
This, in turn, implies the identity: 
fs) a 


(O,PP) — at Uu= Ato Ris (13.5.33) 
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This last equation shows that the matrix models generate the | + 1 flow of 
the KdV hierarchy. In summary, when analyzing transitions between critical 
points, the fundamental equation governing the behavior of the system 
is given by the string equation, Eq. (13.5.28), in terms of functions R), 
which obey the flows of the KdV hierarchy, Eq. (13.5.32) and the recursion 
relation, Eq. (13.5.13). 


13.6. Multimatrix Models 


So far, we have analyzed the one-matrix model, which successfully repro- 
duced the behavior of two-dimensional gravity coupled to nonunitary con- 
formal matter, labeled by an index k. However, by generalizing the the- 
ory to include multimatrix models, we should be able to reproduce two- 
dimensional gravity coupled to a much wider class of conformal models, 
such as the minimal (p, q) series. 

The generalization tc higher matrix models is straightforward. Let M; 
represent g— 1 distinct N x N matrices. The g—1 matrix model is defined 
by the functional integral: 


q-1 
z=1n | [[ am op} 


i=1 


dae q—-2 
S-Vi(Mi) - SO abn (13.6.1) 
i=l i=1 

As before, we diagonalize the M; matrix in terms of its eigenvalues and in- 
tegrate over its angular part. Repeating the steps for the one-matrix model, 
we find: i 


Z= in f [[ 22402) A40¢-1) xex 4 - S VOR) = So cad 
ae 1,p a,p 
(13.6.2) 
where: 
AQ) = J] OF? - 77) (13.6.3) 
Ppi<p2 

Now, define Q; and P; to be operators that represent insertions of \; 
and d/d);, respectively, into the functional integral. Although these opera- 

tors are actually quite complicated, they must obey the simple relation: 


(P;, Qi] = 1 (13.6.4) 


because \ and d/dX have the same commutation relations. In the double 
scaling limit, experience shows that the insertion of an extra A into the 
integral can be accomplished via q-th order differential operators of the 


form: 
Q = d? + {ug-2(z),d?-7} +--+ + 2vo(z) CiGrs) 
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where d = d/dz and the v;(z) are simple functions. 

Our strategy is to make this commutation relation, Eq. (13.6.4), the 
basis for the generalized KdV hierarchies [26]. We solve this commutation 
relation by constructing a new pth-order operator out of the operator Q;, 
using the theory of pseudodifferential operators. We demand that this new 
operator satisfies the same commutation relations as before. We then iden- 
tify this operator with P,. 

The theory of pseudodifferential operators tells us that it is possible 
to create a pth-order operator from a gth-order operator. Given the q-th 
order operator @, we can define: 


QV4=d+) {eid} (13.6.6) 


g=1 


where we define the operator d- to satisfy: 


df — (1) fda (13.6.7) 
j=0 
(With this convention, it is easy to check that d(d~'f) = f). 
From the operator Q1/%, we can construct the pth-order operator Q?/4, 


such that: 
(QQ) =1 (13.6.8) 


where the plus (+) subscript means we take only the nonnegative powers 
of d in the expansion. A minus (—) subscript means taking negative powers 
of d. 

Generally, we define: 


q—2 
Q=d' +) i{vi,d"} 
earns : (13.6.9) 
QU = Sie) 


g=il 


Evaluating the commutator yields: ° 


q-2 
(PO (0 ol] Oe et. (13.6.10) 
i=0 
where: 
re= qe, ite (13.6.11) 
Last, unpesig that the commutator yield one, sets all r;, equal to zero, 
except for To = 5. Let us use this rather abstract formalism to first rederive 


the results for ite one-matrix model and then to derive the results for the 
multimatrix model. 
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Example: Cne-Matriz Model 


For the one-matrix model, the theory reproduces two-dimensional grav- 
ity coupled to (p,q) conformal matter, where p = 21 — 1 and q = 2. For 
q = 2, we take the second-order hermitian operator for Q: 


Oa — (2) (13.6.12) 
Our strategy is to construct the operator P = Qh oe Oust * where: 


2l—1 
P=1fe q2!-1 e. 
¢ 4 


{u,d7—9} +... (13.6.13) 


We break this up into two pieces, containing positive and negative orders, 


Og =O, ange” (13.6.14) 
with: 
Os = {hd Od *) (13.6.15) 
where FR; is yet undetermined, and: 
5 
QP ad QP = — ud) 
5 
QP = a 5/40} + raid +u"),d} 
. (13.6.16) 


i 
Qy? = d? — Z{u,d} + Ff(u?u"), a} 
7 


~ {[13u + 10ue” 4 10u3 + 25(u’)?], d} 


The R,, which appears in Oma = can be calculated by taking repeated 
commutators of the various Q’s. By evaluating: 


Oe Mie = OO 2 = Om) (13.6.17) 
we find: 
Qin? — 5 (2 9 + QQ") + {Rid} (13.6.18) 
Commuting both sides with Q, we find the recursion relation: 
ieee 1 
Ria = qh —uR; - he ’R, (13.6.19) 


which is the same recursion relation satisfied by the R; found previously in 
Eq. (13.5.13). Thus, we have now made contact with the KdV equations. 
Last, we can show: 
(qi /?, Q] = 4k; (13.6.20) 
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The right-hand side must equal one. Integrating that relation to remove the 
prime, we now have (after rescaling): 


1 
(: ate 5) Riu) 2 (13.6.21) 
which is the string equation found earlier in Eq. (1.5.28). 

It is then straightforward to generalize the method to higher matrix 
models. 


Example: Two-Matrix Model 


For the two-matrix model [27, 28], we are interested in the coupling 
between two-dimensional gravity and (4,3) conformal matter, or the critical 
Ising model. We find: 

a 3 3/2 , 3 
= da a ay 
. gid > y 2 (13.6.22) 
Pen Gee eee 


where v = —8R2/3, the operator K is the Q found in the one-matrix model 
ion Eq. (13.6.12), and w is a breaking field resulting from coupling to a 
magnetic field. The commutation relations yield: 


| 1 
Pos { (aR +50’), e} A 54 (w = 3(uw)’, a} 
; ‘ s (1326-23) 
8 / = come oe ZN 
+ uk + 5v + su + 5 ) 
Solving the equation and then integrating (so the number one becomes 


x), we find: 


3 1 3 
= —8 Be Py el) sd 2 
e R3 + 58 ee (13.6.24) 


which is the solution for the two-matrix model. The higher matrix models 
can be done in a similar matter. 


Example: Three-Matrix Model 


For the three-matrix model 27, 28], where we couple to (5, 4) conformal 
matter (tricritical Ising model), we have: 


Q=K? +{w,d}+v 


5 F 5 13.6.25 
P= QUT = QU = KY" + T{w,d?} + 2{0,d} — Taw ( ) 


We repeat the same steps. The commutation relations yield: 


1=(P,Q\= iia} (13.6.26) 
p=) 
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i 5 
1 = 2r9 = —8Rgu — ae 4s 8 (2u'w” teuly! + Quo! + 3u20’ + 4uu'v) 


5 
— que — Fw su + Su 
(13.6.27) 
Solving the equation and integrating, we have the final result: 
1 5 15 
z=8Rat+ a) Be ae ea Seay oe vu") 
5 5 (13.6.28) 
— que + rn +Tu 


where T is an integration constant. 

In summary, using the method of quasi-differential operators, the fun- 
damental relationships, Eqs. (13.6.4) and (13.6.11), have given us the dif- 
ferential equations that define the nonperturbative behavior of the scaling 
functions. 
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Up to now, we have only treated the case of two-dimensional gravity cou- 
pled to conformal matter. Although the exact results involving the KdV 
hierarchy are encouraging, we do not expect many of the features to sur- 
vive when we enter the region D > 1, where the KPZ formalism breaks 
down. In fact, as we approach D = 1 with k — oo, the potential becomes 
infinitely steep, the exponents become complex, and the formalism that we 
have developed breaks down. 

What is remarkable, however, is that the case of D = 1 is still solvable 
and serves as a testing ground for many of our ideas concerning nonpertur- 
bative strings [29-32]. For example, we expect the perturbation theory to 
break down as we pass D = 1 because the ground state particle becomes a 
tachyon. Evaluating the zero-point contribution to the string, we find that 
the mass squared of the ground state is: 

1 
2 
i = ia! D) (1327.1) 
showing that the ground state becomes massless at D = 1 and tachyonic 
beyond that limit (D — 1, not D — 2, appears in this equation because the 
longitudinal mode does not decouple in noncritical string theory). Thus, we 


456 Chapter 13. 2D Gravity and Matrix Models 


expect the exact solution for the D = 1 case should reflect this fact, which 
will destabilize the perturbation theory but perhaps allow a nonperturba- 
tive interpretation. 

For the D = 1 case, the matrix field M is now one dimensional, that 
is, depends on a time variable, and we can write the equivalent Schrodinger 
equation in this time variable: 


Hw = N?E(g)y (13.7.2) 
where 1 
Ha 


A= O° et i ue 3? i 6? 
= 2 OMz 24+ dReM}Z | OImMZ (acme) 


1 2 eee 4 
Now, let us repeat the same trick that we introduced before, decompos- 
ing the matrix M in terms of its eigenvalues \; and its diagonalizing matrix 
U, which can be trivially integrated over. We find that the expression for 
the energy is given by: 


1 STL Tic; [G/2) 0 s(p/0s)? + VO) ¥?] 
E\ \(g) = = Jim niin et 
co IN? i) Il; dr; ne Oi ae rz)? p? 
(13.7.4) 
Now, let us make the key observation, which will render this problem almost 
trivial. We will redefine a new wave function ¢ as follows: 


PO1,---, An) = | PPOs — As) | YOr,..-, Aw) (13.7.5) 


ORG 


The first remarkable feature now emerges. Notice that the presence 
of this new factor has rendered the wave function ¢ to be antisymmetric, 
as if the theory were based on fermions rather than bosons. The second 
remarkable feature is that the highly coupled Schrédinger equation now 
reduces to a noninteracting theory when we eliminate the U matrix for the 
ground state: 


1 & 
> (- 5D? 4k Ley 2 at) b= N2EY (13.7.6) 


This result shows the power of the substitution. Notice that the theory, 
which at first seemed intractable, has now been reduced to an almost trivial 
problem, the theory of a Fermi gas interacting via a central potential given 
by: 

2 


a a Giawa 7) 
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This theory can now be solved using standard techniques. For example, 
we know that in a Fermi gas, we can let e; < e2 < --- represent the energies 
of each fermion subject to the Hamiltonian: 


be == at (13.7.8) 


Let jup be the Fermi level. Then the total energy is the sum of the individual 
energies below the Fermi level or: 


N?BO = SS ke,O(ur — ex) 


eo ema (13.7.9) 
k 


So far, everything has been exact. Now, let us introduce the large N 
approximation, so that the eigenvalues \; become a smooth function A(z). 
Then, e, can be written in terms of p, the momentum of the particle. We 
can then integrate over p: 


z z N 
2 2 4 
Pp X gr 
-—-—- <—- 13.7.10 
«(ue - 5-5-2) (13.7.10) 
_ f[ dddp p ep 
es so (ur - 5-H 


Let us now integrate over p and then rescale by \ — VN. and up — Ne. 
Then, we have: 


EM(g) =e- i BN pe = 2 = ag)" 0c — 29?) 
on, 
a (13.7.11) 
l= is 5, (2 Bg) Gee 20) 
1 
This simple large N approximation has yielded a solution for the energy 
that, compared with numerical results of the anharmonic oscillator, yields 
results that are only off by at most 12%. For example, asymptotically, the 


planar approximation yields [17]: 

E™(g) ~ .58993g1/3 12) 
while the exact result is: 

E(g) ~ 66799919 (13.7.13) 


We will now approach the D = 1 from an entirely new direction. We 
will exploit its resemblance to a system of harmonic oscillators. This, in 
turn, will give us the ability to perform both weak and strong coupling 
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approximations which will reveal the non-Borel summability of the weak 
coupling approximation. In this approximation, we will solve for the exact 
solution for the ground state energy. We will find it convenient to introduce 
p, the density of states, as follows: 


il 
p(e) = B S| 5(en - €) (13.7.14) 
Then, the ground state energy Eg, in Eq. (13.7.9) can be written as: 


UF N UP 
a ef pleje de; — 7] = ti p(e) de (13.7 Lo} 


where pf is the highest energy level, the Fermi level. 

In the critical limit, we will take the limit N/B = g — g.. We will 
adjust the potential so that U = p, as it approaches the Fermi level from 
above. Then, we define the cosmological constants A and yp as A= gq — g 
and pt = [lc — UF 

We will find it convenient to work with derivatives of Eq. (13.7.15): 


6) 


Fe —p(uF) 
13.7.16) 
= fie) — 0 
Ou Ou 


Our strategy will be to solve for p and then invert to find the ground state 
energy as we perturb in 1/G, which is the weak coupling limit, or By, 
which is the strong coupling limit. 

The key observation is that, in the scaling limit, the system resembles 
an inverted harmonic oscillator. 

To see this, we define: 


il 1 
pur) = aA Im Tr a eae 
where h is the Hamiltonian. If we expand near criticality: y ~ z, — xz ~ 0, 
so h — pr ~ —(1/267)0? — ur — 2y? + 0(y3). For small y, we can ignore 
the cubic and higher terms, so the theory is dominated by the y? term, 
that is, it corresponds to an inverted harmonic oscillator. This is a great 
simplification, because we have now reduced a rather complicated system 
to solving a known system where we can use well-established methods to 
find its solutions. 
We begin by remarking that the density of states of the normal har- 
monic oscillator, of frequency w, is: 


(13.7.17) 


1 ; 1 


When. we continue w to imaginary frequency, we have: 
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I i 
= R 
p(ur) = — Re 2 nb 1 biba (1i3a7-19)) 


This is singular, but the divergent part is 4 dependent and hence will dis- 
appear in the critical limit. We thus have: 


p(ur) = (1/2m) Re{¢[1, (1/2)(1 + #8y)]} 


= ays { In(@/2) — Rew{(1 + #B)/2]} (13.7.20) 
where: 
¢(z,q) = e : 
nao Fa" (13.7.21) 
_ Iz) 
Se) 


Let us now take the weak coupling limit (which is an expansion in 
1/G). Power expanding the ¢ function in Eq. (13.7.20), we find: 


1 1 
Cl ee > 41 —i(2n + 1)/6pu 
= - Ing + 25(—1)*(6y)-24(2*"2 == NC an 
ii 


1 = | Bar| 
= |~1 (gah ype 
=| —— n(Buy™ 


=i 


(13.7.22) 
where Bo,,, are the Bernoulli numbers. 

Now, we invert. We integrate the expression 0g/Ou = —p(ur) in Eq. 
(13.71\7)\ te fad: 


_ wom = 2m—~—1 i\Bom| 
- |- Inp- > (2 = ta ae (13.7.23) 


i 


Inverting again to find the energy, we find [29]: 


=z + 3 3 Saget (= Al) (13.7.24) 
ee le 
where €,,m are constants, and the string coupling constant is: 
nA 
Dh yes 


The important point is that we have logarithmic singularities appearing in 
the series, which spoil the perturbation theory. In fact, no matter how small 
we make g2,, we still find these singularities. 
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These logarithmic singularities probably reflect the presence of the 
massless mode in the theory (which becomes tachyonic for D > 1). This 
is due to the fact that we can always attach a tadpole with the massless 
particle to any Riemann surface. Thus, this is an infrared problem. It also 
means that the nice picture of summing over Riemann surfaces breaks down 
perturbatively. In addition, the perturbation theory also suffers from the 
fact that diagrams diverge as (2n)!, meaning that it is not Borel summable 
in the weak coupling limit. 

Now, let us analyze the strong coupling limit as a power expansion in 
Gu, where everything is well behaved. We power expand Eq. (13.7.19): 


| 


1 me 


We repeat the same steps, inverting a series of equations. We find: 


aA 1 1 _ 
Gu Pur) = —g, wt (WN — 2 CR + 1H) 
S (13.7.27) 
Inverting, we find for pu: 
QnA ee eae \ oe 
ee PS ae (=) (In A) (13:7,28) 
H n=l m=a=n4+1 Z 


which gives us the final answer [29]: 


D.= = (14d s A in aia) (13.7.29) 


n=lm=n4+1 


where dpm and 6pm are constants. In contrast to the weak coupling limit, 
we find that the strong coupling limit is well behaved. 

So far, we have been able to solve for the energy of the D = 1 the 
ory because of a key observation, that the problem reduces to that of an 
inverted harmonic oscillator. We need to find a more comprehensive for- 
malism, however, if we are to understand the physical origin of the curious 
logarithmic divergences and the non-Borel summability. The formalism that 
we will introduce is string field theory [33-35]. 

Certain features which seem obscure in the previous discussion have a 
natural explanation from the point of view of string field theory. For exam- 
ple, the ground state energies found earlier emerge directly as eigenstates of 
the string field Hamiltonian. Also, the curious logarithmic infinities found 
earlier, which apparently ruin Borel summability, can be interpreted as 
the length of one of the compactified dimensions. The mysterious Liouville 
mode also has a nice re-interpretation in string field theory; it appears as 
the space of eigenvalues of the matrix M, and combines with the single 
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dimension of D = 1 string theory to give an effective D = 2 theory. Fur- 
thermore, the fact that D = 1 is solvable, which appears obscure in the 
previous section, appears almost obvious because the string field theory 
action is integrable. 

We saw earlier that string field theory enables us to describe all the 
states of the string in a single field ¥, whose decomposition yields all the 
states in the Fock space, and whose products yields the interactions of the 
theory. 

We will introduce string field theory via our earlier observation that 
the D = 1 theory reduces to a fermionic theory of uncoupled particles. 
We noticed that, if we diagonalize our matrix field M into eigenvalues via 
M = 2A", then the Hamiltonian reduces to: 


2 


1 d? Die _ 
1 =~ spr ap) Lang + LUO) + 2. corn 


where J7;; depends on the angular part of the M matrix. Because this I;; 
factor is difficult to work with, we will only consider SU(N) singlet states 
in which the angular part of the Hamiltonian is exactly zero, so that this 
term vanishes. We can further reduce the system by introducing ~(\;) = 
A(A;)¢(A;), which yields an anti-symmetric, fermionic wave function. 

In the singlet sector, the matrix model reduces to ordinary quantum 
mechanics with N non-interacting fermions moving in a potential U()), 
with Planck’s constant h given by 1/8 ~ 1/N. In this new basis, the Hamil- 
tonian reduces to: 

1 & 
C= ~ 392 ne + U(A) (13.7.31) 

Let us now introduce a fermionic string field Y, which in turn is a linear 
superposition of an infinite number of states ~; with energy e;: 


(r,t) = S agpi(A)e (13.7.32) 


In this representation, we can easily re-write our original Hamiltonian 
in terms of this string field: 


1 ow' ow 
+U(A) WD — pp(Wiv —N | le 97.38 
n= fal Bee suawy—uewy—x)| 03.733) 
(we adjust the Lagrange multiplier jz to equal the Fermi level). 

This Hamiltonian, in turn, can be derived from the following action: 


1 owt aw 


= i eee 1 Nae vy —) 13.7.34 
S [ean] oto xB? OA OA UA)W'Y + pr( Jat ) 
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This string field theory action contains all the information of the D = 1 
matrix model for the SU(N) singlet sector. Notice that the action appears 
to be defined in two dimensions if we treat \ and t as two space-time co- 
ordinates. This is how the Liouville mode appears in our formulation. 

Notice that the previous action appeared to be non-relativistic. How- 
ever, with some modification, we can re-write this in a more relativistic 
fashion. Let us define Wz and Wr: 


eibrt 


wy) — Jinan) 


+ exp (: of dd’v(A )~n/4) Pr(A, t)| 


where v(A) is the velocity of a classical particle at the Fermi level in the 
potential U(A), that is, v(\) = dA/dr = \/2(ur — U())). 
In terms of these new variables, the action becomes: 


A 
[exp (9 iNav) +in/4) Wy, (A, t) 
(13.7.35) 


T/2 
i= | ir|a 0,VR - wav, +—1, (0,0) 0,0, + 0,0},0,Up) 


sR z 
' yp" Big) 
+ Gul to, +ULwR (5 Seal ) 
(13e7a36)) 
The equations of motion can be read off the action: 
iy" OLY = KW (aaa) 
where 0, = (0,0,) and 
ik 1 oe 
K = 07> 0 - — es 
7 | "280? rae 2v4 )| i 


One advantage of string field theory is that we can see that the system is 
integrable. Since the field theory is based on free fermionic fields, we can 
construct an infinite number of conserved currents: 


Frappe 
Jn = VG ay lex» (-: | 1K(z7, a,)r')| W(7,t) (13.7.39) 


The existence of this infinite set of conserved currents, in turn, indicates 
that the system is integrable. 

In fact, it also indicates that the system is topological. In the next 
chapter, we will see that the Green’s functions found in matrix models is 
identical to the Green’s functions found for topological field theory. 
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13.8. Summary 


Matrix models provide the first nonperturbative information concerning 
string theory. They serve as a theoretical laboratory in which to test many 
of our ideas about string theory. However, there seems to be a qualitative 
problem in extending the beautiful results of matrix models beyond D = 1. 

Matrix models begin with string theory defined at below the critical 
dimension, where we must be careful to calculate the contribution of the 
function measure. After a scale transformation, both the string and the 
ghost parts contribute to the Liouville action: 


1 ; 
51, (6,g)— [eva (50" Ou0 Opa + Ro + ue (13.8.1) 


which can be eliminated only in 26 dimensions. 
By scaling arguments, KPZ showed how to calculate the string suscep- 
tibility. One can show that the partition function diverges as: 


Z(A) ~ A3*7 exp(kA) (13.8.2) 
where ¥ is the string susceptibility and is given by: 


o(h) = (1/12)(1—h) (D-25-V25=DvI-D) +2 (13.8.3) 


where A is the genus number. One of the early successes of matrix models 
was their ability to reproduce this result for the susceptibility. 

Matrix models are based on the old assumption that Feynman graphs 
for the matrix model, when viewed as a power expansion in 1/N*, become 
planar to lowest order. Hence, we can view them as approximations to 
two-dimensional gravity. Rom meter powers of 1/N?, the power expansion 
becomes identical to a power expansion in the genus of the two-dimensional 
surface. 

We will take the action: 


D 
L =) > Tr(0,M 04M!) + Tr(MM") + — a I t(MMtMMt) (13.8.4) 
Pia 


More generally, we can have the interaction: 


Ui, oa gg Ines = (13.8.5) 
0=8) 


The generating function is given by: 
= [re exp [— 6 TrU(9)| (13.8.6) 


with potential U. We are interested in the double scaling limit 
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N — ©, G/N — const. (13.8.7) 


where we will find universality, that is, most of the particular properties of 
the potential are washed out. 

There is an old trick that allows us to solve most of these models exactly 
and that is to decompose M in terms of its eigenvalues and its angular part. 
The angular part, in fact, decouples, leaving us with the measure: 


[[ 44; = IDlere [[Q«- 9) et, (13.8.8) 


t<j 


where d/I can be trivially integrated over for our case. 
Next, we evaluate the integration over the eigenvalues \ using the 
method of orthogonal polynomials, which are defined via: 


‘ dd exp [ — BU(A)| Pr(A) Pm(A) = Snymhn (13.8.9) 


It is possible to construct these polynomials so that they satisfy a 
recursion relation for any potential U()): 


WE BO REG ENON) 25 Py alO\) (13.8.10) 


Using the recursion relation, one can also show: 


An+1 = [ace[- BU(A)| eee Ale 


= fa exp | — BU(A)] (Pn42 + Sn41 Pati + pier: )Pr (i334) 


= eee ha 


The point of using these orthogonal polynomials is that we can write the 
partition function simply in terms of them: 


N-1 
Zn =N!'][ hi (13.8.12) 
20 


Using these recursion mela aeis, we arrive at the equation: 


= B= Rn 2 + Yao Dean Cae (13.8.13) 


paths 
where the sum over paths is rather complicated. To lowest order, we have: 
t= fy" (13.8.14) 


where f is the scaling function found in the free energy. This solution is a 
Painlevé transcendental of the first kind. 
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It is tedious, however, to sum over paths as we go to higher and higher 
levels. It is much more convenient to convert to an operator language and 
treat the problem from a different perspective. As an operator expression, 
our basic recursion relations, in terms of the potential U, are: 


(n|U’(A)|n) = 0 


F (13.8.15 
(n — 1|U"(d)|n) = n/BVRn 
We will introduce the KdV pal through the operator: 
1 
K[f(t), Vi] = - 5 Sa a f(t) + a fOv: (13.8.16) 
and: 
1 
TEMA (2) es (! : 2 eel 7) 
aa (13.817) 


Then, we can show that the matrix element of the inverse of the Hamiltonian 
can be given as: 


= R 
R(t, 8) = awe 
a (13.8.18) 


: i 
u(t) = 4-5, Vat 5 


We now have all the tools necessary to solve for t. By inserting the 
expression for the resolvant R(t, t; €) “ae the expression for t, we find that 
Eq. (13.8.15) reduces to: 


1s ae KO. 7)" oil (13.8.19) 


This is the final answer, which includes the earlier solution. The lowest 
order solutions include: 


c=; f=7 
1 
es ae — §2 _ = all 
a2 at 
il 
3. =f 47" GU + sO (13.8.20) 


5) 
ee 2s 
ava = (4) 7 (6) 
+ eff" +esi— of 
By comparing our results with the KPZ equation, we can find which 


two-dimensional theory the matrix model is approximating. For k = 2, we 
have the case of pure two-dimensional gravity (that is, zero dimensional 
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strings). For k = 3, although initially suspected to be the coupling of 2D 
gravity with the unitary minimal series, it is now known to approximate 
2D gravity coupled to nonunitary conformal matter. 

To see how to get 2D gravity coupled to the unitary minimal series 
and other forms of (p,q) conformal matter, we must now generalize our 
approach to the multimatrix approach, where we introduce several types of 
matrices M; obeying: 


z=in f [lav on ae 


The solution to these equations can be solved via the theory of pseudodif- 
ferential operators. 

Define Q; and P; to be operators that represent insertions of \; and 
d/dd;, respectively, into the functional integral. Although these operators 
are actually quite complicated, they must obey the simple relation: 


% Vi(Mi) — 5 aM (13.8.2); 


ci oI 


[Pi, Qi] =1 (13.8.22) 


because A and d/dA have the same commutation relations. 

A solution to these equations, in terms of Q;, can be found once one 
introduces the definition of Q~” via pseudodifferential operators. We find 
the solution: 

[Q?/*,Q) =1 (13.8.23) 


where the plus (+) subscript means we take only the nonnegative powers 
of d in the expansion. A minus (—) subscript means taking negative powers 
of d. 

By solving for these equations, we can reproduce the one-matrix result. 
For higher matrix models, we find the coupling of 2D gravity to the minimal 
unitary series, as well as (p,q) conformal matter. Our goal, however, is to 
model string interactions in higher dimensions. Let us analyze the D = 1 
case, which may be the limit for matrix models. 

We begin with the density function for states in the matrix model: 


= : 3 5(en —e) (13.8.24) 


Then, the ground state energy E,, can be written as: 


N LE 
o=G-/ p(e)de; Egy = 8? [0 e)ede (13.8.25) 


where pp is the highest energy level, the Fermi level, and: 


p(ur) = (1/2m) Re{¢(1, (1/2)(1 + 48 )]} 


= (1/2n){ In(/2) ~ Revl(1 + i6y)/2]} ial 
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Perturbing in the weak coupling limit (expanding in 1/6), we find 
that the energy is not well behaved: 


ice SS 3 ge la 


p= pes 


il 
~ 2, 


ome (13.8.27) 


that is, the theory behaves badly, and is not Borel summable. In the strong 
coupling limit (expanding in 1/@42), we find perfectly acceptable results for 
the energy: 


Bhs ac? so nme In irs) (13.8.28) 


n=1m=n+1 


This seems to confirm our earlier conjecture about the non-Borel summa- 
bility of the perturbation theory. 
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Chapter 14 


Topological Field Theory 


14.1. Unbroken Phase of String Theory 


The fundamental problem facing string theory at present is our inability 
to select its true vacuum nonperturbatively. Until the true string vacuum 
can be discovered, it is impossible to determine whether the theory predicts 
nonsense, and must be discarded as yet another failed attempt at a unified 
field theory, or gives a valid description of our universe and a unification of 
all known quantum forces. The frustration is that string theory has been 
evolving backward, ever since its accidental discovery in 1968 by Veneziano 
and Suzuki, so its underlying geometry is totally unknown. 

By contrast, the “natural home” for Yang-Mills theory and the general 
theory of relativity are well known. Their “natural home” lies in the realm 
of unbroken local SU(N) symmetry or general covariance. Even if we study 
these theories in a domain where all their symmetries have been severely 
broken, we know that the near-miraculous properties that persist in the 
broken theory arise because of its underlying geometry. Likewise, perhaps 
the key to understanding the underlying geometry of string theory is to 
understand its natural home. 

There is a useful analogy that illustrates this problem. Hypothetically, 
one cau ask the question of what might have happened to the evolution of 
physics if Einstein did not discover the work of Riemann and write the gen- 
eral theory of relativity in 1915. The most pessimistic scenario would be that 
relativity would not have been discovered until decades later, in the 1950s, 
as field theorists began a systematic search for higher spin field equations. 
The successes of spin-0 meson theories, spin-5 Dirac theories, and spin-] 
Maxwell theories might have led to the study of purely hypothetical spin-2 
systems in flat space. 

As Feynman independently discovered, gauge invariance is necessary 
to kill the ghosts of a spin-two particle and maintain unitarity, but this 
necessarily complicates the search for the action. A simple cubic action for 
gravitons can be used to construct four-point scattering amplitudes, but 
these fail to maintain gauge invariance. A fundamental four-point contact 
term is necessary. But then, the five-point scattering amplitude fails to be 
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gauge invariant, requiring the addition of a fundamental five-point interac- 
tion, and so on. The final result is a nontrivial nonpolynomial action. 

However, it might be discovered that this ugly and contrived nonpoly- 
nomial action possessed mysterious, near-miraculous properties. After a 
long and difficult calculation, it might be recognized that the theory was 
independent of the classical background metric. Thus, a hunt might be- 
gin to find the natural home for the nonpolynomial theory. However, even 
though the action was completely known as a power expansion, it might be 
a leap of logic to postulate that general covariance was the actual origin of. 
these miracles. 

Likewise, we are still searching for the natural home for string the- 
ory. However, there are strong indications that the natural home for string 
theory does not lie in the low-energy realm of perturbation theory around 
conformal field theories. 

As we have seen in Chapter 9, there are several indications that sur- 
prises await us at high energies and high temperatures. First, the high- 
energy behavior of the multiloop amplitudes shows that the perturbation 
theory is not Borel summable, with the genus g amplitudes growing as g!. 
Also, there is a strong indication that a new “symmetry” of some type is 
appearing at high energies beyond the Planck length. Second, the high- 
temperature behavior of multiloop string amplitudes shows that there may 
be a first-order phase transition occurring near the Hagedorn temperature. 

These are indirect indications that, in analogy with ordinary gauge 
theories, an “unbroken phase” of string theory may be opening up at high 
energies and high temperatures. : 

In some sense, the natural home of string theory is not the perturbation 
theory based on Riemann surfaces at all, but an entirely new domain. This 
is crucially important for the ultimate isolation of the true vacuum of the 
theory. 

At first, this may sound confusing, because for the past.75 years physi- 
cists have studied Einstein’s general theory of relativity, where we make the 
important approximation: 


Guv = gu) Se Ky GL) 


where gh) is a solution to the classical equations of motion, usually taken to 
be the Minkowski metric of flat space. However, this approximation breaks 
local general covariance explicitly, leaving only global Poincaré covariance in 
the action. Thus, most quantum mechanical approaches to general relativity 
inherently break general covariance. 

What would a theory look like in which general covariance was not 
broken, where we did not power expand around some background metric? 
Such a theory would look strange indeed. In a scheme where Guv 18 power 
expanded around zero (without ever refering to the Minkowsky metric 6 re) 
there is no light cone, no propagation of waves, no meter sticks, and no 
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motion. In other words, physics as we know it apparently ceases to exist 
in a quantum theory where local general covariance is preserved exactly, in 
this “unbroken phase” of general relativity! 

An important step in probing the “unbroken phase” of string theory 
was the development of topological field theory. Witten originally created 
topological field theory [1] as an attempt to use the sigma model as a tool 
to construct topological invariants for manifolds, using the input of physics 
to solve problems in pure topology. Specifically, quantum field theory was 
used to correct certain weaknesses in Morse theory. 

Given the success of the sigma model as a new mathematical tool, 
Floer [2-3] was then able to generalize Witten’s formulation to include 
the Chern-Simons Yang-Mills theory in three dimensions. This, in turn, 
gave rise to a powerful formalism by which to construct new topological 
invariants in three dimensions. 

Independently, working in four dimensions, Donaldson [4] startled the 
world of mathematics by creating new topological invariants in four di- 
mensions using the input of physics: exploiting the instanton solutions of 
four-dimensional Yang-Mills theory. It had been known for decades that 
manifolds in D = 3,4 behaved in qualitatively different ways than in higher 
dimensions D > 5. For example, in Smale’s celebrated proof, the Poincaré 
conjecture could be demonstrated for D > 5, but attempts to understand 
the nature of the Poincaré conjecture for lower dimensions met with frustra- 
tion. Thus, Donaldson’s use of Yang-Mills theory to settle a long-standing 
problem in mathematics created quite a sensation in the world of mathe- 
matics. His instanton formulation not only showed that the Poincaré con- 
jecture failed in four dimensions and that “exotic four-spheres” existed, his 
new polynomial invariants allowed one to distinguish between new classes 
of four-manifolds. 

At about the same time, Jones [5] was able to write new polynomial 
invariants for knots, making the first significant advance in knot theory 
in decades. Topology in lower dimensions was thus experiencing a renais- 
sance, but these advances were occurring in a variety of scattered, unrelated 
directions, without any unifying theme or picture. 

Given this renewed interest in topological invariants, Atiyah [6] then 
asked several questions: Could quantum field theory be used to give a unify- 
ing approach to all these disparate results? In particular, could a quantum 
field theory be found in four dimensions to explain the new topological 
invariants of Donaldson that generalizes the three-dimensional theory of 
Floer? Also, could a quantum field theory be found in three dimensions 
that generates the polynomial invariants of Jones? 

If so, then quantum field theory would also solve a nagging defect 
in these purely topological formulations, that is, the inability to solve for 
explicit, analytic forms for the various topological invariants. Quantum field 
theory, however, might give a specific algorithm by which to calculate the 
numerical value of these invariants and perhaps generate new classes of 
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them. 

Witten showed that the answer to all these questions was yes [7, 8]. In 
fact, the theories of Jones, Floer, and Donaldson gave rise to two classes of 
topological field theories: 


1. metric-free topological models, where the theory is manifestly free of 
any metric dependence; and 

2. cohomological topological field theories, where a background field may 
be present but the energy-momentum tensor is BRST trivial. 


We now turn to a discussion of these two approaches. 


14.2. Topology and Morse Theory 


Over the decades, it has become common knowledge that generally co- 
variant theories can be created by introducing a metric tensor and then 
functionally integrating over all possible metric tensors in the functional 
measure. This is the way general covariance is implemented in relativity. 
However, this neglects important classes of theories in which general covari- 
ance is implemented in an entirely different fashion, such as theories that 
lack a metric tensor entirely or theories with a metric in which the Green’s 
functions are independent of the metric. 

These theories are called topological field theories, and have novel prop- 
erties that separate them from all other quantum field theories. Because the 
Green’s functions are independent of the choice of metric, it means that they 
must be purely topological, generating numerical values of topological in- 
variants for certain manifolds. But, this also means that they might possess 
a finite number of degrees of freedom, unlike the infinite number of degrees 
of freedom found even for the simplest point particle quantum field theory. 

The first class of topological field theories, which are manifestly metric 
free, include the three-dimensional Chern—Simons theory found in Chapter 
8 in our discussion of knot theory, where the Lagrangian is given by: 


ae = i ek Ty [4s(0)As ~ 8443) + = ils, Aa] (14.2.1) 
The action is manifestly locally generally covariant (because ¢’J* transforms 
as a density under coordinate transformations), yet it contains no metric 
whatsoever to tell us how to define the light cone of Minkowski space. 
Therefore, as we have seen in Chapter 8, the correlation functions are given 
by Wilson loops. By numerically evaluating these correlation functions, we 
generate new classes of knot polynomials, generalizing the Jones’ polyno- 
mials. 

Another example of a metric-free topological model is 2+1 gravity [9], 
whose action is given by: 
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_ ,abe_ ijk a pbc 
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14.2.2 
i, = Aju? ae weewfe = G ay k) ( ) 


This model is usually thought to be both trivial and non-renormalizable. 
However, upon closer inspection, we see that these two attributes are actu- 
ally mutually exclusive. 

In fact, upon closer examination, one can also show that 2+ 1 dimen- 
sional gravity, reinterpreted in this fashion, is equivalent to Chern—Simons 
2+ 1 Yang-Mills theory [9]. The theory is hence exactly solvable. The cor- 
relation functions of the theory, not surprisingly, are knot invariants, which 
are topological and do not depend upon the metric of space-time. 

The second type of topological field theory, in which a metric explicitly 
appears but where the Green’s functions are independent of the metric, is 
much more complicated but also much richer in mathematical content. To 
understand cohomological topological field theories, it is first important to 
understand how they evolved out of an attempt to use quantum field theory 
to solve problems in pure topology and Morse theory. 

To understand the significance of applying quantum field theory to 
Morse theory, let us quickly (and not very rigorously) review some of the 
highlights of de Rahm cohomology, which is how topological invariants can 
be constructed for real manifolds. Usually, when analyzing the topological 
invariants of a real manifold M, we traditionally begin with de Rahm co- 
homology, rather than Morse theory. On the manifold, we define p forms as 
follows: 

Ci ota dia = /\ da)? (eS) 


The operator d acting on this form is defined as follows: 


dw = a dx? A da \ da! A--- A dat? (14.2.4) 
where d is nilpotent, that is, d? = 0. 

We then define topological invariants on the manifold. The space of 
independent forms that are annihilated by d is denoted by ker d. However, 
we wish to subtract those forms that are themselves expressed as dw for 
some W, that is, we wish to remove those states that are the image of d. 
Thus, we define the nth cohomology as: 


(es — kena ima (14.2.5) 


for n forms. 
The dimension of the de Rahm cohomology is given by the Betti num- 


bers: 
pia (1472.6) 


Notice that the de Rahm cohomology depends on the local, differential 
properties of the manifold. On this smooth manifold, we can also define 
a homology, which depends on the global properties of the manifold. Let 
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us define 0 to be the boundary operator, that is, it maps a manifold M 
into its boundary manifold 0M. Then, we can also show that the boundary 
operator is also nilpotent: 0° = 0. 

We can similarly define a homology on the manifold as follows: 


H, = ker 0/imO (14.2.7) 


The correspondence between cohomology and homology is made by showing 
that the boundary operator is dual to the operator d. This is done via the 


Stoke’s theorem: 
[ aw= | w (14.2.8) 
M aM 


To make this correspondence transparent, let us define the “scalar product” 
between a manifold M and a form w: 


Gabe = ih a (14.2.9) 

M 

Then, Stoke’s theorem can be rewritten as: 
(M|dw) = (OM |w) (14.2.10) 


that is, by moving the d operator from the left-hand to the right-hand side 

of the scalar product, it has become 0. Thus, under very general conditions, 

these two operators can be shown to be dual to each other. We call d the 

coboundary operator. This, in turn, means that the two spaces, homology 

and cohomology, are dual to each other and have the same dimension. 
Thus, the Betti number can be written as: 


b, = dim H,, = dim H” (14.2.11) 


From this, we can write the Euler characteristic, a topological invariant: 


x(M) = 5 °(-1)%b_(M) (14.2.12) 


q=0 


Last, one can also define the Laplacian dd* + d*d. A form w is called har- 
monic if it satisfies: 


(dd*+d*dw=0 | (14.2.13) 


Then, it,can be shown that the Betti number by is also equal to the number 
of independent harmonic q forms that one can write on the manifold. In 
summary, the de Rahm theory allows us to write topological invariants of 
manifolds based upon examining either the local or global properties of the 
manifold via the kernel of nilpotent operators d or 0. 

However, there is also another, less powerful method by which to an- 
alyze the topological invariants of a manifold, and this is Morse theory, 
which differs markedly from de Rahm theory. Morse theory is not based 
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on nilpotent operators, but on analyzing the critical points of a certain 
function defined on a manifold. 

To be a little more precise, let h be a function defined on the manifold, 
that is, a mapping of M onto the real numbers. Let P; be the critical points 
of this function, that is, 


One) /on, = 0 (14.2.14) 
for k = 1,2,...,dimM. Let us now define the Hessian as the matrix: 
Oh(x)/Ox; Ox; (142715) 


We define the Morse index y(P;) at the critical point P; as the number 
of negative eigenvalues of the Hessian of h. We then define M, as the number 
of critical points with the Morse index p. Then, one of the results of Morse 
theory is the inequality relating M, of Morse theory and by of de Rahm 
theory: 

M, & bp (14.2.16) 


In terms of Morse theory, the Euler characteristic can be shown to 

equal: 
x(M) = $°(-1)9M, (421 7 
q=0 
We see, therefore, that Morse theory differs qualitatively from de Rahm 
theory. Morse theory depends on the properties of a manifold at its critical 
points, rather than the cohomology or homology of nilpotent boundary 
operators. 

Unfortunately, Morse theory is not powerful enough to calculate the 
Betti numbers in terms of operators defined on Morse thcory. Morse the- 
ory is weaker than de Rahm theory, yielding mainly inequalities. Let us 
illustrate this new approach with an example [10]. 


Example: Gravitational Potential 


The simplest example of Morse theory is a two-manifold M placed in 
the earth’s gravitational field. We then choose h(x) to be the height of the 
point « (that is, the gravitational potential). At every point x on the surface 
of the manifold, we can assign a real number h(z), its height off the ground. 

For example, imagine a torus with two handles so that it appears up- 
right, as in a figure eight. This torus has six critical points at which the 
derivative. of the height function at these points is zero. Each loop has two 
critical points, and there is a critical point at the very top of the figure 
eight and one at the very bottom. By taking the second derivative of the 
height function at these critical points, we obtain the Hessian and can then 
calculate the number of negative eigenvalues at each critical point. Physi- 
cally, this corresponds to finding the points on the surface where a marble 
could be placed in stable or unstable equilibrium. 

The lowest critical point at the bottom is stable and has Morse index 0. 
The number of critical points with index 0 is 1, so Mop = 1. The highest point 
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on the surface is unstable and has Morse index 2. The number of critical 
points with index 2 is also 1, so Mj = 1. The other 4 critical points, located 
in the holes, are saddle points, with one stable and one unstable direction, 
so they have Morse index 1. Since there are 4 such saddle points, M, = 4. 
Putting these all together, we then find that the Euler characteristic is: 


x=Mo—-M,+Mg=1-4+1=-2 (14.2.18) 


which is indeed the Euler characteristic for a torus of genus g found from 
de Rahm theory. 

This can also be easily generalized to two-dimensional surfaces of ar- 
bitrary genus g. We know that the Betti numbers for this surface are given 
by: 

bo = b2 = 1, by— 2g (14.2.19) 


so that the Euler characteristic is given by 
x(M) = 2(1 - g) (14.2.20) 


If we now compare this to the negative eigenvalues of the height function, 
we find an exact correspondence. We find that the Betti numbers b, equal 
the M, for this surface. 

For more complicated manifolds, however, this exact correspondence 
between Betti numbers and M, breaks down and only the weak Morse 
inequalities apply. In particular, we are unable to calculate exact expressions 
for the Betti numbers via Morse theory. 

However, we will now greatly expand the power of Morse theory by us- 
ing techniques from an unexpected source: supersymmetric quantum field 
theory. Using the input of physics, we will now show how to improve upon 
the old Morse theory by calculating the exact expression for the Betti num- 
bers. 

We begin by defining a modified set of coboundary operators as a 
function of some fictitious “time” parameter t: 


dy = Bree” 


14.2.21 
d; = Cd ee: ( ) 


for some Morse function h(x). We then define 6,(t) to be a t-dependent 
Betti number: 


bg(t) = dim ker(d,d} + dfd;) (1422) 
Although 6,(t) is a t-dependent number, it is also a discrete function and 


is therefore independent of t. Thus, we also have b,(t) = 6,(0). 


Last, we also define the t-dependent Hamiltonian as half of the t- 
dependent Laplacian: 


1 
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Notice that the number of zero energy states of this Hamiltonian at t = 0 
is also the number of harmonic forms and hence equals the Betti number. 
Thus, the Betti number counts the number of zero energy states of the 
Hamiltonian at t = 0. 

To see how the number of zero energy states changes for finite ¢, let us 
power expand the operator d; as a function of t: 


d, =d+ta™(Oh/dz") +--- 


‘ yi : (14.2.24) 
d; = d* +ta‘(Oh/Oz")+--- 
where we have introduced a’ via: 
dw = a** a 
(14.2.25) 
d*w=a’ gu 
Ox? 
and: y 
qa gar bg" (14.2.26) 


Putting this back into the Hamiltonian acting on a form w, we find the 
expansion in t: 
., Oh Oh ae 
ok * a i * 
2Hiw = (dd +d d)w +t ore ant Gian SF tla Vs GD, hw (1452-27) 
where D, is the covariant derivative with respect to g’. 

To lowest order in t, we have shown that the t-dependent Hamiltonian 
contains a term proportional to the square of the gradient of h. The minima 
of the Hamiltonian therefore correspond to the critical points of the Morse 
function. If we power expand around one of these critical points, we find: 

h(x) = h(0) + Axa? /2+ O(2”) 
; 6? ? 
2H, = SS (-53 + fe Si trlat a) 
25 


a 


(14.2.28) 


where 4; is the Morse index at the critical point. 
The first two terms define the usual harmonic oscillator theory. The 
second term is also easily analyzed by noticing that: 


at, asda A---Adate = +dz A.-- A dat (14.2.29) 


(The eigenvalue is +1 if 7 is one of the indices uj; appearing in the volume 
element and —1 if it is not.) 

The energy is therefore given by the energy of a series of uncoupled 
harmonic oscillators plus a correction factor: 


By = 5t Pal +2N) + Aira] +00) (14.2.30) 
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where n; = +1. 

We are interested in the number of zero-energy solutions. The energy 
is zero if N; = 0 and n; = —sign;. However, we recall that the number 
of negative eigenvalues 4; is the Morse index p. Each critical point of the 
Hamiltonian thus defines a wave function whose energy is zero to order f, 
and there are M, such wave functions. 

However, in the limit as t approaches zero, some of these zero-energy 
states receive positive energy contributions, and hence the number of zero- 
energy states decreases. But, in the zero ¢t limit, the number of zero-energy 
states equals b,, as we saw earlier. Thus, the number of zero-energy states” 
at zero t (the Betti number) is less than the number of zero-energy states 
at small but finite t (M,): 


bg < My (14.2.31) 


which is the Morse inequality derived from quantum mechanics. 

In summary, this simple quantum mechanical model reproduces a proof 
of the known Morse inequality conditions. However, using the power of 
supersymmetry, we can do even better than this. We can go beyond the 
standard inequalities of Morse theory and generate new information, that 
is, we can calculate the Betti numbers in terms of Morse theory. 


14.3. Sigma Models and Floer Theory 


To be specific, we will start with a supersymmetric nonlinear sigma model, 
with a metric g;;(¢), which is a function of a scalar field ¢*. We also intro- 
duce the Morse function A(¢). In supersymmetric language, we introduce 
the superfield &*: 


@ = ¢' + Ov’ + OOF" /2 (14.3.1) 
The action is then [1]: 
— / d’x d°0 [9i;(@) D&' D& + h(G)] 
1 1 * 
= 5 pes (Ou Od age (ola? Da! 
dh dh 


agi Odi — DD; h(d)byt 


uy =) Sp re 
+ yy Rims (Od bid"? — 9F(9) 


Duh’ = On" + Tj, (b) dO. p* 
(14.3.2) 
We can make contact with Morse theory by making the following iden- 
tification between cohomology operators d acting on p forms and the su- 
persymmetric operator @ of the sigma model acting on states with fermion 
number F: 
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(i) (-1)” 
do@Q 
d* Jon Oe 
dd] ead = 2H —{0).Q"\ 
The supersymmetric sigma model thus gives us a specific realization of 
Morse theory. With this identification of Q as a cohomology operator d, we 
can use the previous discussion to prove the Morse inequalities. 

Our discussion so far has been perturbative. Now, however, we will 
take the formalism one step further, by analyzing tunneling between dif- 
ferent critical points. Supersymmetry will guarantee that the energy of the 
Hamiltonian will vanish to all orders in perturbation theory; however, tun- 
neling will in general lift the some of the degeneracies among the zero-energy 
states. Tunneling via instantons can remove some of the critical points. The 
key point is that if we can calculate the number of critical points removed 
by tunneling, then we can calculate corrections to Eq. (14.2.31) and hence 
by itself. 

Let |P;) represent the perturbative vacuum defined at one of the crit- 
ical points P;. We wish to calculate the matrix element between different 
critical points (P,|d;|P;). Normally, this matrix element is zero (because of 
the presence of fermionic zero modes). However, nonperturbative instan- 
ton effects can render the matrix element nonzero if the instanton effect 
produces a fermion zero mode, which is absorbed by d;. 

At this point, we use standard instanton arguments to calculate this 
amplitude. We wish to find solutions z(r) that take us from one critical 
point to another, parameterized by some 7. Thus, we wish to find the 
equation for z(r) connecting two critical points, that is, e(—oo) = P; and 


(14.3.3) 


dH(CS) VE 
The equation for the instanton is: 
dz*(r) ‘5 dh|z(r)| 
=—g’ re ids 


Given the instanton solution connecting two critical points, we can use 
tunneling arguments to show that the matrix element connecting the two 
critical points is given by: 


(Pde) = DUR. i) EXp { = t|h(P;) = h(P;)|} (14.3.5) 


where n(P;, P;) is an integer that is computable once we are given the Morse 
function A. 

So far, our discussion has been rather general. Now, we come to the 
key point of our discussion: we will define a new cohomology operator 6 
that will establish the link between the Betti numbers and Morse theory. 

Let us first define W, to be the set of eigenstates |P) such that u(P) = p 
for some integer p. Let us define a new cohomology operator 6, defined in 
terms of the integer n(P;, P;), which is given by: 
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= Smee) (14.3.6) 


PEWpi1 


for Q € W,. Notice that the operator 6 takes us from W, to W,1,1. We can 
also show that 6? = 0 and that: it satisfies all the properties of a standard 
cohomology. 

Given this new cohomology operator 6, we can then define the Betti 
number as: 

b, = dim ([keré/ imé] M W,) (14.3.7) 

We have now succeeded in our goal {1] of defining the Betti number of. 
the manifold totally in terms of Morse theory. Using the tool of the super- 
symmetric sigmia model, we have converted the old Morse inequalities into 
precise identities. 

Let us now generalize our discussion to the case of more complicated 
manifolds in three and four dimensions. By now, we see a strategy emerging 
for using quantum field theory to calculate the Morse invariants W,. 


l. First, start with a supersymmetric quantum field theory where we can 
define a Morse function h(®) and identify the supersymmetric operator 
@ with the nilpotent coboundary operator d. 

2. Construct the t-dependent Hamiltonian as a function of the Lapla- 
cian. At t = 0, the number of zero energy states equals the number of 
harmonic forms, or the Betti number. 

3. Calculate the Morse number M, as the number of zero-energy states 
and compare it to the zero-energy states of the t = 0 Hamiltonian, 
which are the Betti numbers. 

4. Using instanton methods, calculate the transition matrix element be- 
tween different critical points, and from this, define a new nilpotent 
6 whose cohomology gives us the Betti numbers directly in terms of 
Morse theory. 


Let us now follow these simple steps and sketch how this approach can 
be applied to the case of the Yang-Mills theory. This will, in turn, give us 
entirely new topological invariants defined in three and four dimensions. 

We begin by taking the h function to be the Chern-Simons action in 
three dimensions [2]: 


2 
h(A) = fo (4 AdA+ 34 AAN A) (14.3.8) 


The critical points of h are found by taking functional derivatives of the 
action: 


Oh(A)/OA3 (2) = —e* FS (x) /2 = ~BY (a) (14.3.9) 


Because the derivatives are proportional to the curvature tensor, the critical 
points correspond to the space of connections where the curvature vanishes, 
that is, the space of flat connections. We will call the space of flat connec- 
tions, modulo gauge transformations, Floer complezes. 
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Repeating the same steps as before, we find that the cohomology op- 
erators are given by: 


(14.3.10) 


Generalizing Eq. (14.2.21), we now define e-dependent cohomology opera- 
tors as: 
i= ele g ehle’ 


; Weed 
d= elle gr e—h/e ee 
We introduce the Hamiltonian via: 
9e *H. = ded + did. (43 12) 
Written out explicitly, we have: 
H= [eon (e712? + e 7 Be? + €9*b, Divx) (14.3.13) 
and: 5 
hain =—. Taro 


As before, we can construct W, as the number of zero-energy eigenfunc- 
tions of the Hamiltonian for finite e and 6, as the number of zero-energy 
eigenfunctions at e = oo. i ; 

We must now analyze whether nonperturbative effects play an impor- 
tant role. Let us analyze tunneling effects that connect different critical 
points. As before, the tunneling effects are determined by a differential 
equation in a fictitious parameter 7 connecting the different critical points. 


The analog of Eq. (14.3.4) is: 
OA} (x,7)/Or = B}(z,T) (14.3.15) 


(This equation has a simple meaning. If we identify 7 as a time coordinate, 
then it is easy to see that the previous equation sets the electric field propor- 
tional to the magnetic field, that is, F = —F* and the curvature is self-dual. 
Thus, the tunneling effects are described by the standard instanton effects 
found in ordinary Yang-Mills theory.) 

We conclude this discussion by noting that Floer [2] was able to use 
the Yang-Mills theory to construct a new boundary operator O that was 
nilpotent and to define a new homology group, called the Floer group. 
From these, he was able to construct new topological invariants for three- 
manifolds, using physics as the crucial input in a purely topological formu- 
lation. 
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Floer’s discussion, however, was incomplete because it left open the 
possibility of a generalization to a fully four-dimensional-type formula- 
tion. Atiyah then conjectured [6], and Witten later proved [7], that a four- 
dimensional generalization of Floer theory should give the topological poly- 
nomial invariants of Donaldson. We now turn to a discussion of how to gen- 
eralize this formulation to four dimensions and to a wide variety of other 
theories. 


14.4. Cohomological Topological Field Theories 


Other topological models, in which general covariance is exact, are the 
cohomological models [7], where a background metric may be present, but 
where the Lagrangian is given by: 


p=) (14.4.1) 
or a topological invariant, such as: : 
L~FAF (14.4.2) 


This may appear strange, because then the system appears to be empty. 
Although the action is zero, the “physics” of the theory is to be found 
entirely in the field content and its gauge variation. We will find that, after 
gauge fixing the gauge fields, a nilpotent BRST operator Q arises, and the 
gauge fixed action, with its Faddeev-Popov term, is given by: 


Larsrpe = {Q,V} : (14.4.3) 


where V is some field composed out of the original fields and their ghosts. 

Most important, we will then take the variation of the Lagrangian with 
respect to the background metric to derive the energy-momentum tensor. 
Because the gauge fixed action is itself BRST invariant, we- find that the 
variation of the action with respect to the background metric yields the 
energy-momentum tensor T°? via: 


ae. 
OL = 5 | 550° Tap (14.4.4) 


and: : 
fe NG, Voge | (14.4.5) 
for some field Vag. 

This last statement, that the energy-momentum tensor is BRST triv- 
ial, is one of the most-important features of the cohomological topological 
field theories. Since BRST trivial operators vanish when inserted into a 
correlation function, it means that we are free to vary the background met- 
ric g*” without changing the theory, that is, the theory is locally generally 
covariant. 
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For example, let us insert an operator O into a path integral: 
; 4 
Zoe / peg i eon (14.4.6) 


Let us now make a small BRST variation of the path integral labeled by 
€, where the action and the measure are both BRST invariant. The path 
integral becomes Z,, which equals Z. Then, we find: 


0=2.-Zo= [ pactell 10} — Zo 
s [vec le (O + €{Q,0}) — Zo (14.4.7) 
= [ Dee *e{Q,0} 


Thus, 
({Q,O}) =0 (14.4.8) 


for any field O. (Another, more intuitive way in which to see that coho- 
mological topological field theories are independent of the choice of metric 
is to notice that the metric tensor enters the theory through BRST gauge 
fixing. Since the metric is introduced as a gauge artifact, and since the 
physical properties of a field theory are always independent of gauge fix- 
ing, the cohomological topological theories must also be independent of the 
metric.) 

One of the most important examples of such a cohomological theory is a 
four-dimensional topological Yang-Mills theory, which resembles a twisted 
version of supersymmetric N = 2 gauge theory and is the four-dimensional 
extension of the three-dimensional Floer theory. There are many ways to 
approach the quantization of this topological Yang-Mills theory. We will 
explore just a few of them. 

We begin with a theory of zero action, but then postulate that this 
action is invariant under the following gauge transformation: 


i =a (14.4.9) 


Upon first glance, this is a highly unusual gauge transformation, much 
larger than the usual SU(N) gauge transformation. Because yy, has the 
same number of indices as Aj, it implies that we can use wy, to eliminate 
all the fields contained within A‘, that is, the theory is vacuous. However, 
several nontrivial features begin to emerge when we gauge fix this seemingly 
trivial theory with zero action [11-13]. 

First, let us choose a gauge so that the F', is self-dual: 


i 
gauge choice: Fi, — 5envep Pon 22) (14.4.10) 
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Naively, we might believe that this gauge completely determines all fields 
of the theory, and hence, the theory is again vacuous. However, there is a 
subtle point here that will prove crucial in our later discussion. Although 
demanding that the curvature be self-dual fixes the infinite degrees of free- 
dom within our fields, it is not sufficient to fix all finite degrees of freedom. 
As is well known in gauge theory, there are nontrivial solutions to the self- 
dual equation, given by instantons. In other words, after gauge fixing there 
are still finite degrees of freedom left in the theory given by the space of 
instantons. 

The space of parameters necessary to label one-to-one the space of 
instantons is called the “moduli space” of instantons (which in turn is in- 
timately linked to the Donaldson polynomials). In fact, for each cohomo- 
logical topological field theory, we will find that gauge fixing leaves finite 
degrees of freedom labeled by some moduli space. 

There is also a second complication, however. Since our theory is locally 
gauge invariant, we demand that our field transform under local SU(N), 
so that the total variation is 


5AS = (Dad)* + ¥2 (14.4.1) 


where $° is a SU(N) gauge parameter. Notice, however, that it is possible 
to absorb the ¢° term completely into the ~% term. This means that the 
gauge parameter We has its own hidden gauge symmetry given by: 


be = (Dad)* (14.4.12) 


Because of the tight relationship between the two gauge parameters ¢* 
and w¢, the Faddeev—Popov ghosts arising from gauge fixing will themselves 
have ghosts. In general, for complicated gauge choices, we will have to use 
the BV “ghosts-for-ghosts” quantization method described in Appendix 
1. However, we will choose a simple enough gauge so that only second 
generation ghosts are required, so that the Faddeev—Popov- prescription is 
adequate. 

With these preliminaries, let us begin the quantization of the topologi- 
cal theory with zero action. The usual prescription gives us the gauge fixing 
term and the Faddeev—Popov ghost term: 


Ler+re = (i/8)aoB°? Bag + (i /4)B°° (Fog + Fag) —ix°’ Dore (14.4.13) 


where ao is a constant, y and y are the standard Faddeev—Popov ghosts, 
such that x is self-dual, and Bag is a self-dual auxiliary field. 

Notice that we can, in turn, write this action as the off-shell, nilpotent 
BRST variation of the following term: 


Lorene er lx" (Fap 1 Gl /2)a0Bas)| (14.4.14) 


where: 
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6 AQ = Vo 
6,02 =0 
PAS 
One = Boke ( ) 
6, BP? =0 


(At this point, we have the option of solving for the Bag field via its equa- 
tions of motion, so the action reduces to the the square of the self-dual con- 
dition on the Yang-Mills field. However, the BRST invariance only holds 
on-shell, and we must use the quantization procedure described in the Ap- 
pendix 1.) 

As we noted earlier, there is still a hidden symmetry in the theory 
because the ghost field Y% has its own remaining ghost symmetry, param- 
eterized by the ghost field ¢*. The action possesses a hidden symmetry: 


bave = i(Dad)® 


14.4.16 
ia Buf = ~ieo|¢, oF] ( ) 


The field w has four degrees of freedom, but x has only three. We find that 
the “ghosts” themselves require more Faddeev—Popov fixing. 

To fix the remaining symmetry within the anticommuting Faddeev— 
Popov fields, we must introduce a set of commuting Faddeev—Popov fields, 
¢@ and X, and an anticommuting field 7. Let us therefore introduce a new 
gauge fixing action with more Faddeev—Popov terms: 


Lopyre = Onrst |icoMDa® + sb) + 1x" Bag| (14.4.17) 


where éprstr = 61 + dc. ? 
Let us now write the full action: 


(L+L')orrepe = —ix™’ Dahp — nD ba + (1/2)AD" Dad 
a (i/2)eoA[w™, va] a (i/8)eoglx™, xa 
+ seo [idln, 0] + (eo/4)[¢, Al?] + (1/8) B*? Bags 
ale (i/4) BY’ (Fag ah Fup) 
= (1/8)(F + F)? — ix Dav, — inD “a 
+ (d/2)D° Dad — (i/2)eoAlb™, val — (1/8) e09[x™, Xa] 


+ seo[i¢ln, nl + (c0/4)[9, A]?] 

(14.4.18) 
In this action, we have replaced the b field in terms of a new field 7, given 
by b = eo[¢, n]. The gauge symmetry is maintained by having 6gA = 2n and 
5qn = —(1/2)eo|w, A]. We have made this replacement in order to preserve 
a symmetry arising from the Floer three dimensional action, which is called 
U symmetry. With this replacement, the scaling dimensions and U weights 
of the fields (A, ¢, 4, ¥, x) are given as (1, 0, 2, 1, 2) and (0) 2,-2) 1,-1), 
respectively. Also, we have made the choice cp = —(1/ 2) and c; = 1/8. (We 
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note that the action of Eq. (14.4.18) is not unique. By adding in a BRST 
variation of some arbitrary collection of fields, the theory remains the same. 
For example, the ¢ field is inert under the BRST variation.) 

As we mentioned earlier, the hallmark of a cohomological topologi- 
cal theory is that its energy-momentum tensor is BRST trivial. By direct 
calculation, we can show that the energy momentum tensor is equal to: 


Top = {Q, Aap} 
1 I OT 
AaB = 3 Ate (Fooxs a Egan _ 9 9ablorXx ) 


1 (14.4.19) 
Ee Tr (WoDgr + veDor — JapcD° X) 


+ 5 9a9 Te (nl6,.1) 
By direct BRST gauge-fixing, we have therefore converted the original ac- 
tion, which was zero, into a BRST variation, Eq. (14.1.19). There is, how- 
ever, yet another way in which to construct a topological theory, and this 
is through its relationship to N = 2 supersymmetry. 

If we analyze the field content of the previous theory, we see that it 
is equivalent to an N = 2 supersymmetric Yang-Mills theory, but with an 
important difference. An N = 2 theory possesses two spinorial supersym- 
metry generators, Q‘,, where a is a spinor index. Our goal is to rewrite this 
theory such that we extract a single fermionic, nilpotent Lorentz scalar Q 
out of the supersymmetric generators. 

Normally, this is impossible, because an irreducible Lorentz spinor does 
not contain any scalars. But, this can be changed if we add a twist to 
the theory, such that the energy-momentum tensor is altered so that one 
component of Q?, becomes a Lorentz scalar. 

This twisting process is most easily represented on a two-dimensional 
theory. We begin with an N = 2 supersymmetry with an R symmetry asso- 
ciated with it, whose generator is R,,. Then, the supersymmetric generator 
is Mat, with commutation relations: 


Oe: = Vega 
{Qa+, a+} = {Qa-,Qe_} =0 


In two dimensions, a spinor has only two components, also labeled +, so 
that we have four nilpotent supercharges Qi... 

The key step is that we will now modify the theory so that the energy- 
momentum tensor becomes: 


(14.420) 


iy = ye Cutty eye OF, (14.4.21) 


Altering the energy-momentum tensor means that we are also altering the 
rotation group generator J, which only has one component, by J’ =J+R. 
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In this new basis, with an altered rotation group generator, we find 
that @_+ and @ + _ now transform as scalars. Since both are nilpotent, we 
now define the new BRST generator as: 


Qprst = Q-++Q+- (14.4.22) 


In this way, an N = 2 theory has now been modified so that a new scalar, 
nilpotent Oprstr operator can be constructed, such that the action becomes 
a BRST commutator. It is thus not surprising that topological field theories 
have the same field content as N = 2 superfield theories, but with a different 
realization of supersymmetry and Lorentz invariance. 


14.5. Correlation Functions 


Because the underlying action is zero, one is tempted to conclude that the 
correlation functions must also be zero. However, this is not true. Because 
topological field theories are totally independent of the choice of background 
metric by construction, we find that the correlation functions reproduce the 
known topological invariants found by topologists. In fact, this was one of 
the original motivations for studying these topological field theories: to pro- 
vide a quantum field theoretical framework in which to generate topological 
invariants. 

Perhaps the most intriguing of these topological invariants are the 
Donaldson polynomials [4]. Surprisingly enough, Donaldson first analyzed 
instanton solutions to the Yang-Mills equation and their moduli space in 
order to construct his invariants. [ 

Because topological gauge theory is based on self-dual fields, one can 
show that the correlation functions of the theory are precisely the Don- 
aldson polynomials. To see this, we want to construct correlation functions 
among fields that are BRST invariant, but not BRST trivial. In other words, 
we want a field whose BRST variation is zero, but cannot be written as a 
BRST commutator (in which case, as we have seen, its correlation functions 
are exactly zero). 

Examining the list of fields found in the topological gauge theory, we 
find that the only invariant field is ¢. For a gauge invariant combination, 
we are led to choose the following gauge invariant, BRST invariant field at 


oint P: 
: 1 


Wo(P) = 5h 
5Wo(P) <0 (14.5.1) 
Wo # eR V} 


for the group SU(2). (For higher groups, there are obviously more gauge 
invariants one can construct via $%, corresponding to the number of Casimir 
invariants of the group.) The correlation functions we are interested in are: 
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b)= | Doe Tar = (Wo(P:) +>: Wo(Px)) (14.5.2) 


The next step is to show that this is really a topological invariant, that 
is, it is independent of the location of the points P;. This is easily shown. 
Let us move the point P a small distance. Then, the variation of the Wo is 
given by: 


aM = =555 (Trg?) = Trd Dad = i{Q, Tr ova} (14.5.3) 


2 One 
that is, the variation of Wo is equal to a BRST commutator. Then, 
P OW, 
Wo(P) —Wo(P’) = | 2 de® = {Q, is Wi} (14.5.4) 


where W, = Tr(¢ypo)da™. 
Then, the variation of the correlation function by moving the point P, 
is equal to the matrix element of a BRST commutator, so it vanishes: 


6Z(k) = (SWo(Pi)--- Wo(Pr)) -{ Q,i iL ws Tote 1) 


= | 
(14.5.5) 
as desired. 
Now that we have shown that the correlation functions composed of 
Wo are topological invariants, let us construct a sequence of these BRST 
invariant (but BRST nontrivial) operators. We notice that: 


0=1{Q,Wo}, dWo=1{Q,Wi} (14.5.6) 


Let us now extract, from W;, a new BRST invariant operator W2, which is 
BRST non-trivial and so on [7]: 


dW, = 1{Q, Wo} 
dW2 = i{Q, W3} 
dW3 =i{Q, Wa} 
dW, =0 


(14.5.7) 


where: 
We = (5¥av+ iar) 
W3 =1Tr(bA F) (14.5.8) 
Wa = -5 Te ee) 
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(Here, dW4 = 0 because it is a five-form, which in four dimensions equals 
zero by the antisymmetry of dr.) 

Let us now generalize these results for an arbitrary topological theory, 
where the invariant fields W;,, obey dW; = i{Q, Wx41}. Then, the integral: 


EG = / Wi (14.5.9) 
a 
around a k-dimensional cycle ~ is BRST invariant, that is, 
(one [iam =-if am = (14.5.10) 
HY 9) 


This integral is only sensitive to the homology class of y, that is, if we 
add to y a boundary term Of, then it remains unaltered up to a BRST 
commutator: 


Wee) te See: i dW. 
7+06 B 


(14.5.11) 
=i) +i [ 10, Wen) = I(y) 


Now, we construct the following topological invariant: 


Zoic) = f oxe"T] We, = CL / W (14.5.12) 


ee d= 


The above correlation function is gauge invariant, BRST invariant, and 
independent of the location of the points where W;, are located. It is only 
dependent on the homology: cycles 7,. 

The four-dimensional invariants defined in Eq. (14.5.12) correspond to 
the Donaldson polynomials. Hence, quantum field theory yields a straight- 
forward way in which to generate analytical expressions for these compli- 
cated polynomials. 

To motivate this identification, let us note the following. Donaldson 
originally found his polynomials by examing the moduli space of instanon 
solutions to the Yang-Mills equation. The dimension of the moduli space 
of instantons is given by: ; 


dim M = 8p;(M) - = [x(M) +a(M)| (14.5.13) 
where p; is the first Pontryagin index, x is the Euler index, and a is the 
signature index of the manifold M. 

The moduli space of instantons arises when one looks for the solutions 
to the self-dual equation F' = —F in Yang-Mills theory. To find the moduli 
space, let us make small variations in the field A appearing in the self-dual 
equation: 
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6(F + F) ~ Dab Ag — Dgd Aa + €ap75D75 A® = 0 (14.5.14) 


Of course, we want a solution to these equations modulo gauge transfor- 
mations. Thus, to eliminate this.redundancy, we break gauge invariance by 
imposing: 
DyA- =0 (14.5.15) 
But, notice that these equations, which define the moduli space of 
solutions to the self-dual equation, are equivalent to the equations for the 
w equation arising from our action in Eq. (14.4.18). The x equation for ~ 
is: 


Dotbp — Datba + €apys D1? (14.5.16) 
while the 7 equation for w is given by: 
Da® =0 (14.5.17) 


These equations are identical to the equations defining the moduli 
space of instantons. More precisely, the numer of zero modes of yw minus the 
number of zero modes of 7 and x equals the dimension of the space spanned 
by these solutions, which is identical to the moduli space of instantons. So, 
the sums of the fermion zero modes must equal dim M. 

However, the U number of w is equai to +i, while the U number of 7 
and x equals —1. Thus, we can alternatively count the U number of various 
operators to calculate the number of zero modes of these fermion fields and 
hence the dimension of moduli space. 

The U number of W;, is equal to 4—k;. Thus, the correlation function 
appearing in Eq. (14.5.12) must satisfy: 


S (4 — ki) = dim M (14.5.18) 


(If this equation is not satisfied, then the number fermion zero modes in 
the integration measure does not match the number of fermion zero modes 
in the integrand, so the correlation function vanishes.) 

Last, we can functionally integrate out the nonzero modes appearing in 
the integration measure, consisting of the integration over the various fields 
appearing in the model. Once all the nonzero modes have been integrated 
out, we have: 


A Qi ore) [om ABO) p «1. A GO) (14.5.19) 


where each of the 6%) which remain after integrating over nonzero modes, 
is a 4—k,; form. We have now written the correlation function in terms of 
an integral over the moduli space of instantons, which is the desired form 
for comparison to the Donaldson polynomials. 
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14.6. Topological Sigma Models 


One of the objectives of topological field theory is to analyze the possible 
“unbroken phase” of string theory, where general covariance is unbroken. 
As a consequence, we will now apply our knowledge of topological gauge 
theory to write topological sigma models and topological gravity in two 
dimensions. Perhaps these will give us prototypes for the true theory that 
we are seeking. 

As before, we start with a vanishing action, or an action that is purely 
topological, and proceed to quantize it. We start with the topological action 
[11, 14] defined for the two-dimensional field X,,, where yu is a space-time 
index: 


t dee OO = | J (14.6.1) 

se T 

where »’ is the two-dimensional world sheet, and T is space-time. We set 
1 

i= Juv dX* Adx” (14.6.2) 


Juv describes the almost complex structure of space-time, such that dJ = 0 
and: 
VTA _ Xr 
Dd = Oy (14.6.3) 
As before, the entire field X, is a gauge field and can be eliminated. 
We now fix the gauge for the theory. Let us choose the self-dual condition: 


OgX! elo, = 0 (14.6.4) 
if 


which eliminates all infinite degrees of freedom contained within the gauge 
fields (leaving only finite degrees of freedom). 

We now add the gauge fixing term and the ghost contribution to the 
action in the usual way. There are no “ghosts-for-ghosts” to complicate our 
discussion. We add to the action: 

1 


BH) (14.6.5) 


Lor+re = 5 pO ar es Bi = 
where: 
ye Ji op (14.6.6) 
and H+ is a self-dual field. The transformations of the fields (in flat world 
sheet space) are given by: 
(pk — tex" 
box" = 
dopa = (HG — tT Xx" Pa) 


1 : ! @ d : VppK 
els — =| 5x°x* (Rosy + Ryrpryp I” eae Nee —ilhex He 


(14.6.7) 
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Notice that H occurs quadratically in the action, and that it does not 
propagate. If we eliminate H via its equation of motion, we find: 


T= i; d*z 5 (ue Oe hc" I pane Oras) 
: (14.6.8) 
— ipf, aX" — EX" x" pi Par Ren 


The BRST current is: 
Jog = Olen e ln ers OvnX”)x* (14.6.9) 


The elimination of the H field has resulted in the standard propagator 
of the X” field. However, the metric of space-time is almost complex and 
simplifies further if it is Kahler. However, the physical interpretation of this 
is obscure. 

Once again, we see the same features emerging for the topological the- 
ory, that is, the action is zero and the gauge fixed action is a BRST com- 
mutator. The energy-momentum tensor is also BRST invariant, meaning 
that the theory is topological. In contrast to the previous case, however, 
there is now a restriction on the background metric. 


14.7. Topological 2D Gravity 


Normally, in critical string theory, the two-dimensional gravitational metric 
can be entirely gauged away. In noncritical dimensions, such as those found 
in matrix models, we find that two-dimensional gravity plays an essential 
role. Thus, the next theory we will examine is topological gravity in two 
dimensions [11, 16, 17]. : 

As usual, we begin the action being zero or a topological term. (In two 
dimensions, the Einstein action itself is topological.) However, since there 
are many ways in which the theory can be formulated, we will take the 
one that most closely resembles the usual conformal field theory found in 
ordinary string theory. 

We begin by specifying the gauge fields. w2° = wePdat is the gauge 
field associated with the Lorentz group. However, in two dimensions, there 
is only one component to an antisymmetric second rank tensor, so we will 
simply describe this gauge field as w. Second, there is the gauge field of 
the translations for the Poincaré group in two dimensions, the vierbein 
e* = edz". The fields are therefore {w,et,e7 }. 

Then, we will need superpartners for these fields in order to construct 
the BRST operator out of the supersymmetric operator. These superfields 
will be represented by {W°, wt, v7}. 

The gauge choice we will choose is to set the curvatures to zero: 
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S = [(rodo+n,De+nDen)+ | (xodv+x4D¥"+x_DE-) (at i) 


where x and xy are Lagrange multipliers, which enforce the gauge con- 


straints: 
Det = det —wAet 


De =de +wAe 

Dbt =dy* —wrAdt +et ay 

(Doi = 0 Lh ae a 
The action is still invariant under local Lorentz transformations, parame- 
terized by a, and by diffeomorphisms in two dimensions, parameterized by 


c 


(14.7.2) 


6w =dat+€-dw 


14.7.3 
6e* = tae* + D(é- e+) +¢- Det ( ) 

The supersymmetry interchanges the fields as follows: 
6,u = 7°, 6,et = yt (14.7.4) 


If we now make the supersymmetry transformation on the transfor- 
mation of w and e*, we find the transformation of ~ under local Lorentz 
transformations and diffeomorphisms: 


6° = dy? 


dy* = taet + D(E-y*) +&-y* (147-5) 


We can now write the BRST structure of the theory. Let cg and c represent 
the anticommuting ghosts associated’ with local Lorentz transformations 
and diffeomorphisms, and let their supercounterparts be represented by 
and 7. 5 

In terms of these ghost parameters, we can now write the BRST trans- 
formations for the fields w, Wo as: 


Oe = wo ap dco 
6 = d 
Pas (14.7.6) 
dco = Yo 
do = 0 
The other variations are given by: 
det = yt 4+ coe* + D(c- e*) 
+ + abt don, Bice 
01) a eecgy ecw) ye + Diy-e~) (14.7.7) 


Sc=y+c-Oc 
6y=c- 07-7: Oc 


There are some interesting features of this transformation. First, notice 
that correlation functions are made of BRST invariant fields; however, the 
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likely candidate for a BRST invariant field is yo, which in turn can be 
expressed as the BRST transformation of another field. This means that, 
at first glance, the theory seems totally empty. The set of BRST invariant 
operators that are not in turn BRST variations of another field seems to be 
the null set. This is an example of what is called “equivariant cohomology,” 
the BRST is nilpotent up to a gauge-dependent parameter co. Thus, as we 
shall see, the theory is not totally empty. 

Let us now break the symmetries of the theory. We can choose the 
conformal gauge, so we can define a complex structure on the theory, so 
that: 

en ede, 2 =e 12 (14.7.8) 


We now break local Lorentz transformations by setting: 
gi =¢7 (14.7.9) 
Let us make a BRST variation of the previous gauge fixing condition. 
Then, we find: E 
1 - e 
Q= 3 (0c + cdg — 0¢ — €0¢) (14.7.10) 
If we let ¢ = ¢, + ¢_, then we can simplify the action and express it 
entirely in terms of ¢ and its Lagrange multiplier. Also, we have, as in 
ordinary string theory, the gauge fixing of the vierbein, which creates a 


Faddeev—Popov ghost action. Adding both parts, we find that the bosonic 
part of the action becomes: 


SB = | xd06+ | bde+ 620) (147 i) 


We now repeat all these steps for the fermionic part of the action. The 
superconformal gauge yields: 


vo. = eft dz 
a v4 (14.7.12) 
ir =e eae 
while breaking the super local Lorentz invariance yields: 
p+ = Pp ; (14.7.13) 


Making a supersymmetric variation on cp in Eq. (14.7.10), we also find an 
equation for yo: 


10 = 5(07 +706 + cop — 57 — 754 — Bdy) (14.7.14) 


Thus, the fermionic part of the action now becomes: 


Sr = | xd08-+ | (8574807) (14.7.15) 
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The final action is the sum of Sp and Sp. 
We are now in a position to write the complete BRST operator for the 
theory. The energy-momentum tensor is equal to the sum of two pieces: 
Ty = On Ob + 07x + Ox OW 


14.7.16 
Teh = cOb+ 2006+ 70642076 ( ) 


while the superconformal generator is also given by the sum of two pieces: 


Gy, = 0x 0¢ + 07x 


Gen = 088 +28c8 CAL 
We also have the supersymmetry charge: 
Qs = fon w + by) (14.7.18) 
Putting everything together, the total BRST operator is now given by: 
Qprst = Qs + ¢ |. (n + Ty + =Th | + 761 (14.7.19) 
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Now that we have an explicit representation of the action and’BRST opera- 
tor in terms of familiar conformal fields, we can write correlation functions, 
as in Eq. (14.5.12). As before, the correlation functions must be over BRST 
invariant fields that are not in turn BRST variation of other fields. 

Here, yo (like ¢ appearing in the topological Yang-Mills theory) is 
a BRST invariant operator. However, unlike our previous case, it can be 
written as the BRST variation of another field cg. Normally, this means that 
all correlation functions made out of yo vanish. This means that the entire 
formalism collapses, and the theory is empty. However, topological gravity 
is an example of an “equivariant cohomology,” that is, the BRST operator 
is nilpotent, modulo a gauge-dependent field such as cg. In practice, when 
constructing correlation functions, we will find that they do not vanish, 
because of contact interactions. 

As in topological Yang-Mills theory, we have a sequence of operators 
that we can construct from yg. Repeating the sequence of manipulations 
developed in Eqs. (14.5.6)—-(14.5.8), we can define the following sequence of 
operators: 


aa 
do) = 60) (14.8.1) 


do") =e 602) 
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where the superscript (n) represents an n form on the Riemann surface. 
Since the differential of ae is the BRST variation of oft) correlation 
functions composed out of of ) are independent of the points at which they 


are defined. Explicitly, we have the following: 


7 oan 
il (14.8.2) 
Oh) adn a, ee ann — do A dor? 
Given the form of the correlation functions, we can write recursion relations 
[18-21] between them that will be shown to be precisely the same as those 
found in the matrix model. 

The goal for the genus zero recursion relation is to find a relation 
between correlation functions involving og, and correlation functions where 
d; is replaced by d;—1. Then, by repeatedly applying this recursion relation, 
eventually og, can be reduced to correlation functions involving only oo = 
P, which are known. Thus, this recursion relation will be able to reduce 
all possible correlation functions to the known correlation functions of the 
puncture operator P. 

Let M,,, be the moduli space of a Riemann surface with genus g and 
s punctures. The dimension of moduli space is 6g — 6 + 2s. For every o4,, 
we can associate a 2d; form \,) defined in the moduli space Mg,, as in Kg. 
(14.8.2). Then, we have, as in the topological Yang-Mills theory: 


(caou see ods) = | A(1) x A(2) Aver A A(s) (14.8.3) 
M, 


9,8 


where twice the sum of the d; must equal the dimension of moduli space: 


250d; = 69-6 + 2s (14.8.4) 


Fortunately, because these theories are purely topological and hence inde- 
pendent of the location of the operators o,,, the correlation functions must 
be topologically defined. Thus, the evaluation of these correlation functions 
can be accomplished by using counting arguments. 

Using purely topological arguments, we see that the correlation func- 
tion is a function of the integration region of each A(;), which we will call 
Hj). These H(;) can be taken to be cycles defined on moduli space. Since 
the correlation function is purely topological, we can take these H,,) to be 
homology cycles. 

Fortunately, it is possible to define a simple topological invariant out of 
these homology cycles. The intersection of these cycles is a number, which 
is topologically defined. Thus, we find that: 


(04,01 “ Can) = #(Hay eee Hn)) [Ja (14.8.5) 
, a 
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where we have normalized each Ai) to be a 2d; form times d;!. 

Our goal is to calculate the correlation functions of topological gravity 
and compare them to the correlation functions found in matrix models. We 
must, therefore, find a way of reducing the d; appeariug in the correlation 
functions. The key to constructing recursion relations for matrix models is 
to find the topologically defined operator for A(x) appearing in the correla- 
tion function. It can be shown that the correct expression for this is given 
by: 

hw =a [Lo] (14.8.6) 


where cis the first Chern class defined for the line bundle Li) defined on 
the moduli space M,,, (or actually the moduli space of stable curves, which 
is obtained by compactifying M,,, by adjoining curves with double points). 

Our strategy is to reduce all the d; appearing in the correlation function 
until we are left with the correlation function of products of 09, which we 
identify as the puncture operator. The way to do this is to split off one of 
the ¢1: 


Aw =ar [Lay] {er[La]}" (14.8.7) 


and then perform the complex integration over the two variables appearing 
in L(). In this way, we eliminate two moduli and reduce d; by one. 

Let us consider the case of a genus one surface. Then, the integral over 
the two moduli appearing in c; is defined with certain poles and zeros. 
We must be careful to examine the case when the points z; approach each 
other. 

Let us pick three points on the Riemann surface 1, labeledez in 2.=1), 
and z,, and perform the integral over the moduli associated with La). Let 
S be the set of all other points. In general, we find that nodes appear in the 
integrand, resulting in the Riemann surface Y’ splitting into two disjoint 
pieces, X'; and Jo. 

The only case of interest is when z; appears on 17; and z,_; and 
Zs appear on the other (the other possibilities do not contribute to the 
integral). In this case, the points appearing in the set S can be distributed 
over 5; or 4g. In fact, we have to sum over all possible distributions of the 
set of points S' into the set X on X and the set Y on X. By performing 
the integration over two moduli, we find the recursion relation (for genus 
zero only): 


(oa,od Ody ) =a (oa-1 ll o4,P) x (P II Tix Fes Fd) 


Sue Ves ee 
(14.8.8) 


where we have summed over all possible ways in which the points in 5 can 
be distributed over 4; and 2/5, and where we have inserted the puncture 
operator P at the node separating the Riemann surfaces 37; and 2’. (The 
puncture operator does nothing but give us a marked point on the Riemann 
surface.) 
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Notice that the number of moduli matches. The correlation function 
on the left-hand side satisfies: 


Do Gh et (14.8.9) 


since the genus equals zero. On the right-hand side, we have integrated 
over two moduli (which produced the node that split the Riemann surface 
= into two pieces). These two correlation functions satisfy: 


(di —1) +250 d; = 2(m1)-6 42 
e ae (14.8.10) 

Qds-1+2d,+ 5 di = 2(nz)-6+2 

teY 


where n, and ng are the number of z; on each Riemann surface. By adding 
these two equations, we arrive at Eq. (14.8.9), as expected. The presence of 
the puncture operator P, which does nothing but give us a marked point 
at the node separating the two Riemann surfaces, was essential to get the 
counting of moduli correct. 

Let us use this recursion relation in order to calculate the matrix ele- 
ments for the various product of operators. We begin by constructing the 
generating function for correlation functions. We assume that the action, 
which is zero, is supplemented by «P, where P is the puncture operator. 
(An analogous assumption was made for the matrix model case.) Let us 
make scaling arguments to assume that the matrix elements are powers of 
e. Then, : 

(on) une (14.8.11) 
for some a, and b,, which are as yet undetermined. 


We know that taking derivatives of this expression by € pulls down a 
P operator, that is, 2 


Ge) = (0/d€)(on) = Cee 


(onPP) = (67/8c2)\(on) = Gnbn(bn = We 2 (14.8.12) 


Now, let us insert these values into the recursion relations, which, for this 
simple case, read: 


ey 


ACES) == 7 Geena \IENETE)) 
Gnome) = One?) Poe (14.8.13) 
(nee on = Ti Gna) Om On) 
where we have normalized (PPP) = (1/k)e(/*)-1. 
Plugging in the values for the various correlation functions, we find a 


simple recursion relation in the a, and b,,, which allows us to calculate all 
of them. We find: 


14.9. Virasoro Constraint, W-algebras, and KP Hierarchies 499 


1 
an eS 
(n+1)[1 + (1+n)/k] (14.8.14) 
pee opal 
This then allows us to calculate the following expectation values: 
Gs clt(n+1)/k 
Cn) = 
(n+1)[1 + (n+ 1)/k] 
n 1)/k 
(Ganga = cae ace (14.8.15) 
n+m+1 


em 
(Ondmp) _ a ee 
These values (for the sphere) are precisely what we found for the matrix 
model in Eq. (13.5.27), showing that topological gravity, in some sense, 
is identical to ordinary two-dimensional gravity, at least for low genus. 
Repeating the same arguments for the arbitrary case, we find: 


ees 
(Cd, Fd, ne Cd.) a (5) On ioe (14.8.16) 


which reproduces the result of the matrix models. 


14.9. Virasoro Constraint, W-algebras, and KP 
Hierarchies 


We still, however, have not used the full power of this formalism, which is 
capable of deriving the complete set of constraints satisfied by the gener- 
ating functional to all orders in perturbation theory. These constraints, in 
turn, are equivalent to the string equation and the recursion relations found 
in the KdV formalism. We thus obtain a way to conveniently reformulate 
all the constraints found in matrix models in a more familiar language. 

At first, this may seem strange because the Green’s functions of topo- 
logical gravity appear to be zero. This is because the physical operators on, 
are all BRST trivial, and hence the Green’s functions should all be zero, and 
the S-matrix vanishes. However, a careful analysis of the Green’s functions 
shows that there is indeed a source of non-trivial contributions, and this 
comes from whenever o,, approaches 0. In other words, the entire con- 
tribution to the Green’s functions comes from contact terms. This vastly 
simplifies the calculation of N-point functions, since all we have to calculate 
are the contributions of contact terms, which can be isolated using operator 
identities. 

For example, consider what happens when o,, approaches a. By ex- 
plicit calculation, using the conformal field theory identities we have written 
down, we can show the following identity which isolates the contact terms: 
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I sae) = 5 (2n +1)|on+m-1) (14.9.1) 
where D, is a propagator representing an infinitesimal neighborhood sep- 
arating the two operators. (This identity can be proven by inserting the 
propagator between these two operators and then moving it to the right, 
where it annihilates on the vacuum.) 

In the same way, by carefully isolating contact terms, we can construct 
the entire set of identities satisfied by N-point Green’s functions. The cal- 
culation is rather intricate, so we will just present final the result of this 
calculation. Let S be a-collection of fields om. This set can be broken up 
into two smaller sets, X and Y. Then the general recursion relation on 
genus g Green’s functions is given by [21]: 


Gaal Selles 


mes meS 


+i ae W344 Il om) 5 1 04-10n-3 lil om) 


JES mA 9 j=l mes 


g 


g—1 


14.9.2 
where z is the cosmological constant, and we have divided up the ‘ia 
surface of genus g into two smaller Riemann surfaces of genus g; and qo. 

This equation, although formidable looking, can be broken down into 
simpler components. The essence of this identity is that the major con- 
tribution to the Green’s function comes when o,,41 approaches the other 
oj. We saw earlier in Eq. (14.9.1) that the effect of this contact term is to 
generate (27 + 1)oj;4,. That is the contribution found in the first term on 
the second line of the equation. The last two terms in the equation must be 
added because the N-point function may develop nodes (e.g. the Riemann 
surface may fission into two pieces with genus g; and g2) and we must insert 
operators at the nodes. 

This identity, although it summarizes all the information contained 
within the Green’s functions, is still unwieldy. ‘It simplifies enormously, 
however, if we re-express this in terms of operators. Let the generating 
functional be represented as Z(to,t1,---), where the t; are the sources for 
the o;. Taking a derivative with respect to t; simply pulls down the operator 
a; into the functional integration. Let us now re-write Eq. (14.9.1) and 
(14.9.2) in terms of operators acting on Z(to,t),---). Let us define L,, as 
the operator which pulls down on41. 

Now apply this operator L, on the generating function twice. Then 
the essence of Eq. (14.9.1) is that the commutator of two L’s acting on 
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the generating functional yields the algebra [Ln, Lm] =(n—m)Lnimt::°; 
which resembles the Virasoro algebra! Encouraged by this result, we suspect 
that the complete algebra contained within Eq. (14.9.2) is precisely the 
Virasoro algebra. It is gratifying to note that we can now summarize the 
entire content of Eq. (14.9.2), which in turn contains all the constraints of 
the matrix models, in one equation: 


ir nn > 1 (14.9.3) 


where 7 is the square root of the generating function: 


Z(to,t1,-+-) ere (ig, t1,**-) (14.9.4) 


and the explicit expression for the L,,’s is given by: 


= 1 oat 
f= a es ~*~ \-242 
1 pate 5) =o + 3 i 
- Cm 
yy = = Gee ae 
0 Joke + mai ae (14.9.5) 
co Tt 
1 0 1 on 
Lyn = re 2 
n PE: ta)ima — +9 »y a 


where is the string coupling constant. 

If we let the operator expression for L,, operate on T, we obtain the con- 
straints (14.9.2). Remarkably, the entire content of the recursion relations 
can now be expressed compactly in one equation! 

Furthermore, we see that the L,, operators, which pull down o,,+41 into 
the generating function, satisfy precisely the algebra of the usual Virasoro 
operators. However, these are not the ordinary Virasoro operators; instead 
of acting on the space of parametrizations of the world sheet of the string, 
these operators act on the space of physical operators appearing within 
the generating functional. Although the algebra is the same, the physical 
content appears to be entirely different. 

We stress that these recursion relations for the topological field theory 
are identical to the recursion relations found in matrix models using the 
Schwinger—Dyson equations [21-22]. Thus, the equivalence of the matrix 
model to the topological field theory approach is established to all orders 
in perturbation theory. Both approaches (the contact algebra of topological 
field theory and the Schwinger—Dyson equations of matrix models) yield the 
same Virasoro conditions. 

So far, we have only treated pure topological gravity, which has only 
one primary field, given by the puncture operator P. Encouraged by our 
surprising success in reformulating the recursion relations of matrix models 
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in terms of a Virasoro constraint, we are led to examine whether the recur- 
sion relations for the higher matrix models can also be reproduced in this 
way. 

We can generalize the Virasoro constraint by coupling topological grav- 
ity to topological minimal models [23]. The advantage is that we can expand 
the number of primary fields and hence derive a larger set of identities sat- 
isfied by the generating function. 

Let us call the primary fields of the topological minimal models V,, 
and the expanded set of physical operators is given by the product of V, 
with the old physical operators a7: 


Cap = agile (14.9.6) 
where P is the puncture operator. 

As in the purely gravitational case, we find that the Green’s functions 
are all zero, because the physical operators are all BRST trivial, except for 
the possibility of contact terms. By explicit calculation, we find that the 
contact algebra is given by: 


_ h(kn—m) 
i Grn) ~ f entoms) = Nomina) (14.9.7 


The important point is to notice that the right hand side contains the factor 
(kn — m). This means that the algebra generated by this extended theory 
is not the usual Virasoro algebra. This extended algebra must therefore be 
an extension of the Virasoro algebra. If the operator algebra L,, pulls down 
the term o,+;) and a new operator wit a) pulls’down the term om4+1,4, 
then the commutator between these two operators must include: 

[Ens WEETD] = (kn — m)WEHD +... (14.9.8) 

The only algebra of this type which includes the Virasoro algebra as a 
subset is the W-algebra of Zamolodchikov [24]. : 

Arguing from purely theoretical grounds, Zamolodchikov investigated 
generalizations of the Virasoro algebra with operators of various conformal 
spins. He found that the addition of a conformal spin 3 operator generated 
a larger algebra than the usual Virasoro algebra. If we define wl? ee, 


and w& = W,, then the algebra becomes: 


inl = (n= nine im? =i 


[Lm Wa] = (mi) Wares 


1 
[Wins Wa] = (m — n)| (m+ n+ 3)(m+n+2) 

il c 16 
—=(m+2 2)| Lmin + =—m(m? — 

g(™+2)(n-+2)] Lman + geqrntrn Ont aap 
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where: 


= 3 
Ann = lbs ‘i = APR m ess 
X In — za(m + 2)(m + 2)L (14.9.10) 


The last commutator contains terms which are bilinear in the Virasoro 
generators. This means that the algebra is not a standard Lie algebra. 
However, one can show that the Jacobi identities still close. 

Although the details for the full theory have yet to be worked out in 
detail, we conjecture that the ful! set of constraints. for the p — 1 matrix 
model are given by: 


W®,=0; 2<k<p,n>-k+1 (14.9.11) 


For the case p = 1, the one matrix model, this reduces to the ordi- 
nary Virasoro condition found earlier. However, for higher matrix models, 
we find a series of non-trivial constraints. Since the Jacobi identities are 
satisfied by the W‘*), we are guaranteed to have a set of self-consistent 
equations. Similarly, for the (p,q) matrix model, it is also possible to use 
the generalized W algebras which can reproduce the constraints for these 
models as well. 

We can also take this formalism one step further. In the same way that 
we found the KdV hierarchy emerging from the one matrix model, these 
higher identities should emerge as a generalization of the KdV hierarchy. 
This generalization is called the Kadomtsev-Petviasvili (KP) hierarchy . 

To see how the higher W-algebra constraints emerge from the KP 
hierarchy, let us first define the pseudo-differential operator: 


L = d+ ua(ts)d—? + ug(t;)d~? +--- (14.9.12) 


where the u’s are functions of t; (which will be linearly related to the 
t; discussed earlier), d is d/dto, and (L”)+ represents taking the positive 
differential part of L”. 

To constrain the u functions, we impose: 


0 
Oty 
Once this constraint is placed, the remarkable feature of this formalism 


is that the entire system can be re-written in terms of a new function, called 
the Hirota 7 function, which satisfies: 


= (UL Sg oe (14.9.13) 


(14.9.14) 


re) 
= =O 2) es 1") 
At, Oty, ne ( ) a+ a, | )-a 


and so on. 
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Lastly, to reduce this KP hierarchy to simpler hierarchies, we will im- 
pose one more additional constraint. The p reduction of the KP hierarchy is 
defined by stating that the u’s have no dependence on tp_1, tap—1,t3p-1;°°"; 
and: 


(L?)_ =0 (14.9.15) 


where (L?)_ stands for taking the part negative in d. The 2-reduction of 
the KP hierarchy is called the KdV hierarchy, encountered earlier for the 
one matrix model, and the 3-reduction is called the Boussinesq hierarchy, 
which describes the two matrix model. In this way, we can incorporate the 
p matrix model as part of a KP hierarchy. 

The last step is to compare the constraint W, ) = 0 with the con- 
straints coming from the KP hierarchy. By carefully expanding both con- 
straints in terms of t;, we find that the 7 function appearing in the W 
algebra constraint is precisely the Hirota 7 function, and that the two sets 
of t; are linearly related to each other. 


-Example: One Matrix Model 


To see how this happens, it is useful to take a specific example, the one 
matrix model. There is a conjecture that the Virasoro constraint L,T = 
0 for n > —1 is equivalent to the constraint L_17 = 0 with the added 
condition that 7 satisfy the KP hierarchy. 

Assuming that this is true, let us take the constraint D417 = 0 and 
apply d to it. Then this constraint reduces to the following: 


co g2 
—2 = 
() ty + Os m+5 "TDi me) 7=0 (14.9.16) 


7 


Now assume that 7 satisfies once reduced KP hierarchy. This means 
that (Z*)_ = 0, which in turn can be shown to lead to: 


(Las = 2B 2a, eek (14.9.17) 


where A; are the familiar Gelfand-Dikii polynomials. 

Because 7 satisfies the KP hierarchy, it also satisfies: 0? /OtoOtm Int = 
(L™**) _1. Now substitute this expréssion into (14.9.16), and we are finally 
left with:. 


tae — 
q> “to + Sire ee, =U (14.9.18) 
m=1 
which is the string equation found earlier using matrix models. 
In summary, it is quite remarkable that so much non-trivial, non- 
perturbative information can be so compactly represented in terms of a 
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W algebra constraint on the generating functional. A vast amount of in- 
formation, summarizing the complex interactions over Riemann surfaces of 
all genus, is succinctly compressed into these W algebra constraints. 

Lastly, we remark that these constraints, in turn, look suspiciously like 
Ward identities on a string field theory. In fact, it is possible to re-express 
topological field theory in second quantized language and use the gauge 
invariance of the theory to write down the Ward identities for the theory. 
When this is done, we find that we reproduce precisely the W algebra con- 
straints [25]. In other words, the fact that the W algebra constraints are all 
self-consistent is due to the fact that the Ward identities are manifestations 
of the gauge invariance of the theory. Since the theory is invariant under 
multiple gauge transformations, we find that the Ward identities must also 
be self-consistent among each other, which is guaranteed by the Jacobi 
identities satisfied by the W algebra. 

Thus, the remarkable self-consistency of the tower of W algebra con- 
straints can now be seen to be the self-consistency of the gauge transfor- 
mations of string field theory. 


14.10. Summary 


Previously, we analyzed the high-energy and high-temperature behavior of 
string amplitudes, which demonstrated the possibility of a phase transition 
and the restoration of vast symmetries. These new symmetries may indicate 
the reemergence of general covariance as an exact symmetry of the system. 
Usually, we break general covariance in the quantization scheme by power 
expanding the metric around some classical solution. However, if we were 
to quantize the theory without making such an unnatural split, then we 
might see the “topological phase” of the underlying theory. Thus, Witten’s 
topological field theory is an attempt to construct the “unbroken phase” of 
string theory, where general covariance is unbroken. 

Two types of topological field theories exist. The first type involves 
covariant theories without a metric tensor, such as the Chern—Simons gauge 
theory or the 2+ 1 gravity theory, which can be written as: 


La ee tiF et RE (Ww) ~eAR 


ee (14.10.1) 
R= oe a —(j ok) 


The second type of topological field theory involves the cohomological theo- 
ries. In general, they have an explicit dependence on the metric tensor, but 
the final correlation functions are independent of the geometry of space- 
time. Thus, their correlation functions must be topological invariants. This 
means that we can use cohomological topological field theories to generate 
analytic expressions for the various topological invariants that have been 
recently written in three and four dimensions. Quantum field theory is then 
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being used to answer difficult questions in pure mathematics, such as Morse 
theory, Floer complexes, and Donaldson polynomiais. 
In the cohomological theories, the action is zero, 


iby) (14.10.2) 
or a topological invariant, such as: 
L~FAF (14.10.3) 


In the cohomological theory, the content of the theory lies in the field vari- 
ations, which give us a Faddeev—Popov ghost contribution and gauge fixing 
part. The important fact is that the total gauge fixed action is a BRST 
commutator: 


Lorirp = {Q,V} (14.10.4) 
More important, the energy-momentum tensor is BRST invariant: 
Tap = {Q, Vas} (14.10.5) 


which means that, even if the background metric occurs after gauge fixing, 
the correlation functions are independent of the choice of metric. Since the 
background metric arises as a by-product of BRST quantization and since 
the physics should not be altered by the details of BRST quantization, the 
final theory should be background independent. 

For example, in the four-dimensional Yang-Mills case, the symmetry 
of the action is large enough to completely eliminate the connection field. 
We will fix the gauge by demanding that the curvature be self-dual: 


1 
gauge choice Fi, — 5euvap For =10 (14.10.6) 


Normally, this is enough to make the theory empty, since the solutions of 
this gauge condition include zero. However, although this gauge is strong 
enough to eliminate the infinite degrees of freedom of the connection field, 
it is not strong enough to eliminate the finite degrees of freedom. As is well 
known, instantons are finite-dimensional solutions of this constraint. Thus, 
it is not surprising that the moduli space of instantons should play a key role 
in topological Yang-Mills theory. This is indeed the case, because the cor- 
relation functions will be topological invariants defined on four-dimensional 
manifolds; for example we will find an analytic derivation of the celebrated 
Donaldson polynomials. 

The gauge fixed action, in the BRST formalism, becomes a BRST 
commutator: 


Teeeeee on {28 (Reg oe (1/2)aoBag] } (14.10.7) 


where: 
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6,AQ =u 

6:2 =0 
biy00" = pasa (14.10.8) 
6, BCP? = 0 


The quantization is not yet over, because the theory possesses a hidden 
symmetry: 
dae = 1(Dad)* 


14.10.9 
6g BoP = —ieg|¢, nore ( ) 


Since the ghosts themselves have a gauge degree of freedom, we must 
introduce “ghosts-for-ghosts” to completely eliminate all local invariances. 
Once this remaining symmetry is gauge fixed, we can obtain the final action 
for topological Yang-Mills theory. 

Alternatively, we could have used the quantization method of Batalin— 
Vilkovisky (see Appendix 1), or we could have observed that the N = 2 
supersymmetric Yang-Mills theory has a field content almost identical to 
the topological version. By “twisting” the N = 2 supersymmetric Yang— 
Mills theory, we can convert one of the supersymmetry generators Q?*, into 
a genuine nilpotent Lorentz scalar, which we can then define to be Qprst. 
In this way, we arrive at the identical action. 

To see this, observe that in N = 2 superconformal theories we have 
the supersymmetry generators: 


{ Os Qe} = epl py 
Oras Qp+} = Gl, oy wal = 0 
In two dimensions, a spinor has only two components, also labeled +, so 


that we have four nilpotent supercharges Q.4. The key step is that we will 
now modify the theory so that the energy-momentum tensor becomes: 


(14.10.10) 


ena O Ryar ey, 0K), (14.10.11) 


where F,, is the current associated with R symmetry. Then, because the 
structure of the Lorentz group has been altered, we can extract a genuine 
Lorentz scalar out of the supersyrnmetry charges and call it the BRST 
charge: 

Qsrst = Q-+4 + Q+- (14.10.12) 


To find the correlation functions of the theory (which will generate the 
Donaldson polynomials) we observe that there is a BRST invariant scalar 
@ in the Yang-Mills theory. Defining Wp = $Tr ¢”, we can develop a chain 
of BRST invariant operators: 


0 =1{Q, Wo} 


(14.10.13) 
dWo = ie), Wi} 
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Let us now extract from W, a new BRST invariant operator W2, which is 
BRST nontrivial, and so: 


dW, = 1{Q, Wo} 
mee (14.10.14) 
dW3 = i{Q, Wa} 
dW,4=0 
where: 
We = (Zu Av tis nF] 
Ws =iTr (WA F) (14.10.15) 


ee 5 Tr(F AF) 
In this way, we can construct operators W,,, which can be inserted into the 
correlation function to obtain topological invariants. 
A wide array of cohomological topological field theories exist, depend- 
ing on whether topological invariants can be constructed for them. For the 
o model, for example, the action can be taken to be: 


i) Cie ea | i (14.10.16) 
se ie 
where » is the two-dimensional world sheet, and T' is space-time. We set 
1 
l= 5 Jue ax od Nee (4B 1Os17) 
The gauge fixing condition is that the derivative of X is self-dual: 
OX" + & Jt AX” = 0 (14.10.18) 
The action is then obtained by straightforward gauge fixinp: 
a 1 
epee 55|p8 (aax™ Se Ge = 5H) (14.10.19) 
where: 
Pu = & ndings (14.10.20) 


and H¥ is a self-dual, commuting ghost. The transformations of the fields 
(in flat world sheet space) are given by: 


ie = dae 
dox” = 
oye, UE 1 ee) 
i 
ry i 4* (ee + Ry ryt JY Cae px = tlt aie 
(14.10.21) 
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Here, H occurs quadratically in the action and it does not propagate. If we 
eliminate H via its equation of motion, we find: 


1 
Ve / dz low 0ax* peg" S,,0,X" OX”) 
(14.10.22) 


i il 
— 1pjOaX" — ex" x" phar Red 


Similarly, two-dimensional gravity can be made into a topological the- 
ory. The gauge choice we will choose is to set the curvatures to zero: 


S= [roa +2,Det +2_De-)+ Joa? +yx4Dyt +x_Dy7) 
(14.10.23) 
where z and y are Lagrange multipliers, which enforce the gauge con- 


straints: 
Det = det —wAet 


De =de +wfAe- 


14.10.24 
Dot =dbt —wrAdt +et ary? ( ) 
Dp =dp- +wAy ~e Ay? 
To fix local Lorentz invariance, we decompose the zweibein: 
pede, Cm ad (14.10.25) 
and set the gauge: - 
dt =¢7 (14.10.26) 
The final action, for both the bosonic and fermion parts, reduces to: 
on= [re db + Kc dc + 602) (14.10.27) 
and: 
Gp = [x Oy + [@ dy + B07) (14.10.28) 


The final action is the sum of Sg and Sp. 
We are now in a position to write the complete BRST operator for the 
theory. The energy-momentum tensor is equal to the sum of two pieces: 


Ty = On O¢ + 07x + Ox OW 


(14.10.29) 
To cO0 eee 7 OG 4-207 0 


while the superconformal generator is also given by the sum of two pieces: 


Gy = dx O¢ + 67x 


(14.10.30) 
Gen = cB + 2dcB 
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We also have the supersymmetry charge: 


Qs= plore + by) (14.10.31) 
Putting everything together, the total BRST operator is now given by: 
1 
Qparst = Qs +f Ec (x. ae 10S ae 5Th) ai 761 (ian Gl a2) 


We can form BRST invariant objects o, by iterating the field yo, the 
ghost associated with super-Lorentz transformations. The matrix elements 
of these operators are: 


(04,04; °*+ Gdn) = # (Hy 1H) 1-1 Hey) []4! (14.10.33) 


where we have normalized each A(;) to be a 2d; form times d;! and where 
H, are homology cycles on the moduli space of flat connections. 

Because the correlation function is defined topologically, we can, by 
reducing the index n of the BRST invariant field, develop recursion relations 
for the matrix elements. The recursion relation is (for genus zero only): 


(o4,c4, : od, ) = d y (oa.-1 I] oa,P)(P II Tix Td.-104, ) 
Tes key 


S=XUY 
(14.10.34) 
Last, using these recursion relations, we can completely calculate the 
matrix elements for the BRST operators: 


elt(n+1)/k 
(In) = (n+ 1)(1 + (n+ 1)/k] 
(n+m+1)/k 
oc, (14.10.35) 
ntm+1 ~ 


(onamop) = gertmarryra-s 

Comparing these with the matrix. elements found in the matrix models 
approach, we find they are the same. Thus, it can be shown, by calculating 
the recursion relation for correlation functions, that matrix models for two- 
dimensional gravity and topological: gravity are the same. In retrospect, 
this may not be too surprising because both theories have finite degrees of 
freedom and both theories are topolological. 

The equivalence between matrix models and topological field theories 
can also be generalized to include all orders in perturbation theory. It is 
possible to write down generalized recursion relations in topological field 
theory for the generating functional Z(to,t; ---). When re-written in terms 
of Z, these recursion relations for two-dimensional gravity assume the re- 
markable form: 
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Lyt(to,ti,-:)=0; n>1. (14.10.36) 


where t = VZ and where L,, although they obey the same relations as 
the usual Virasoro algebra, is defined in the source space {t;} rather than 
on the world sheet. Thus, these new Virasoro operators have an entirely 
different meaning than the usual ones. 

When written for two-dimensional gravity coupled to topological con- 
formal matter, we find the constraints given by an extension of the Virasoro 
algebra, which is the W-algebra: 


WM), =0, 2<k<p; n>-k+1 (14.10.37) 


We stress that these two remarkable equations were derived indepen- 
dently using matrix model techniques [22]. 

We find that we can summarize a vast amount of non-perturbative 
information very succinctly in these constraint equations using the W al- 
gebra. 

Lastly, we point out that it is possible, in turn, to re-express these W 
algebra constraints as Ward identities on a second quantized topological 
string field theory. Thus, the W algebra constraints are nothing but an 
expression of the gauge invariance inherent within string field theory [25]. 


14.11. Conclusion 


As we have stressed throughout this book, string theory has an enormously 
powerful gauge group which allows us to eliminate the divergences and 
anomalies which riddle point particle theories of quantum gravity. Thus, 
at present string theory has no rival; no other theory can claim to self- 
consistently unify all known fundamental forces. 

We have seen how string theory has unified not only the four fundamen- 
tal interactions into a coherent picture, it has also unified previously unre- 
lated branches of mathematics. Powerful mathematical methods, especially 
coming from topology, have been essential in eliminating the anomalies and 
divergences associated with quantuni gravity and particle interactions. In 
addition, topology has played an essential role in extracting phenomeno- 
logically acceptable results from the theory. 

However, in spite of all of the remarkable theoretical successes of string 
theory in eliminating these anomalies and divergences, we must always keep 
in mind that the theory is difficult, if not impossible, to test experimen- 
tally. Since string theory is really a theory of creation, we must eventually 
re-create the energies found at the Big Bang in order to fully test its con- 
sequences. 

Although this is often singled out as the main criticism of string theory, 
in our opinion, the main problem facing string theory is not experimental at 
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all, but theoretical. If we were clever enough, we would be able to solve the 
theory and calculate its true ground state. In this way, we should be able 
to determine whether the theory accurately predicts the properties of our 
universe, or whether it predicts nonsense. Since a theory whose “natural 
home” lies beyond the Planck length is also a theory of everyday phenom- 
ena, we should be able to theoretically extract the masses and couplings of 
the familiar particles found in nature at low energies. 

The central theme of this book, therefore, is the search for the true 
vacuum of string theory. This search, in turn, has opened up startling new 
areas of mathematical research and has revealed highly non-linear relation- 
ships between seemingly unrelated physical systems. In fact, the fact that 
entirely new areas of mathematical physics are being broken open by string 
theory is nothing less than breathtaking. 

It is gratifying to realize that whole areas of mathematics, which previ- 
ously had no relationship to physics, are now seen as essential ingredients in 
solving the theory non-perturbatively. In particular, conformal invariance 
and topology have proven to be useful tools by which to probe the true 
vacuum of string theory. By making certain simplifying assumptions, we 
have been able to use these two powerful tools to completely solve string 
theory non-perturbatively. 

For example, by assuming that we have a finite number of primary 
fields, conformal methods have proven to be so powerful that we now have 
a relatively good understanding of all possible rational conformal field the- 
ories. 

Also, by assuming that the string vibrates in D < 1 dimensions, we 
now have a complete non-perturbative understanding of the bosonic theory. 
Remarkably, beginning with a purely topological theory, we can solve the 
constraints on the Green’s functions exactly and write them succinctly as 
W algebra constraints. Or, in the language of string field theory, we can 
write them as Ward identities. 

Although the simplifying assumptions we have made are unphysical, 
we can, even from our limited vantage point in lower dimensions, begin 
to see certain fascinating features emerge, especially the highly non-trivial 
nature of string theory in 26 or 10 dimensions. Clearly, much more work 
has to be done before we can get a handle on string theory at the critical 
dimension. However, it is encouraging that we have been able to make such 
progress in calculating the true vacuum of string theory with the limited 
mathematical tools at our disposal. The hope is that the rich lessons we 
have learned in exploring low dimensional topological systems and systems 
with finite primary fields will give us the insight necessary to probe string 
theory in the critical dimension. 

In conclusion, this book will have served its purpose if it has captured 
some of the excitement of string theory and conveyed the richness of the 
theory. At present, we have only scratched the surface of the theory with 
our primitive mathematical tools. More surprises await us as we probe into 
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the non-perturbative regime. The goal of this book, therefore, has been to 
communicate some of the remarkable properties of string theory which has 
propelled it to the forefront of research. 

It is our hope that some of the readers of this book, inspired by the 
intensive research in string theory, will go on to make original contributions 
in superstring research. Perhaps one of the readers will eventually shed 
light on the fundamental problem facing string theory: determining its true 
vacuum state. 
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Appendix I 


Batalin—Vilkovisky Quantization 


Historically, quantizing a gauge invariant action has posed conceptual prob- 
lems because of the presence of negative metric states, which arise from the 
Lorentz metric. The usual canonical quantization method, although rigor- 
ous and unitary, is noncovariant and very difficult to use. 

A great breakthrough was the Faddeev-Popov method, which intro- 
duced ghost fields in order to cancel the negative metric states and also 
maintain covariance. This, in turn, led to the development of modern BRST 
methods, which have significantly reduced the effort necessary to quantize 
covariant gauge theories. 

However, the recent actions found in supersymmetric theories and in 
superstring theory are beyond the realm of the standard Faddeev—Popov 
quantization. 

Specifically, two types of covariant actions pose problems for the stan- 
dard Faddeev—Popov approach. 


1. There are theories in which there are “ghosts-for-ghosts,” that is, where 
the Faddeev—Popov ghosts possess a local gauge invariance, requiring 
a second generation of ghosts to cancel them. In superstring theories, 
there can be an infinite tower of such ghosts-for-ghosts. 

2. ‘There are theories in which the algebra defined by the gauge variation 
of the fields does not close properly except when we use the equations 
of motion. For example, in ordinary N = 1 supergravity, the gauge 
variations of the fields do not close off-shell, and the naive Faddeev— 
Popov quantization fails to produce a four-ghost interaction, which is 
necessary to maintain the unitarity of the theory. 


The most recent example of a gauge theory in which the standard 
Faddeev--Popov quantization fails is the Green—Schwarz (GS) superstring, 
where we have both an infinite tower of ghosts-for-ghosts and a gauge al- 
gebra that does not close off-shell. In fact, a naive counting of the GS 
theory shows that we need 8-dimensional spinorial representations of the 
Lorentz group in 10 dimensions in order to separate out the first and sec- 
ond class constraints. However, 8-dimensional spinorial representations in 
10 dimensions do not exist, which makes the quantum theory of the GS 
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string problematic. 

Because of the growing realization that supersymmetric and super- 
string actions require more sophisticated tools for covariant quantization, 
we will now present the method of Batalin-Vilkovisky (BV) [1], the most 
powerful method so far devised in which to quantize gauge invariant actions. 
Although the BV quantization method, for most ordinary point particle Sys- 
tems, is much too cumbersome for practical use, we will find that for many 
supersymmetric and superstring applications, there is no other covariant 
quantization method. 

The point of the BV quantization method is to make sense out of the 
functional integral: 


Ke i leno Fx) (A.1.1) 


which diverges if ¢; is a gauge field. To render this functional integral 
meaningful, the BV quantization method can be broken down into several 
steps. 


1. Antifields: Let ® collectively represent the original set of gauge fields 
@; plus the complete set of ghosts C; necessary for Faddeev—-Popov 
quantization. Now, define * to be the antifield, which is similar to the 
field @ except that it is a collection of gauge fields ¢** and ghost fields 
C;, which have the opposite statistics eto the ordinary fields. 

2. Antibrackets: Next, we define a commutator called the antibracket: 

_ OX OY OX HY 


eye A12 
oa) O64 66%, 06%, OFA oe 


where the subscripts r and / refer to right and (left) derivatives of the 
various fields. Some of the antibracket’s elementary properties are: 


(BB) 2 a = B bosonic 
FE) =O; F fermionic (A.1.3) 


l(c, Gi. G| ==) any G 
It also satisfies the cyclic identity: 
(ee ((F, Cc) H) + cyclic permutation =0 (A.1.4) 


where € represents the Grassmann number of the field. 

3. Action and gauge fermion: Here, we introduce two new functions. The 
first is the action W(@, &*), which reduces to the usual action in the 
limit that the antifields vanish: 


W(@,0) = So() (A.1.5) 
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The second is the gauge fermion W, which will contain all the informa- 
tion concerning gauge fixing. We define the antifields in terms of this 
gauge fermion: 
p* = OW/0® (A.1.6) 

The gauge fermion is a function of 9, plus a second set of ghosts de- 
noted symbolically by C and C’. Once W is fixed, then the gauge con- 
ditions that we impose are: 

OW . ow 

gon” aC 
To implement this choice in the action, we must introduce a Lagrange 
multiplier for each C and C’, so that we add to the action: 


=o Ga: 


W 
Lgauge = RT + AAT (A.1.8) 


Master equation: So far, we have done nothing but make empty defini- 
tions. But, now we come to the heart of the BV quantization method. 
We demand that the functional integral: 


ae je oo Ew (2, =) (A.1.9) 


be independent of the choice of the gauge fermion W, but that it main- 
tain the same physical content as the original functional. For example, 
if we set the gauge fermion W = 0, then we retrieve the original func- 
tional integral, which was infinite. With nontrivial choices of ¥, we can 
break the gauge invariance and obtain finite results without changing 
the physical content of the theory. 

The trick is to extract the conditions on W such that the functional 
integral is independent of W, that is, it is independent of the gauge 
choice needed to render the functional integral finite. Let us make a 
small variation of W and use the chain rule: 


67 = ii pe | cae 


5 oow 
50%, 


d*=0U/do OD 
= | vosv ee ae 
- IP, O04 * 


where we have integrated by parts (and eliminated a second term pro- 
portional to the double derivative of Y, which vanishes because ® and 
* have opposite statistics). 

Independence from the choice of Y means, therefore, 


Or a 
dG4 AG*, 


(A.1.10) 


Aexp 5”) =; A= (A.1.11) 


Our master equation is then: 
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Meee 
5(W,W) = ihaAw (A.1.12) 


The master equation is usually too difficult to solve, so we will power 
expand in h: 


W=S+ 5S RPW, (A.1.13) 
fpesil 


So, the master equation actually becomes a series of equations: 


(S,S) =0 
(Wi, 5) =iAS 
(A.1.14) 


{22 1 


(Wp, S) = jae 17 5 5 Wo Mo a) 


[For most systems, the master equation can be solved without this 
power expansion, so the master equation simply reads (5S, S) = 0.] 
BRST Invariance: Last, we define the BRST variation as: 


OW 


A | Da 
OP", 


(A.1.15) 


$*=OU /A6 


Using the previous identities, we can show that the action is invariant 
under this BRST transformation, which is nilpotent. 
To show this, let us take the variation of the exponential of the action: 


ow OW 
fo 1 iW/hs@, ac +), 364085 | 
h 0G 4 OP p* 
BODE IDE (A.1.16) 
a8%, OG, 


where we have dropped a term proportional to the second derivative 
of W because and &* come in opposite statistics and cancel against 
each other. 

Now, let us calculate the variation of the functional measure, which 
contributes a Jacobian (which is actually a superdeterminant). Let 0 
be a constant Grassmann number. Then: 


06D 4 
Of B 
If we add the contribution from the variation of the action functional 
with the variation of the measure, we find an exact cancellation if 
we use the master equation, so the action is therefore invariant. [For 
systems where W,, = 0, the proof of nilpotency is trivial. We write: 
A_ (-1)%(64,5) 
ey, =) ea) 


02Ww 


SS A.1.1 
s det 00 se Db, 0%, (A.1 7) 


oo, =1+6(-1)*4 


(A.1.18) 
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Then the proof of nilpotency follows immediately, since (S,S) = 0.] 
Example: Antisymmetric Tensor Field 


The BV quantization method, as detailed above, is deceptively simple. 
Its strength is that it is the most versatile covariant quantization method 
so far devised for quantum field theory. However, it has a weak point. Most 
of the work is now concentrated in constructing W(#, *), which satisfies 
the master equation Eq. (A.1.12). Although the BV method gives a rough 
prescription for finding W(, *) in most simple cases, the method unfor-. 
tunately does not give a universal prescription for finding such a function 
in all cases. A certain amount of guesswork is still needed to find W(@, &*) 
for complicated actions. 

To appreciate the power of the method, let us examine a few simple 
cases, such as the case of a spin-0 antisymmetric tensor field, and also a 
spin-3 symmetric spin field, both of which require “ghosts-for-ghosts.” An 
antisymmetric tensor field A,,, has the following action: 


1 
ee | ape Ge 
Bl wp gee (A.1.19) 


which is invariant under the following gauge transformation: 
bAyy = OO, — OVO, (A.1.20) 


Notice that the gauge parameter 6,, is itself a gauge field, that is, we can 
always make the following transformation on the parameter: 


60, = O,A (A.1.21) 


which leaves the variation of the original 0,, invariant. 

Notice that the “ghosts-for-ghosts” stops here. One cannot find a gauge 
variation of A that preserves the previous variations. We say, therefore, that 
this theory is first-stage reducible. Obviously, if the ghost field A was itself 
a gauge field, then we would have.a second-stage reducible theory, and so 
on. 

Example: Spin-2 Field 


e 


Another example of a reducible theory is a spin-3 symmetric Majorana 
field, given by the action 


le 6 Ui cee a 
L= / ( a 5 Pu Be Yu Aan oe Ayr 
ie _ 
+ GPR" dab — PO wde™) dhe 


(ARP?) 


which is invariant under the following gauge transformation: 
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bby = Oper +OvEn; = Ye” = 0 (A.1.23) 


where € is a spin[3 Majorana spinor. As before, this gauge transformation, 
in turn, possesses a gauge transformation for the gauge parameter. Because 
of the last constraint, we can always make the variation: 


1 
b€, = @ — sw) Oe (A.1.24) 


Thus, the ghost field €, itself has a ghost field. 
Example: Reducible Theories 


The previous discussion was specific to the antisymmetric tensor field 
or a spin-3 field. Now, let us generalize this discussion and represent a 
general gauge field by ¢*. and rewrite the original gauge transformation 
more abstractly as: 


bg =e (Caan? 5) 


where 9°° is the gauge parameter and qo is a collection of Lorentz indices. 
Because this is a symmetry of the action, the variation of the action with 
respect to this gauge transformation is zero: 


VE 
§gi Fae = 0 (A.1.26) 
For the case of the antisymmetric tensor field in Eq. (A.1.20), the 
explicit representation of Ri, is given by: 
Ri, = 0,626(x — xo) (A.1.27) 


where i = (j1,v,2) and ap = (a, zo). For the spin-3 theory in Eq. (A.1.23), 
the Ri,, is given by: - 


Ry, = (Oukh + 0.65) (5 = 070) 6(a — xo) (A.1.28) 


Notice that we have done nothing. We have merely rewritten the orig- 
inal gauge variation for A,, and %,, in a more abstract notation. The 
advantage of this notation, however, is that we can now state precisely the 
criterion for a “ghosts-for-ghosts” theory. 

We say that a theory is irreducible when the Rio have no zero eigen- 
values. Examples of irreducible theories the familiar Yang-Mills theory or 
the general theory of relativity. However, a theory is defined to be reducible 
when Rt, has zero eigenvalues, that is, 

ea 10 (A.1.29) 
If the eigenvectors Z are linearly independent, then the “shosts-for-ghosts” 
stops here, and we say that the theory is first-stage reducible. 
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Our previous examples of the antisymmetric tensor field and the spin-3 
field represent first-stage reducible theories. In fact, their 7, are represented 
by, respectively, 


Zia, = 9a5(2o — £1) (A.1.30) 
Zin = 75025 — 21) 


la, 


If the Z, themselves are linearly dependent, then the theory is still re- 
ducible. A second-stage reducible theory, for example, has zero eigenvalues 
of Z, given by: 

L136, 22a, = 9 (A.1.31) 


but Z2 does not have any zero eigenvalues. 
Example: Ghost Structure of Yang-Mills Theory 


Now, let us analyze how to add in the ghosts into the various theories. 
For the familiar case of the Yang-Mills theory, which is irreducible, let 
us rederive the known Faddeev—Popov action. We can solve the master 
equation by adding terms that are linear in the antifields: 


S(®, &*) = L(¢) + ¢* RECS? (An32) 
Inserting the fields Aj? and C*? into the equation and using ee > for both 
Aj, and C%, we have: 
1 a va * a, i * aoc c 
S= oe + Are puro? + ae becece (A.1.33) 


Invariance under the BRST transformation can also be read by taking 
the antibracket of the various fields with respect to S: 


Oh abpvb 
6A2 = D&C 
6C% = Seen s 
OSo *b gbacjyc 
ay ae Af ae 
6C** = Bigg We at c*? peace 


(A.1.34) 
6A‘? = 


To break the gauge invariance of the theory, we choose the usual gauge 
0, A¥ = 0, which yields the following gauge fermion: 


OT / Coo On AY (Agia) 
Now, using the fact that 6* = 6W/5@, we can enforce the gauge constraint 


by adding one more equation: 


Ow 
Lgauge = dCam Mee = 0, A® Toa, (A.1.36) 
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Adding the action coming from Faddeev—Popov fixing of the gauge and the 
term coming from enforcing the constraint, we find the complete Faddeev— 
Popov action for the Yang-Mills theory, with C3° and CL being the usual 
Faddeev—Popov ghosts. 


Example: First-Stage Reducible Theory 


For a first-stage reducible theory, such as the antisymmetric tensor field 
or spin-3 field, the quantization is straightforward, except that there are 
more ghost fields. The new solution of the master equation now contains 
both Ry, and Z1: 

S(@, &*) = L(¢) + $; Ri, Cpe Ole es Oe (A.1.37) 


lay 
Now, we now introduce the gauge fermion W, in which case the above action 
(including the gauge part) now becomes: 


Ow Ww 
Lghost = Od? —- Ri, aCe. an ae oor Zia Cy" 
aw ow Wa, 


Leauge = >= Koay = == — Me: Peeciaacl 
f 
er EEoGia 2, Cis, * 9G fae 


(A.1.38) 


where the Lagrange multipliers are toa), T1a,; 71" 

We can now solve for the action for the antisymmetric tensor field and 
the spin- 3 field by an appropriate choice of W. For the antisymmetric field, 
we wish to impose the gauge choice V“A,,, as well as V"Co,, to fix the 


gauge. So the choice of the gauge fermion is: 


= / (Coag?V* Aya ar OV" Coy =F CoaV°C1 | (A.1.39) 


Example: General Case of Lth-Stage Reducible Theories 


Now, let us present the solution for the general case. An Lth-stage 
reducible theory is defined via the following conditions: 


6L 

- Re 
é¢’ (0) 
Lo ee Sa eek 


s—l,ag_1“8Qs 


=i = 
Zia |o = (A.1.40) 


where the last equation terminates at the Lth level. 
For each level of reducibility, we introduce a set of ghost fields C's: 


Ge {e 17), 8 =0,2..,L (A.1.41) 
The ghosts have statistics « and ghost numbers gh given by: 


BG. Nie ea, tes Ll 


A.1.42 
gh(C%) =s +1 oe 
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This, in turn, allows us to introduce the antifields $*, with opposite statis- 
tics to each field in ©. 

The action $(%, &*) satisfies the master equation (S, S) = 0 (assuming 
that the higher W,, vanish) leaving us with: 


S(,0) = L(9) 
1 Or * — pt 
ag aoe? 22) $+=0 Rog (9) (A.1.43) 
O G oS 
On ac? (d, p* ) @*=0 mz SQs5 (¢) 


The solution of these equations gives us S(®min, &*;,,)- 

Now, let us introduce the gauge fermion W, which in turn introduces 
the second set of ghost fields C,C’. In fact, the precise number of new 
ghosts introduced with each new stage is given by: 


Ome =i Cit 
C=O. Gy: : 
Cy = Coan Cs. Co, (A.1.44) 
Co 03,., Cy, CBow Gee 
Cir 
The gauge choice is given by the variation of the © fields with respect to 


the C and C’. The gauge fixing in accomplished by introducing Lagrange 
multipliers. The solution for the action is therefore given by: 
: F av aw 
S(b,h ) = 3 (Daa @* in) =P Soe nee a+ aqn™ (A.1.45) 

summed over all the various C and C’ fields. 

Let us now assemble all pieces, both the Lghost ANd Leauge parts, into 
one expression. Let us suppress all subscripts and superscripts, for conve- 
nience. Then, the final gauge fixed action can be simply represented as: 


Dgauge fixed = L($*) + 5 (A.1.46) 
where: 7 
Y= Cx(®) (CARA 
and the BRST variations are: 
OO! S79 
on = 10) 
ta (A.1.48) 
67 =0 


Inserting the value of © into the action and taking the BRST variation, we 
now have the final result: 
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deenueetxed = Lio} ay 6Xn + 6X6 (A.1.49) 

We can now easily identify all the pieces on the right-hand side of the 

equation. The first two terms, involving the Lagrange multipliers 7 and 7’, 

are the gauge fixing terms. The last term is the Faddeev—Popov ghost term. 

In summary, we have now condensed all the terms arising in the action from 
gauge fixing a reducible quantum system into one term: dW. 


Open Algebras 


So far, we have only dealt with the case where the algebra generated by the 
variation of the fields closes off-shell, that is, without making any mention 
of the equations of motion. However, in many quantum systems (such as 
supergravity and superstrings), we find that the algebra often does not 
close off-shell. In the proof of BRST invariance, there was one step where 
we actually used the fact that the algebra formed by the variation of the 
fields was closed off-shell. In this case, the naive BRST quantization method 
actually gives us the incorrect answer, leaving out important terms such as 
the four-ghost interaction. 

Let us now generalize our discussion to the case of open algebras, which 
only close on-shell. In particular, we will find that the square of a BRST 
variation of a field is net zero: 

§°64 = gig Chctassical (A.1.50) 
Og" 
Notice that the BRST operator is nilpotent only if we can set the variation 
of the classical Lagrangian to zero, that is, if we are on-shell. In this case, 
one convenient method is to add a new term to the variation of the fields 
and then add a new term to the gauge fixed action, such that the sum of 
the two contributions exactly cancels. 
Let us modify the gauge variation of the field: 


Ow 

I ZA A AB 

= — § A.1.51 
(6+ 6')é Se + 7g ( ) 
where S4 is the usual BRST variation of the field and S4? is the new 
term arising from the nonclosure of the algebra. Then, the modified action 
becomes: 


il 
Lgauge fixed = L(¢") or (6 oF oY 


a aC) eo ae 
ee eae Ay? 
(GP) Captian ar lane) ( ) 
Wee Ox = OX AB 
7 ie O@A c Aa@B ° 
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Notice that the last term in the gauge fixed action is the four-ghost inter- 
action that was missing in the naive BRST quantization of supergravity. 
By taking the variation of this modified action with respect to the modified 
variation of the fields, we can show that the action is fully invariant under 
the modified BRST variation. 

For more complicated actions, however, it may be necessary to add a 
succession of terms to the variation of the fields and to the action. This 
occurs in the BV quantization program if the master equation requires the 
addition of higher order antifields: 

a 
Seana fixed = Sal a si SA ot en aa AB 


1 ow aw ow ABC e3) 


See, ees es +.-- 


3064 ADP AGC 


In this case, the presence of S42© and higher terms spoils the BRST invari- 


ance mentioned above. We must continue to add new correction terms to 
the variation of fields, proportional to the various S4?°?: and new terms 
to the action until the modified action is fully BRST invariant. Fortunately, 
we will find that supergravity and the superstring require only one more 
modification to the naive BRST rules in order to construct BRST invariant 
actions. (The only known quantum systems in which these higher order 
terms are required are the super-p-dimensional membranes, or p-branes.) 


Appendix 2 


Covariant Quantization of the 
Green— Schwarz String 


We now apply the BV quantization method to the Green-Schwarz (GS) 
string [2-6], which requires the full power of the method. Although the 
light cone quantization of the GS string is trivial, the covariant string has 
posed considerable problems for three reasons. 


1. The first and second class constraints of the theory cannot be separated 
covariantly. 

2. The supersymmetry algebra does not close off-shell. 

3. The system is infinitely reducible. 


Because the precise details of the quantization are quite involved (and 
some delicate technical points still must be resolved rigorously), we will 
only sketch the quantization procedure. 

For simplicity, we will only discuss the heterotic string’in the GS for- 
malism. The heterotic string action we are interested in is: 


L=e (ment + 10, X"0,,020 — 10gX"07,,020 — su'0,0" ) (A.2.1) 


where the superstring coordinates are given by X“,0; the zweibeins by 
e%,e%; and the left-handed chiral fermions by Ww! where J labels the isospin 
index for Eg @ Eg, and where IIH = 0,X" — i0y#0z0. 

Let us now carefully analyze the field/antifield structure of the theory 


[4]. Our fields/antifields are as follows: 
do aa ee en cp Aon) (A.2.2) 


where c%, p, and A are the ghosts for reparameterizations, conformal trans- 
formations, and Lorentz rotations. Notice that we have our first sequence 
of ghosts in 6,9. We will define 90,0 = 8, because the cascading sequence of 
“shosts-for-ghosts” will produce the series of ghosts 9p,q. 

The antighosts are given by: 


do = {ag, 2%, 08°} (A.2.3) 
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where ¢2 and G are the antighosts associated with c*, p, A and 6” are the 
antighosts associated with 0,9. The next level fields are given by: 


oq={9pqh; P24 (A.2.4) 
while their antighosts are given by: 
oP = {67} (A.2.5) 


Finally, the Lagrange multipliers for the infinite « symmetry are given by: 
i" = {fie fig, AP"} g 20 
Hq = {Apa}; (q2 1) 


To write the gauge fixed action, let us now group the fields together 
and make the following symbolic definitions [4]: 


(A.2.6) 


a) = {¢do, da} 
Pextra = {ba} 
b= {PF} (A.2.7) 
= {ug} 
i= {a} 
Then, the gauge fixed action is given by [see Eq. (A.1.46)]: 
Ler = Lo + 6¥(¢, ¢) (A.2.8) 


If we choose the gauge fermion: 


W = $x(¢) (A.2.9) 


then the final action is given by: 


Lor =Io +1, + 124+ Ls 


Ly, = px 
_ oy 
ine (A.2.10) 
: ? Obextra : 
Ox 
[3 =¢—~ 8S 
3=¢ Bdo (¢0) 
where the BRST variations are given by [see Eq. (A.1.48)]: 
60 = S(¢0) 
OGertra — [us 
(66 = ph (A.2.11) 
oi — 0 
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Now, we wish to apply the BV quantization method to the Green- 
Schwarz string by choosing the gauge fermion condition. We will choose: 


W = colt — (e2)°] + en [es — (eZ) ] + > 0B V.6pq «© (A.2.12) 


q=0 p=0 


9p,q = 9p,q + Op4i,g41 


On,q = DOE) Opies. 


FSy 


(A.2.13) 


We have chosen this particular gauge fermion because it will simply set the 
zweibein equal to its background value (which can be taken to be confor- 
mally flat). It also simply ‘sets the divergence of the oun to zero. (It can 
be shown that, because there are no X,, appearing in the gauge fermion, a 
four-ghost term due to nonclosure of the algebra, as appears in supergravity, 
is absent.) 

Although the action seems to be very complicated, we find that the 
action collapses down to an extremely simple structure because most of the 
terms can be eliminated by redefining the fields. For example, all of Lz and 
part of Lg (the part coming from the @,,9 term) can be simply recombined 
as follows: 


Dee = p,q + oe 58,0 eee = le zy, ea (A.2.14) 
gai paa °OP 9 q=0 p=q 


where we have defined: © 


eat) SOUP Vm ye ot (A.2.15) 
p,q = Ap.q + Aptiati 


Likewise, it is possible to drop other terms and recombine the rest of 
L3. To do this, we will define: 


 — a b= ao 
é€ feet 

Z . (A.2.16) 
p?? = ef OW - ph? ees et Ow 
ee. ce 


By using the field equations for p, A, b**, b?*, we can set them to zero: 
oA Se = a) (A.2.17) 


Next, we can collapse the terms in L3 by noting that W does not depend 
on the string variable X,, and that the remaining terms in L3 reduce to: 


L3 > Kz 9,8 (A.2.18) 
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where: 
he = Se OzX" Oy, _ (OY, O20)0-y" + Aieb**6, 0 (A.2.19) 


We can further redefine terms by combining Z3 and part of L, that 
depends on \2"?: 


BFE yn ev. Po ee (A.2.20) 
Nie q=0 p=q 
where: p 
Tig Ie (A.2.21) 


Finally, because so many terms have been dropped or absorbed into 
redefinitions of fields, we can now write the final action, which miraculously 
enough is a free theory [4]: 


jie ee = @ wow! 


co ee) 
+> DD (BV epg + V eb) (A.2.29) 


q=0 p=q 
See ec) 
+ Hales — (ef)"| + Hales = (ez) 
The first line is the usual free part of the string, while the second line 
consists of an infinite sequence of conformal spinors. The third line consists 
of the usual b,c ghost fields. The last line simply sets the zweibein equal 


to the background metric, which can be chosen to be flat. In summary, the 
second and third lines have the familiar form: 


aI = 
[he = yy UIE SE 101e. . A292 
ae Cz; + €.C€ ( 3) 


except that now we have an infinite set of these b,c fields with varying 
conformal weights, with varying spins, satisfying either commutation or 
anticommutation relations. 

In some sense, an infinite sequence of ghosts was to be expected. A 
naive quantization of the GS string would have required separating first- 
and second-class constraints, in which case we need 8 dimensional spinorial 
representations of the 10-dimensional Lorentz group. However, such rep- 
resentations do not exist. (They exist in the light cone case only because 
Lorentz invariance is broken.) 

Thus, the final, gauge fixed action of the GS string must utilize a new 
irreducible representation of the supergroup. The problem is evaded by 
using an entirely new infinite-dimensional representation of the group. The 
fact that we have an infinite number of fields in the system means that we 
are somehow utilizing a new, unexpected representation of the supergroup. 
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As a check, let us carefully count the contribution to the degrees of 
freedom and to the anomaly by summing over all p, q. Since the 6, c contri- 
bution to the degrees of freedom and the central charge c are known for all 


conformal spins, we can show that the total degrees of freedom are given 
by: . 


>" 5-1)" fn (A.2.24) 


Since each ghost contributes one degree of freedom, f, = 1 for the counting 
of ghost degrees of freedom. 

At this point, we notice that the sum diverges. Therefore, there exists 
a certain ambiguity in whether or not the theory is really anomaly free. 
However, truncation methods are possible (for example, summing the BV 
ghosts according to their position along the “ghost-for-ghost” tree). 

If, however, we use the regularization: 


S> So (-9)" fn (A.2.25) 


Ti —O7—0 
then the sum converges. For the case of counting the degrees of freedom, 
the sum can be performed for f, = 1 to arrive at: 
16 
(Q+a2)Q+y) 
The contribution to the anomaly can also be calculated. A b,c system, 
with arbitrary conformal weight, contributes a central charge: 
fn = 6n? +6n41 ; (A227) 


3 
for arbitrary n. For the anomaly, the summation can also be performed, 
and we have: 


N= 4 (A.2.26) 


iy 12 1 


which are exactly the correct values one needs. Similarly, one can perform 
the sum with different regularizations, with the same result, which tends to 
justify the method (but one must point out that this does not prove that 
the methods are regularization independent). 
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